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Ambipolar diffusion theory of the hot-cathode negative glow
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Ambipolar diffusion theory of the negative glow (NG) and Faraday dark space (FDS) of a cylin-
drical gas discharge maintained by thermionic emission from a hot cathode is discussed. Electrons
are divided into two groups: thermionic beam electrons and plasma electrons. Radial diffusion

losses are handled by introducing the usual diffusion length. Inputs to the model include probabili-
ties of excitation and ionization by thermionic beam electrons and by plasma electrons, electron and
ion temperatures and mobilities, and discharge tube radius. The model predicts the following mea-

sured quantities with good qualitative agreement: (a) combined length of NG plus FDS, (b) axial
distribution of plasma electron density, and (c) ion current to cathode. The model also predicts two
reversals in axial electric field: one in the NG near the cathode where axial current is supported by
ambipolar diffusion, and one near the end of the FDS at the beginning of the positive column where
axial current can no longer be supported by ambipolar diffusion.

I. INTRODUCTION

This paper deals with ambipolar diffusion theory of the
negative glow (NG) and Faraday dark space (FDS) of a
cylindrical gas discharge maintained by thermionic emis-
sion from a hot cathode. The basic features of the hot-
cathode glow discharge can be summarized as follows. '

Thermionic electrons are accelerated through the
cathode fall (CF) without collisions into a relatively field-
free NG, where they undergo elastic and inelastic col-
lisions with other particles. The potential difference
across the CF is generally on the order of the ionization
potential of the gas, and CF thickness is generally on the
order of 0.01 cm because of the relatively high ion-
current density impinging on the cathode. Consequently,
thermionic electrons in the hot-cathode NG are monoen-
ergetic, with energy equal to the CF potential. Inelastic
collisions between these energetic electrons and atoms
produce excited atoms, ions, and low-energy electrons,
forming a low-energy plasma.

The strength of the ionization source is large enough to
provide ambipolar diffusion losses in the radial as well as
the axial direction. Axial current in the NG and FDS is
supported by ambipolar diffusion. The positive column
(PC) begins when the plasma generated by the ionization
source has been dissipated by ambipolar diffusion losses
in the radial direction.

Ambipolar diffusion theory, which has been used so
successfully to explain the PC, ' is valid whenever the
Debye length is small compared with a characteristic di-
mension of the discharge tube. When this criterion is
met, then there is a low-field region which is nearly elec-
trically neutral occupying most of the central region of
the discharge tube, and there is a high-field region which
is ion rich near the insulating wall, resulting from the
necessity to hold back the much more mobile electrons.
The Debye length varies as the square root of the ratio of
electron temperature to electron density, so that a small

Debye length occurs when the electron temperature is
low and the electron density is high. In what follows, as-
sumptions and basic equations of ambipolar diffusion
theory as applied to the hot-cathode NG and FDS are
given. Then a qualitative model which predicts the im-
portant features observed in the hot-cathode glow
discharge is discussed, and good qualitative agreement
between theory and observation is established.

II. THEORY

A. Assumptions

Visual observation of the cathode region of a hot-
cathode discharge in a cylindrical tube containing a mix-
ture of mercury vapor and rare gas shows the NG ex-
tending for about one tube radius in all directions about
the oxide cathode, and the FDS extending for a length
somewhat smaller than one tube diameter to the PC.
No cathode dark space is visible, presumably because it is
so thin that it cannot be distinguished by the unaided eye.
The axial potential distribution in such a discharge tube
is sketched in Fig. 1. The electric field is high in the CF
because the CF potential drop is on the order of the
lowest ionization potential of the gases in the discharge
tube, and because the CF is very thin due to high ion-
current density impinging on the cathode. In fact, the
electric field in the CF region is so high, and CF thick-
ness so small, that energetic electrons are injected into
the NG with an average energy equal to the CF potential
drop. In this paper, these energetic electrons are called
beam electrons, to distinguish them from low-energy
electrons, called plasma electrons, which are produced by
ionization of the gases in the discharge tube by beam
electrons.

There are three processes by which beam electrons lose
energy in the NG: (l) elastic collisions with atoms; (2) in-

elastic collisions with atoms, i.e., excitation and ioniza-
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tion; and (3) thermalizing collisions with plasma elec-
trons. In Appendix II of Ref. 6, it is argued that process
2 is much more important than process 1 or process 3 in
the typical hot-cathode NG. Therefore, energy losses
due to processes other than inelastic collisions between
beam electrons and atoms can be neglected. Having un-
dergone an inelastic collision, however, a beam electron
loses a large fraction of its energy, and is therefore con-
verted from the beam population nb to the plasma popu-
lation n .

In the PC of a typical mercury plus rare-gas discharge,
the electron temperature is about 12000 K and the radi-
ally averaged electron density is about 2X10" cm
giving a Debye length of about 2X10 cm, which is
much smaller than the tube radius of about 1.8 cm.
Therefore, it can be assumed that the PC of this
discharge is controlled by ambipolar diffusion. Accord-
ing to measurement, the electron temperature in the NG
is about the same as that in the PC, and the electron den-
sity is somewhat higher, so that it is reasonable to assume
that the NG is also controlled by ambipolar diffusion.

These considerations lead to the following list of as-
sumptions on which the theory of the hot-cathode NG
controlled by ambipolar diffusion is based.

(1) Following Ref. 6, it is assumed that thermionic elec-
trons are accelerated through the CF without collision.
Once in the NG, a beam electron retains the CF energy
until it undergoes an inelastic collision, a process in
which the beam electron itself becomes a low-energy plas-
ma electron and an additional electron-ion pair may be
formed.

(2) The role of elastic collisions between beam electrons
and gas atoms in the NG is to randomize momentum but
not energy of the beam electrons, resulting in a sort of
spherical shell for the velocity distribution. The shell
moves forward in the axial direction with an average ve-
locity smaller than the mean speed represented by the ra-
dius of the shell, which is proportional to the square root

Distance

FICs. 1. Sketch of axial potential distribution in a long cylin-
drical discharge tube (reprinted from Ref. 7 by permission of
the author).

of the cathode fall of potential. The forward motion is a
result of diffusion due to a strong concentration gradient
caused by depletion of the beam.

(3) It is assumed that plasma electron density n is
much higher than the beam electron density nb in the
NG. This assumption is.based on the argument that the
average velocity of beam electrons is much higher than
that of plasma electrons; therefore, plasma density is
much higher than beam density, because each species
carries about the same current —beam electrons carry
current in the CF, and plasma electrons in the NG.

(4) The NG plasma is assumed to be neutral, i.e.,
n, =n;—= n .

(5) For simplicity, radial variations in densities and
fields are suppressed by the standard technique of intro-
ducing a diffusion length A=—R /2. 405 to account for ra-
dial diffusion loss of electron and ions. In this relation, R
is the radial extent of the discharge and 2.405 is the first
value of A, in the equation Jo(A, ) =0, where Jo is a zero-
order Bessel function of the first kind.

(6) Plasma electron current density is assumed to be
zero at the cathode end of the NG, because plasma elec-
trons cannot stream against the CF sheath, and no plas-
ma electrons are emitted by the CF sheath.

(7) Plasma density and ion-current density are assumed
to satisfy the Bohm relation' at the cathode end of the
NG, i.e., ion velocity is equal to the Bohm velocity. "

(8) Plasma density n is assumed to decrease monotoni-
cally in the axial direction due to radial ambipolar
diffusion. '

(9) Ion-current density is assumed to be zero at the PC
end of the FDS. This assumption is based on the argu-
ment that ion-current density is positive in the FDS and
negative in the PC; therefore, it must be zero at the
boundary between the FDS and PC.

B. Equations

1. Beam electrons nb

where z is axial distance from the beginning of the NG,
I b is current density of beam electrons, Db is the
diffusion coefficient of beam electrons, and vb is the fre-
quency of inelastic collisions by beam electrons. The
latter is the sum of excitation frequency v, b and ioniza-
tion frequency v,b. Db and vb are independent of position
by reason of assumption 1.

These two equations can be combined to give the fol-
lowing diffusion equation for beam electrons:

b

dz
Ab nb 0~

which has the solution

vb0!b-
b

According to assumptions 1 and 2, the behavior of
beam electrons is governed by the following continuity
and diffusion equations:

dI b dnb

dz dz
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nb(z) =nboexp( —abz),

where nbo is the value of nb at z=0, the beginning of the
NG. The exponential decrease in the axial direction
given by this equation has been observed.

Beam current density falls exponentially according to
the equation

rb(z) =Dbnboabexp( —abz) =rboexp( —abz)

where

r, r,'+dnp

dz
1

0, +0, p,

e, r,1
p g+g

By differentiation of the first of these equations and elim-
ination of I, and 1",. by means of the continuity equa-
tions, the following diffusion equation for plasma elec-
trons and ions is obtained:

~bo
&bO

b CXb

n' —k'n =—
2 P P

~bo

0, +0,
1+fb f b+

pe pi
ab exp( abz—),

Average velocity vb of beam electrons, due to the
diffusion current density I b, is given by the relation
vb =Dbab, while the mean speed of beam electrons is
equal to (2e Vk /m )'~, where Vk is the CF potential and
e/m is the charge-to-mass ratio of the electron.

where

k =—A2: 2 2
p p%

lp

p

2. Plasma electrons and ions n~(n, =n; =—n~ )

According to assumptions 3—5, the behavior of plasma
electrons (subscript e) and ions (subscript i) is governed
by the following continuity and diffusion equations:

This diffusion equation can be solved in terms of ele-
mentary functions. When the conditions expressed by as-
sumptions 6—8 are imposed, then the solutions for plas-
ma particle densities and plasma current densities are the
following:

f;bp +(1+f;b )p; ab rbp
n (z)=

p, +p; (a', —k') D.

dr,
=f;b&bnb (D + &,p)np

dz

I, dn'= —
O,

' —nE,' dz

dnp= —O,
P +nE,

dz pi

dr, =(1+f )bvbnb (D, & ' —v,p)n~, —
dz

(2)

X[A exp( —k~z) —exp( —abz)],
r, (z) =(1+f b )[1—exp( —abz)]

f,bp, +(1+fb)p; abk

Pe +Pi ab kp

(4)

where f,b is defined as the ratio of ionization frequency

v;b to total inelastic collision frequency vb of beam elec-
trons, i.e.,

va
ib

vxb +vib and

X A [1—exp( —k z) ]

k
[1—exp( —a„z)]

Ab

and the other symbols have their usual meanings —D, is
the ambipolar diffusion coefficient, E is electric field
(defined as the positive gradient of potential V), p is rno-
bility, 0 is temperature expressed in volts, and v; is the
frequency of ionization by plasma electrons. The first
term on the right side of each continuity equation
expresses the assumption that an ionization event by a
beam electron produces two plasma electrons and one
ion. The second term on the right side of each accounts
for wall losses by ambipolar diffusion. The third term on
the right side of each accounts for ionization by plasma
electrons, each event of which produces one additional
plasma electron and one additional ion. In the PC, the
condition for a steady state to obtain is v; =D, /A,
which will be recognized as the Schottky condition. Be-
cause the NG can be maintained entirely by beam elec-
trons, as shown later, it is not necessary that the Schottky
condition be fulfilled in the NCz.

The last two equations can be combined to give

where

r„r,(z) r, (z)+ —1+I„r„ ~bO

1+(1+p,Ip, )D, ab Iv~

1+(1+p;/p, )D, k /vs
'

e(0, +8;)

~bo

f,b+(1+f,b)p, Ip, ab

1+(1+p;/p, )D, k Ivs ab+k

fibab
Cab+ k

The combined length of NCx + FDS, denoted by L„ is
found by imposing the condition of assumption 9—
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namely, I;(L)=0—on Eq. (5).
The constant 2 differs little from unity, because the ra-

tios p, /p„D, o,'b/Uz, and D, k /Uz are small compared
with unity. Therefore, the solutions for plasma density
and current densities are changed but slightly if assump-
tion 7 is changed to n~(0) =0, making A = 1.

According to Eq. (4) and the relation

~bO
n (z) exp( abz)

Dbab

the ratio np /nb satisfies the inequality

np 0!b Ub)f„
nb Qb+kp Vg

According to Sec. II C, the term on the right of this in-
equality is approximately equal to 40 for the conditions
of the experiments described in Ref. 6. The equality sign
holds at z=0, and the left side of this inequality increases
rapidly with increasing z, which is justification for as-
sumption 3.

C. Transport and rate coefticients

In Sec. III of this paper, calculated results are present-
ed for the case investigated experimentally in Ref. 6—
namely, a discharge in 1 Torr neon and 6 mTorr mer-
cury. The transport and rate coe%cients used for the cal-
culations are given in this section.

1. Beam electrons

The mercury ionization frequency for beam electrons
with energy g is expressed by the formula

+lb +H Q'(k)Ub(k)

where nHs is mercury density, Ub=—(2eg/m)' is the
mean speed of beam electrons, and Q, (g) is mercury ion-
ization cross section, expressed in units of cm by the re-
lation

Q, (g)=4.95X10 ' [1n(g/10. 4)]'~

for energy g) 10.4 V. This relation is based on the mea-
surement of Ref. 13.

The mercury excitation frequency for beam electrons is
expressed by the formula

2. Plasma particles

Ion temperature 0; is taken to be 0.027 V, correspond-
ing to a gas temperature of 313 K. Plasma electron tem-
perature 0, is taken as an adjustable parameter, reAecting
the absence of an energy-balance equation for determina-
tion of 0, .

Ion mobility is given by the relation

2. 69 X 10'
Pi PiO

nN,

where the value p;o=6 cm V 'sec ' is taken from Ref.
16. For n N,

=3.23 X 10' cm, this equation gives

p; =5000 cm V ' sec
Plasma electron mobility is given by the relation

V~

p, (&, )=
3nN, Q (38, /2)9,

where U, =(8e8, /vrrn )' is the mean speed of electrons
with a Maxwellian velocity distribution. For 0, =1 V
and nN, =3.23X10' cm, this equation gives p, =4
X 10 cm V ' sec

The mercury ionization frequency of plasma electrons
is taken to be a fraction f, times the positive . column
value, which is D, /A, according to ambipolar diffusion
theory of the positive column. ' The corresponding
value of k is

Torr and 293 K, and Q is the momentum-transfer
cross section for electrons scattered by neon atoms. '

In the present work, Q (g) is approximated by
1.62 X 10 '6g ' '52 cm2 for g greater than 1 V, and by
1.62X10 ' P' crn for g less than 1 V. For /=15 V
and n N,

=3.23 X 10' cm, this equation gives
Db=1X10 cm sec

These relations lead to the following expression for ab.

ab=[3P, (P +P;)I'

where P, =nN, Q, P:—nHsQ, and P, =nH Q, , sim-
ilar to Ref. 6. For example, when g = Vk = 15 V,
nHg=1. 85X10' cm, and nN, =3.23X10' cm, then
this expression gives nb=1.89 cm, in fair agreement
with the measured value of 1.82 cm

where the total mercury excitation cross section Q, (g) is
expressed in units of cm by the relation

Q„(g)=1.6X10 ' (g—4.7)

for energy g) 4.7 V. This relation is based on the mercu-
ry excitation cross sections of Ref. 14.

The diffusion coe%cient for beam electrons is given by
the expression

Ub(g)
Db=

3nN, Q (g)

where nN, =3.23X10' cm is the neon density at 1

Thus f;~ = 1 —-
k~ =0 corresponds to the positive

column.

III. RESULTS AND DISCUSSION

In this section, theoretical results of the preceding sec-
tion are applied to the case investigated in Ref. 6—
namely, a 0.4-A discharge in neon at 1 Torr and mercury
at 6 mTorr contained in a tube of 3.6-cm i.d. ' These cal-
culated results are based on the assumption V&

= 15 V.
Figure 2 shows predicted and measured plasma density

plotted versus distance from the cathode, Fig. 3 shows
predicted axial variation of electric field and plasma po-
tential, and Fig. 4 shows predicted current densities of
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FIG. 2. Axial variation of plasma density np(z) in the nega-
tive glow and Faraday dark space of a 0.4-A discharge in a cy-
lindrical tube of 3.6-cm i.d. containing a mixture of neon at 1

Torr and mercury at 6 mTorr. Measurements from Ref. 6. Cal-
culation of n~(z) according to Eq. (4) for Vq =15 V 0 = 1.1 V

00 l" =I/~R e=2.46X10" cm sec ', and other pa-
rarneters as designated in Sec. II C. Calculation stops at the end
of the Faraday dark space where 1.=4.2 cm.

DISTANCE FROM CATHODE (cm)

FIG. 4. Axial variation of normalized current densities of
beam electrons, plasma electrons, and ions. Normalization fac-
tor is the emitted beam current density I bo. Calculations ac-
cording to Eqs. (1), (5), and (7) for the same discharge as Fig. 2.
Calculations stop at the end of the Faraday dark space where
I =4.2 cm.

beam electrons, plasma electrons, and ions. The curves
in Figs. 2 —4 are based on the following values for 0, and

f~, the two adjustable parameters: (1) 0, =1.1 V; (2)
f, =0.

The value of 1.1 V for plasma electron temperature is
taken from Ref. 6, and the value of zero for ionization
frequency of plasma electrons is an arbitrary choice.
While the choice of zero for f,~ may appear inconsistent
with the choice of 1.1 V for 0„ it can be argued that

there is little or no ionization by plasma electrons because
the tail of the energy distribution is depleted of high-
energy electrons, as shown by electrostatic probe curves
E and F in Fig. 9 of Ref. 6. With these choices, the com-
bined length L of the NG plus FDS turns out to be 4.2
cm, and the ratio of ion current to electron current at the
cathode G, o, given by Eq. (7), is 0.22, both of which num-
bers are in good agreement with measurement. ' The
combined length L of NG plus FDS was found by solving
Eq. (5) for the value of L which satisfies I;(L)=0, as de-
scribed previously.
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A. Length of NG + FDS

This model predicts a combined length L of the NG
+FDS close to that measured: calculated L=4.2 cm,
while measured L=4.3 cm for the case of 1 Torr neon
and 40 C wall temperature. According to the present
model, the length L is determined by assumption 9—
namely, that the ion current is zero at the end of FDS
where the PC begins. Mathematically, L is determined
from Eq. (5) by setting I';(L)=0. Physically, L corre-
sponds to the place where most of the electrons and ions
generated in the NG have been lost by ambipolar
diffusion to the wall, and too few remain to support lamp
current by ambipolar diffusion in the axial direction.

B. Plasma density and potential profiles

DISTANCE FROM CATHODE (crn)

FIG. 3. Axial variation of electric field E(z) and potential
V(z):—I E (z')dz'. Calculation of E (z) according to Eq. (3) for

same discharge as Fig. 2. Calculations stop at the end of the
Faraday dark space where I.=4.2 crn.

This model predicts plasma density profiles that are
similar in shape to those measured, but the predicted17

peak value is somewhat higher than the measured peak
value, as shown in Fig. 2. Predicted profiles of plasma
potential are in qualitative agreement with observation,
but the predicted locations of the two field reversals are
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not in good agreement with observation. Absolute value
of plasma potential depends on the value of plasma elec-
tron temperature, which is measured to be about 1.1 V.
According to Fig. 3, the potential of the PC end of the
FDS is predicted to be about 3 V below the maximum po-
tential in the NG. This value is almost twice as high as
the measured value of 1.7 V indicated by the 40'C curve
in Fig. 15 of Ref. 6.

C. Ion current to cathode

This model predicts the ratio of ion current to electron
current at the cathode in qualitative agreement with ob-
servation. According to Eq. (7), the ratio of ion current
to electron current at the cathode is given approximately
by the relation

fib+b
0

v b+v;b+[(v b+vb)Dbk ]'i

Based on calculated values f;„=0.37, ab =1.89,
k =1.34, which are derived in Sec. II C, this expression
gives G;o=0.22 for V& =15 V, in qualitative agreement
with measurement. '

The radial ambipolar diffusion current density to the
insulating wall of the discharge tube is given approxi-
mately by the expression

Bn
J~„(R ) = eD, —

()I r =R

J, (2.405)
=eD, n (z)

A

where J, (2.405) =0.52 is the value of the first-order
Bessel function of the first kind at the first zero of Jo.
Evaluation of this expression at the peak plasma density
of 1.8X10' cm gives J „(R„)=1mA/cm . Thus, ra-
dial ion-current density is much smaller than axial ion-
current density to the cathode, which is G;o times the
thermionic current density emitted by the cathode. The
latter may be as high as 10 A cm

Theoretical results for dimensionless current densities
G„G;, and Gb, defined as the ratio of current density to
emitted beam current density, are shown in Fig. 4. Note
that ion-current density is negative for distance less than
0.6 cm, positive for distance greater than 0.6 cm, and falls
to zero at distance equal to 4.2 cm. Total current, which
is the sum Gb+ G, —G,. =1—G;o, is constant independent
of position.

space charge in the plasma, which actually retards axial
electron motion. The second field reversal occurs near
the end of the FDS, where the density of plasma electrons
has fallen too low, due to radial diffusion losses, to carry
axial current by ambipolar diffusion, causing the field to
increase to carry the current. At the beginning of the
PC, the field rises rapidly to the PC value, which is 0.5 —2
V/cm in a typical mercury plus rare-gas discharge in a
cylindrical tube of a few cm in diameter.

Predicted locations of the two field reversals relative to
the cathode and beginning of the PC are not in good
agreement with observation. Predicted field reversal near
the PC occurs very near the end of the FDS, while ob-
served field reversal occurs near the beginning of the
FDS, as shown in Fig. 15 of Ref. 6. Predicted field rever-
sal near the cathode occurs in the NG just after zero gra-
dient in plasma density, while observed field reversal
occurs so close to the cathode that its position cannot be
determined by Langmuir probe measurements of plasma
potential, as shown in Fig. 15 of Ref. 6. This observation
is difficult to reconcile with the present ambipolar
diffusion theory of the negative glow. The continuity
equations for beam electrons, plasma electrons, and ions
can be combined to give the following relation for the to-
tal current density I, which is independent of axial posi-
tion:

r=r„+r, —r, =r„—I „.
By Eqs. (1) and (2), this equation becomes

dna
I = I boexP( abz) (P,—8, —P,—O, ) +(P, +P; )n~E,

dz

according to which the following conditions apply.
(1) The potential gradient must be positive to carry

current in the axial direction at the location where the
plasma density gradient is zero, provided that the beam
electron current is small.

(2) The plasma density gradient must be negative to
carry the current in the axial direction at the location
where the potential gradient is zero, provided that the
beam electron current is small.

Neither of these requirements is satisfied by the mea-
surements of Ref. 6. Perhaps the difference between pre-
diction and observation should be attributed to
oversimplification of the present one-dimensional treat-
ment in the vicinity of the cathode. The present model is
based on the assumption of cylindrical geometry with a
planar cathode, whereas the cathode in the experimental
discharge tube of Ref. 6 is a stick about 0.1 cm in diame-
ter and 1.5 cm long, placed perpendicularly to the axis of
the discharge tube, which is 3.6-cm i.d.

D. Field reversals in the NG and FDS

Figure 3 shows that there are two field reversals —one
in the NG and one in the FDS, in agreement with obser-
vation. The field reversal closer to the cathode occurs
because axial current can be carried by ambipolar
diffusion due to a large axial density gradient, requiring
no electric field except that due to the slight positive

IV. SUMMARY

Ambipolar diffusion theory of the negative glow and
Faraday dark space of a cylindrical gas discharge main-
tained by thermionic emission from a hot cathode is dis-
cussed. Radial difFusion losses are handled by introduc-
ing the usual diffusion length. Inputs to the model are
the following: thermionic current density emitted by the
cathode; discharge tube radius; probability of ionization
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by beam electrons; probability of ionization by plasma
electrons; plasma electron and ion temperatures and
mobilities. It is found that the negative glow can be
maintained by beam electrons without ionization by plas-
ma electrons. The model predicts combined length of the
negative glow and Faraday dark space in good agreement
with measurement. In addition, the model closely pre-
dicts the shape of measured axial distribution of plasma
electron density. The model also predicts ion current to
the cathode in qualitative agreement with observation.
This ion current is much larger than the radial ambipolar
diffusion current density at the insulating wall of the
discharge. The model also predicts two reversals in the
axial electric field —one in the negative glow near the

cathode where axial current is supported by ambipolar
diffusion, and one end of the Faraday dark space at the
beginning of the positive column where axial current can
no longer be supported by ambipolar diffusion.
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