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Assuming a scalar wave, the Bethe-Salpeter (BS) equation for a system of random medium with
rough boundaries is first reviewed, together with the scattering matrices involved. Emphasis is
placed on the optical condition of each scattering matrix, as well as that of a random layer with pro-
nounced boundary effect as one scatterer. Their optical expressions are obtained in terms of the
cross sections along with the respective optical conditions. The enhanced backscattering can be un-
derstood as a natural consequence of requiring coordinate-interchange invariance of the second-
order Green’s function, and the BS equation is rewritten as an equation for the function of the four
coordinates involved, so that the invariance is immediately clear. With the solution, specific expres-
sions of cross sections are obtained for a random layer to the approximation of using the boundary-
value solution of the diffusion equation. Nevertheless, the angle distribution in the enhanced back-
scattering holds sufficient accuracy as long as the optical width of the layer is long enough, although
not quite for the background term. Another method of using asymptotic evaluation of the cross
sections under the diffusion condition is also discussed. A numerical example is shown for the
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enhanced backscattering.

I. INTRODUCTION

The scattering of waves by a random volume is an in-
teresting subject, including problems of the boundary
effect, the enhanced backscattering by both the medi-
um!~* and the boundaries,>° and, when a fixed scatterer
is embedded, its shadowing effect as well as its enhanced
backscattering. The basic equation is the Bethe-Salpeter
(BS) equation for the entire system consisting of the ran-
dom medium plus the boundaries that can be partially or
fully random. For such a composite system, a unified
theory of random medium and boundaries has been
developed,”"® which enables us to construct the solution
in several different forms in terms of independent scatter-
ing matrices of the medium and boundaries, with the aid
of addition formulas of scattering matrices. To obtain
specific expressions, the diffusion approximation can be
partially utilized with a reasonable boundary condition
for the boundaries,® which is a generalized version of the
condition more previously introduced when the boun-
daries are prefectly free from reflection.?”* Here the
enhanced backscattering can be understood as a natural
consequence of requiring the coordinate-interchange in-
variance of the BS equation, based on the reciprocity of
the deterministic Green’s function for each of the original
and complex-conjugate waves, as was emphasized by
Vollhardt and W6lfle’ in connection with an electron-
hole wave subject to a random potential (Anderson locali-
zation problem). The same idea was later used to investi-
gate the enhanced backscattering of a scalar wave by a
medium of independent particles, along with some com-
parison to experimental results of a light wave,>* and
also of an electromagnetic wave by a rough surface.>¢

In this paper, a scalar wave is assumed as a model to
represent an electromagnetic wave, electron-hole wave,
and other quantum-mechanical waves subject to a ran-
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dom potential. The BS equation and scattering matrices
are first briefly reviewed based on Ref. 8 to prepare for
the following sections, with an emphasis on the optical
condition of each scattering matrix as well as that of the
entire system as one scatterer, to ensure power conserva-
tion at every level of the scattering (Sec. II). Most of the
basic equations are written in matrix form with respect to
the space coordinates (which can include subscripts to
refer to different components of the wave) so that they
hold true for the variety of waves, although their specific
expressions should differ from one wave to another. The
optical expressions are then obtained in terms of the cross
sections together with the respective optical conditions
(Sec. III). To investigate the enhanced backscattering in
unbounded space of a random medium, first, the BS equa-
tion for the second-order Green’s function is rewritten as
an equation for the function of the four coordinates so
that the coordinate-interchange invariance of the solution
is immediately clear (Sec. IV). Then, to obtain
specifically the cross sections of a random layer, the
diffusion approximation and boundary condition are ex-
amined in some detail, along with the comparison to pre-
vious methods (Sec. V and Appendix A).

II. BASIC EQUATIONS
AND SCATTERING MATRICES

The coordinate vector in three-dimensional space is
denoted by X=(x,,x,,x3)=(p,z) with p=(x,,x,) and
z =x3, where the z axis is taken in the direction normal
to the average boundaries (Fig. 1), The scalar product of
two space vectors a=(a,aq,) and b=(b,b,) is denoted by
a-b=a-b+a,b,, where a-b=a b, ta,b,. We first con-
sider two random layers separated by a rough boundary
which is planar on average, as illustrated in Fig. 2. A
scalar wave function ¥(X)e’®, where >0 and ¢ is time,
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FIG. 1. Geometry and notations of a random layer for Egs.
(2.26) and (2.53).

is considered, and is denoted in each layer by v,(X),
a=1,2, whose wave equation is

(L=, R ], (X)=],(%) ,

2
2
._ka’

(2.1a)

— m(k,) <0 .
ax

(2.1b)

Here q,(X)=¢}(X) is the random part of the medium,
and j,(X) is a source term; k, is the propagation constant
when the medium is free from the random part, and the
medium is assumed to be nondissipative for the time be-
ing. The boundary condition is first assumed to be the
continuity of ¥, and its gradient normal to the (real)
boundary surface, and consistently with this, the power
flux vector W, (X) in the space k, is defined by

v, R)=yray,X), (2.2a)
with a vector operator @, defined by
a=(i)! %—% , (2.2b)
JdX oX

where the left and right overarrows mean the operation
on the left- and right-hand sides, respectively. Hence the
power equation is
S s a,0)=3 ) W@
X 7 a

—Jja Y. ()], (2.3)

except on the boundary. Here #,(X)=
ky,7*k,.

The boundary condition can be transferred from the
real boundary onto two reference boundary planes, say,
S, and S, at z=0 and z = —d,, respectively, chosen such
that the change of the boundary height is ranged between
S, and S, (Fig. 2); hence, with the notation
3@ = .(3/3%), where fi ‘“) is the unit vector directed
outward normally to S,, the boundary equation can be
written as”1°

=3, (p)=

0 for X in space

fdp'B“’-’ lp" ) (p') (2.4)
1

b =
Here 9,(p) denotes 9,(X) bounded on S,, and, when the
boundary is nondissipative

(B“Z))T(p|p’)— Bb12) lp)_B(lz) |p') (2.5)

K. FURUTSU 43

i.e., the matrix defined by the elements B/} (p|p’) is Her-
mitian with respect to both the coordinates and the sub-
scripts. This means that B''? is a real symmetrical ma-
trix in view of having symmetrical matrix elements, as
can be shown by applying Green’s theorem to the bound-
ary space enclosed by S, and S, and using Eq. (2.4), with
the vanishing contour surface integral over both sides of
S. Hereafter, the boundary space will be neglected, on
letting d,—0, unless otherwise noted; so that
S1,=8,+S, at z=0 represents the two reference bound-
ary planes, together.

The wave equations (2.1) and the boundary equation
(2.4) can be written by one wave equation of the form

(L,— 2 BPy, =j (2.6)

Here both B/}? and g, are regarded as %-coordinate ma-
trices, defined by the elements

BGP(RIR)=8(z+d, B\ (plp')8(z'+d,), d,=0

(2.7)

and ¢,(X[|X')=g,(X)8(X—% '), and the solution is subject
to the new boundary condition that 3{y, =0, a=1,2, in-
side the boundary space 0>z > —d,. The proof can be
given by integrating Eq. (2.6) with respect to z over two
infinitesimal regions enclosing S; and S,, separately;
hence Eq. (2.4) is reproduced.

With a new matrix v,,, defined by the elements

=q,8, +B3? , (2.8)

the equation of the deterministic Green’s function for the
new wave equation (2.6), say, g,,(X|X’), can be written as

S AL v, )8 (RIR)=8,,8(X—%") (2.9a)
(4

or in matrix form as
(L—v)g=1, v=¢g+B"1? (2.9b)

Here v may be regarded as an effective medium represent-
ing both the medium and the boundary on an equal basis.
The unified wave equation (2.9b) shows that v is a symme-
trical matrix with respect to both the coordinates and the
subscripts, v 7=v, hence the Green’s function is also
symmetrical, i.e.,

(2.10)

FIG. 2. Geometry of a rough boundary for Eq. (2.4). The
real boundary S is distributed within the range 0>z > —d,.
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being subject to the reciprocity.

For a general class of scalar waves, continuity condi-
tions at the (real) boundary can be reduced to those of ¥,
and 7, '9,1,, with some constant 7, depending on the
ath medium, and the equations can be similarly formulat-
ed without changing the basic form.!® Also for elec-
tromagnetic waves (having six components), boundary
condition and wave equation can be unified to be written
in a form similar to Egs. (2.9), so that the following equa-
tions are also obtained in the same form as in this pa-
per. !0

A. Statistical Green’s functions

Equation (2.9b) enables us to obtain the statistical
Green’s functions in exactly the same form as those in an
inhomogeneous random medium v, and the results are
summarized as follows.””® The averaged version of Eq.
(2.9b) can be written as

(L—M)G=1, G=(g), (2.11)
in terms of an effective medium M of v, defined by
MG =(vg), M=MP+M"1D (2.12)

Here M'? and M'? are also defined in the same fashion,
by

M9G =(qg), M'PG=(B"Pg) , 2.13)

and are approximately equal to the independent contribu-
tions from the medium and the boundary, respectively,
with the elements M98, and M},

For the statistical Green’s function of second order,
defined by

Iab;cd(ﬁl;iZI/i 1R =(gn R )gp(X,1%5))  (2.142)
or in matrix form by
I(1;2)=(g*(1)g(2)) (2.14b)

(here and also hereafter, the subscript 1 is attached to the
coordinates of quantities of the complex-conjugate wave
function, and the subscript 2 is attached to those of the
original wave function), we first introduce a matrix Av,
defined by

Av=v—M=Aq+AB"? (2.15a)
where

Aq =q '—M(q), AB(12)=B(12)_M(12) , (2.15b)
and employ the expression

g=G(1+Avg), {(Avg)=0, (2.16)

for both g*(1) and g(2) in the right-hand side of Eq.

(2.14b). Hence we obtain an expression
I1(1;2)=G*(1)G(2)[1+K (1;2)I(1;2)] (2.17)

of the form of the Bethe-Salpeter equation, with a matrix
K (1;2), defined by

K(1;2)I(1;2)=(Av*(1)Av(2)g*(1)g(2)) (2.18)
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in the same fashion as M is by Eq. (2.12). Here K (1;2)
can also be approximated by the independent sum of K 9
from the medium and K '?) from the boundary, as

K(1;2)=K'9(1;2)+K"12(1;2) . (2.19)

Here K ‘7 is a diagonal matrix with respect to the sub-
scripts, having only the elements K9=K ;Z?aa, while the

important elements of K ') are K{}*’ =K!?),. Hence, in

terms of the notation I\{ *'¥'=1I,,.,, and

Ugy (1;2)= G, (1)G(2) (2.20)

the BS equation (2.17) can be written, in 2X2 matrix
form, as

I(q+12):U(C)[l+(K(q)+K(12))I(q+12)] . 2.21)

The matrices M and K, as defined by Egs. (2.12) and
(2.18), respectively, are not quite independent of each
other, subjected to a local (optical) relation of the form

d iy
% B(%[1;2)

=8(%|1;2)(2) " H{M*(1)—M(2)
—[G*(1)—G(2)]K(1;2)} .
(2.22a)

Here the matrix 8(X|1;2) is defined by the elements

B (RIR1;%,)=8,,8(R—%,)8(R—3R,) , (2.22b)
such that, for any matrices 4 *(1) and B(2), the product
8(X[1;2)4*(1)B(2)= A*B(X|1;2)= A *B(R) (2.22¢)
represents

A A
S [ d%,d%,8,,(RI%;;%,) 425 (R)1R 1B, (%, %))
a,b

=3 AXRIR)BL(RIRY) ,
a

and the left-hand side of (2.22a) is nonzero only on S|,,
being a contribution purely from the boundary with the
elements of form

B (RIX;;%)= 3 8(z+d,)B,..alplX;X,) . (2.22d)
a
The derivation of (2.22a) is straightforward by making a

product of 8(%|1;2) and difference of the two relations
from (2.18) as

(v(1)g*(1)g(2))=[M*(1)+G(2)K (1;2)11(1;2) ,
(2.22¢)

(v(2)g*(1)g(2))=[M(2)+G*(1)K (1;2)]1(1;2) ,

so that the product is zero in the medium region, in view
of the left-hand sides of (2.22¢), while it is nonzero on the
boundary, yielding the divergence term on the left-hand
side as a contribution from the part B‘!?) of v having non-
diagonal symmetrical matrix elements (spatially disper-
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sive).!! The relation (2.22a) ensures power conservation
at every point in the space and on the boundary, and can
be rewritten, in terms of the matrixes AG(%|1;2) and
ky(%|1;2) defined according to the notation (2.22¢), by

AG (%]1;2)=58(%[1;2)2) " [G*(1)—G(2)], (2.23a)

y(R[1;2)=8(%1;2)2) "' [M*(1)-M(2)], (2.23b)
respectively, as

—aa;-ﬁ(’i)=ky(’i)—AG(i)K . 2.23¢)

Hence, with the operator @ of (2.2b) and the matrix &(%)
with the elements

d 9

aab(/x\l’x\l;,x\z)=80b(ﬁ|XI,X2)(2l)71 —_—
Jx, 9%,

’

(2.23d)

the BS equation (2.17) leads to [see also Eqgs. (2.58) and
(2.59)]
d A oy
——-(@+BIx)=
ox
equivalent to the averaged version of power equation
(2.3), except the B term meaning an additional power flux
by a surface wave propagating along the boundary.

A relation similar to (2.23c) holds true also for each
MY and K", approximately,!! providing the optical con-
dition of each constituent; e.g., for M'? and K'?, Eq.
(2.23c¢) is replaced by

ky P(3R)—AGOR)K

where B?(%)=0 in the present case of a nondispersive
medium. Here G'© is the Green’s function in an un-
bounded space of M‘? and the replacement of M — M7
and K —K'? has been made in view of the negligible
boundary effect on M'? and K'?. By the % integration,
Eq. (2.24) leads to optical relation (3.20) for the medium
cross section; for the boundary, the counterpart relation
is given by Eq. (3.16).

AG (R) (2.23e)

@W=q , (2.24)

B. Case of three random layers

The situation is the same also for the case of a random
layer, as illustrated in Fig. 1, and various equations for-
mally remain unchanged with the setting

:M(q)+M(12)+M(23) ,
K’:K(q)+K(12)+K(23) .

Thus, using the notation I 71223 g,b=1,2,3, for the
second-order Green’s function in this case, we obtain the
BS equation in 3 X3 matrix form, as

I(q+12+23): U(C)[ 1 +(K(q)+K(12)+K(23))I(q+12+23)} .
(2.26)

(2.25a)
(2.25b)

Here K9 is a dxagonal matrix with the elements
K9=K."8,, and K12 and K‘** are the contributions
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purely from the boundaries S, and S,;, with the nonvan
ishing elements K}?, a,b=1,2, and K?*, a,b=2,3.

C. Solutions and scattering matrices

To obtain the solution of the BS equation (2.21), we
first introduce the solution in the special case K ‘=0 (on
keeping M 95£0), say, I''?); so that

1(12):U(C)(1+K(12)I(12)) , (2.27)
with the solution
I(12)= U(C)+ U(C)s(]Z)U(C) (2.28)

in terms of an (incoherent) scattering matrix S''? of
12) defined by

s =g 12(1+yCs12) (2.29a)
=(1_K(12)U(C))"1K(12) , (229b)
SH=K3¥+ zK;clz’Ug,,C’K;,§2>+ A (2.29¢)

Here the last series shows that the multiple scattering on
both sides of the boundary is involved in $"'?) in a com-
plicated way, including the coherent scattering by the
boundary.

The Green’s function G can also be written in the
same form,

G,y =G, +GOT G (2.30)

in terms of the Green’s function G\% in an unbounded
medium of Méq), whose Fourier representation in the p
space is therefore

GPR—%")=2m) % [dAexp[ —iA-(p—p")]G Oz —2") ,
(2.31a)
with
GOz —z")=[2ih,(A)] lexp[ —ih,(M)|z—2'|]. (2.31b)
Here
a(k)=[(k,§M))2—A2]l/2 ,
(2.31¢)

kM =(k2+ M 9 2~ k,,

where Mf,‘”(i), X=(A,ﬁa ), is the Fourier transform of
M9, and Im(h,)<0. Hence G,,(X|X') has the Fourier
transform G,,(z|z’) from Eq. (2.30), as

(ZIZI)=G‘§O)(Z _Z’)aab+G‘£O)(Z)TLII,2)G1§O)( _Z') .

m(k™) <0,

Here (2.32)
T 2P=2ih (RG?)=T 2, (2.33a)
where (R{}?)#(R{1?) is the reflection-transmission

coefficient of the boundary and, when it is perfectly
smooth,

3‘1
=

- 2K
(RP)=——2, (RYP)=—"—.
1+ 2 h1+h2

(2.33b)

=
=
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It is generally given in terms of the 2X2 matrix M 12),
bylo

(R(12)>=(iE—M(12))_l(iﬁ+M“2)) , (2343)
and hence
1+(RM)Y=(h—M ") 2k , (2.34b)

where h is a diagonal matrix with the elements
h,,=h,8,, and M ¥ is the (two-dimensional) Fourier
transform of M2, Hence, setting z=2z'=0 in Eq. (2.32),
use of Eq. (2.34b) leads to the surface Green’s function

G(z=0|z'=0)=(ih—M 12)~1 | (2.34¢)

in a form similar to the original given by Eq. (2.11).
Both Egs. (2.30) and (2.32) can be written in matrix
form by

G:G(0)+G(0)T(12)G(O) X (2.35)

Therefore, by introducing a diagonal matrix U,, =U,§,,
defined by

U,(1;2)=[GP1)]*G22) , (2.36)

U'©(1;2) of Eq. (2.20) can also be written in the same
form,

U'91;2)=U(1;2)+U(1;2)V"12(1;2)U(1;2) . (2.37a)

Here
V(lZ)(l;z):T(IZ)*(I)T(IZ)(Z)_.'_ T(IZ)*(l)[G(O)(Z)]—l
+712)[G* (1], (2.37b)

wherein the interference terms are negligible when the
source and the observer are both separated enough from
the boundary, whereas they are not negligible otherwise
[see, e.g., Eq. (2.39b)].

Thus, with (2.37a), Eq. (2.28) can be written in the
form

M=y +Uus?y . (2.38)

Here 0'? means a resultant scattering matrix of the

boundary and is given by

o1 =p2) 4 F(OgU2p(©) (2.392)
where, from (2.33a) and (2.31b),
F(C)EI+UV(12)
=[1+(R"*(1))[1+(R"P(2))],  (2.39b)

and can be made more specific by using Eq. (2.34b);
F©=14+v12y is obtained from F'© by the transposi-
tion.

The introduction of I'?) by Eq. (2.27) enables the BS
equation (2.21) to be rewritten as

I+ D=r2(1 4 g@rla+12) (2.40)
and hence the solution as
I(q +12)=I(12)+I(12)S(q/12)1(12) , (2.41)

in terms of a scattering matrix S'9/12) of K9, defined by
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S(q/l2):K(q)(1+I(12)S(q/12)) , (2.42)

with the superscript (¢ /12) to mean the dependence on
012 through I''?. Here the effect of o''?) can be made
explicit by introducing a solution of Eq. (2.42) in the case

o12=0, say, S%, governed by
SO=K@D(1+USO)=(1-KPU)"'KD, (2.43)

so that Eq. (2.42) becomes written, on using (2.38), as

§(4/12)=§(0a)(| 4 o1 ys(a/12)) (2.442)
=(1-8%yusc"?u)"1s (2.44b)

Hence Eq. (2.41) is written finally in the form
T =702) 4 ({4 yo12))ga/12) (1D 4 1) . (2.45)

Here the entire effect of the random medium appears
only through a new matrix J'9/1?, defined by

gla/12)=ygla/ 12y (2.46)
and given as the solution of
F49/12) = g0a)( | 4 5(12) g(a/12)y (2.47)
where
F00 = ys 09y (2.48a)
=UK(U + %) , (2.48b)

which is a diagonal matrix with respect to the subscripts,
and tends to zero as K (9 —0.

Also for the case of three random layers, as illustrated
in Fig. 1, the situation becomes exactly the same by intro-
ducing a solution of when K;")=0, a=1,2,3, say,
I'"2%23) and letting I''2%2¥ do all the roles of 1''?) in Eq.
(2.45); that is, the basic equations (2.45)—(2.48) remain
unchanged with the replacement of the superscript (12)

by (12+23) and using the expression
I3 =U,8,+U,0 U, (2.49)

Here, when the distance between the two boundaries, L,
is sufficiently large compared with the wave coherence

distance, say, 7, !, so that y,L >>1, ¢'}2*?* can be ap-
proximated by
o 2o+, a,b=1,2,3 (2.50)

being the independent sum of the two boundary scatter-
ing matrices, o \}* of S}, and 0'2® of S,;. Thus Eq. (2.45)
is replaced by a 3 X 3 matrix equation, as

I(q+12+23):I(12+23)+ (1+ UU(12+23))j(q/12+23)

X (a2 y +1), (2.51)
and, with (2.50), Eq. (2.47) is changed to
j(q/12+23): j(Oq)[ 1 +(0( 12)+0(23))j(q/12+23)] . (2.52)
Here J'%7 is still governed by Eq. (2.48b).
Example: case of a random layer (q;=q;=0, q,70).

The only nonvanishing element of J9/1272%) in (2.51) is
J54/12%23) in this case. Hence, when the source is in the
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space k; and the layer width L is large enough so that
v,L >>1, I'9T12%23) within the same space is given, with
1(12+23) ~I(12) b

11 =1L, 0y

I(lz{+l2+23) :1(1112) + UIU(IIZZ)j(Zg/12+23)U(2112)Ul , (2.53a)

and the transmitted wave into the space k; is given by

151{4—12-{-23) — U3a%223)j(2‘£/12+23)0(2112)U1 , (2.53b)

where the contribution from I{2*2% is presently negligi-
31 p glig

ble. Here the random medium is involved only through
4712123 which is the solution of

j(2r5/12+23)=.7(20q)[ 1 +(0.(2122)4_0.(2223))‘7(23/12-#23)] , (2.54a)
with the solution J9 of
IPP=U,KP(U,+IP?), 0>z>—L . (2.54b)

(12) 23)

Here, as for o and ¢®, we may utilize experimental
values of the boundaries, instead of the theoretical ones.

Thus the problem is reduced to finding the solution of
Eqgs. (2.54) and the resulting optical cross sections of the
random layer, defined, on rewriting Egs. (2.53) in the
form

1§ 2+ =y +U,olqt 12+ 3y, (2.55a)
g =y gty (2.55b)
by the asymptotic expressions of the factors 05,‘_’1+12+23),

a =1,3, when the source and the observer are both
separated enough from the boundaries (Sec. III).

D. Optical conditions of random volume

As we show below, the local relation (2.24) for K9 can
be written, in terms of the scattering matrix $°? of K9
and a matrix y'9(1;2) with the diagonal elements [Eq.
(2.23b)]

Y @(1;2)=2ik, ) H{[MPD]*—MP22)}, (2.56)
by
2 aRUSO=ky9R) (2.57)
ax
and hence, in terms of J°? of (2.48a), by
—a"’r-aymw(ﬁ):kww(i) : (2.58)
X

meaning the power equation for the incoherent wave
J'%), The proof of Eq. (2.57) is given by eliminating the
factor AG'9(R) in Eq. (2.24) by using the power equation
for U in unbounded space, which is

!%-a+k7<q> UR=AGOR), (2.59)
ox
in view of (2.36); hence
g’;»a(i)UK(qeky‘q)(i)( 1—-UK'?), (2.60)
X

which leads directly to Eq. (2.57) in consequence of Eq.
(2.43). The sum of Egs. (2.58) and (2.59) reproduces
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power equation (2.23e) when the boundary is absent.
We now write 19112 of Eq. (2.45) by

I Y=y+UugtPu (2.61)
in the same form as Egs. (2.55), with
U(q + 12)=0.(12)+( 1 +U(12)U)S(q/12)( UU(12)+ 1) , (2.62)

and consider the case of a semi-infinite random layer
where ¢, =0 and ¢,70. Hence

0'(1%+12)=0'(1112)+0'(1122)¢7(23/12)0'(2112) , (2.63)
and means a resultant scattering matrix for the entire
random volume (making both boundary and medium
scattering) of when the source and the observer are both
in the space k. To find the optical condition for o{§ ™12,
we only observe that the integrated power of I'¢11%
away from the boundary S, is always zero because all the
waves propagated into the space k, are finally scattered
back to the space k;. Hence

fsldp a1t (R)=0, (2.64)
where

af=1a"-a . (2.65)
For short, we express Eq. (2.64) by the notation

(8,142 (1;2)=0, (2.66)
and hence, using expression (2.61),

($,(U,+U,6{"?U,)=0. (2.67)

With the same notation, we can write the correspond-
ing conditions for I''? by

(S, TP +(8,|1¥=0, j=1,2 (2.68)

which is the surface integral over S|, =S, +S, enclosing
the whole boundary space (Fig. 2), and j =1 or 2 depend-
ing on whether the source is in the space k, or k,, respec-
tively. Thus, using (2.38) in (2.68), we obtain [see also
Egs. (3.43) and (3.44)]

(S, (U, +U,c6{}PU)+(S,|U,05¥U,=0,
(8,1U,0PU,+(S,|(U,+U,o}YU,)=0,

(2.69a)
(2.69b)

as basic conditions for o1?),

To find the corresponding equation for the medium
counterpart S%/1?, we substitute expression (2.63) in
(2.67) and use Eq. (2.69a) to eliminate the o!}?) term;
hence, as is proved below,

(5,10,0{P 9% D20, =(5,|U,04PU, ,  2.70)

where involved in the left-hand side are only the bound-
ary values of J%/'?. This simply says that the entire in-
cident power through the boundary, as given by the
right-hand side, is the same as the integrated power of
the waves scattered back to the space k; by the random
medium. The direct proof of Eq. (2.70) by using the basic
equation (2.47) for J'9/1?) is straightforward, first by mak-
ing the space integration of Eq. (2.58) over the space z <0
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(g,70) for the source located outside (z > 0) to obtain

(8,]1990=—(8,|U, (2.71)
with the aid of Eq. (2.59); hence, using Eq. (2.47),

(85,1982 = —(8,|U,(1+ o2 g5/1?) | 2.72)
which can be rewritten, on using Eq. (2.69b), as

(8,1U,0\2 7%= (s,|U, , (2.73)

being the same equation as (2.70) except for the common
factor 0,}2’U, on both sides.

In the case of a random layer where ql =g,=0, q,70
(Fig. 1), Eq. (2.73) is replaced by
[(S,|U,0{ P+ (8,|U;03V19%/ 12T =(8,|U, . (2.74)

Here the boundary S, on the right-hand side refers to ei-
ther S, atz=0o0r S_, at z=—L. As to the scattering
matrix for the entire system, o' 7122, defined by Egs.
(2.55), the optical conditions are the same as given by
Egs. (2.69) with the replacement of o!'?)— ¢ {9 T12+23) 39
S,—S8;,e.g.,

($11(U+ U 0{§ 22U )+ (8;5|U30 1272V, =0,
(2.75)

which can be shown also directly by using Egs. (2.53),
(2.74), and (2.69).

Here it may be noticed that, in the case of a random
volume, the optical conditions of scattering matrices are
described exclusively by the boundary values, as given by
Egs. (2.73) and (2.74), independent of the details of the in-
side [see Eq. (3.45) with (3.39b) and (3.41b)].

III. OPTICAL EXPRESSIONS AND CROSS SECTIONS

A specific expression of Egs. (2.54) is obtained in opti-
cal form by partially making the Fourier transformation.
We first introduce relative coordinates T and p, defined by

(3.1)

and the corresponding Fourier variables @i and X, defined
by

G=1(1,+1%,), A=%,-%,, (3.2)
so that
—A R R, R, =07 +A P (3.3)

Then the matrix elements of K9
form

KDR;%,1R%)=K

can be written in the
@lp—p'lt), (3.4)

in view of the translational invariance, approximately in
the vertical direction, and, therefore, the Fourier trans-
form has the form

ROA;A,IA4)=02m)38((A—A)E2@|Aa") . (3.5)

On the other hand, the corresponding Fourler trans-
forms of the wave quantities, e.g., 79/12(@,A|4",A") of
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J'9/12) where A=(A,A,), cannot be written in the same
form, and, therefore, on suppressing A and dropping the
factor (277')28()» A'), we w111 hereafter use a composite
expressmn, e.g., 7'912(1,z|@’,z'), by making the Fourier
inversion only with respect to k and A,.

As to the transform U, of U,,, we obtam

(ﬁ,)\. *(u—‘l)G (u+‘A)
~m8(62—k2)(k,y, —ia-A)"!, (3.6)
with the approximation k™ ~k,, k, >>|X| 2 7,, and the
constant
Va=Qik,) "N MP*—MP)1) , 3.7)

excluding the case when the medium is intrinsically
dispersive.!!

Hence, on changing the variable i by u uQ
dii=u2du dQ, where u =8| and 8=(Q, Q,), Q2=1, is
the unit vector, we obtain an important relation that, for
any slowly changing function f (1),

—3 ~N = AR AN A~ A
(2m) 7 [ d U,@,A)f (@) f%dﬂ U,(

Q07 (Q),

(3.8)

where
U,(8,%)=(y,—i-X)"'=0,(—0,-1), (3.9)
F(Q)=4m) 2 =k, Q) . (3.10)

Here the A, Fourier inversion of Ua(ﬁj) is

U,(9,z) E—fdx exp(—iA,z)U,(Q,X)
|Q, | lexp[ — ;l(ya-—i(}k)z], Q,z>0
=10, Q.z<0 3.11)

while the three-dimensional inversion Ua(ﬁ,ﬁ ) is given
by

U, (Q,5)=1p]"2exp(—7,psAQ—p/Ip)) . (3.12)
Hence, with the rule (3.8), Eq. (2.38), for example, leads
to the expression

I2(9,z10",2")
=U,(8,2—2")5,,640—0')

+U,(8,2)0'2(010)U, (', —2') . (3.13)
Here, from Egs. (2.39),”8
2010 = [P (RAP(D))?|82(Q@— Q)
+a L8] 0) (3.14)

where 8@=(Q(®,0{?) denotes the unit vector in space
k,,, defined by u=k, Q.(" and Q\=+[1—(Q*)?]'/2, and
8% is a specular 8 function of Q(“ which is not zero only
when the scattermg is made in the specular direction, re-
gardless of the sign of Q\”; ¢'11?) is the incoherent cross
section, given in terms of the Fourier transform Sf}zk,
(with the full subscripts), by
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(41)"%F

aa;ij

oW RIa)= 3
ij k1

where the notation |, means setting u=k, Q'

(u)Siju/g[ u|3\,=0|ﬁ')Fk1;bb(ﬁ')|Q

and u'=k, Q%
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(3.15)

, and the A dependence has been neglected.

The transform o'1(Q|Q’) provides the resultant (including both coherent and incoherent) cross section per unit area
of the boundary and is subject to an optical relation resulting from relations (2.69) [see Eq. (3.44)], as

z f dQ'k,c2(Q'0)=—k,Q? >0,

a=1

(3.16)

where Q{?)=7%) Q. The expression (3.13) should be regarded as the matrix elements of 1''? with respect to @ and z, to

be multlphed with a O.-z vector f(1i,z), defined by Eq. (3.10).

In the same way, the 0z expression of Eq. (2.52) gives

-7(23/12+23)(ﬁ,2 10,2")= .7(20")(6,2!6',2

+fdﬁ“fdﬁ”’j(zoq)(ﬁ,z'ﬁ“,_L)U(2223)(ﬁll|ﬁ“').7(2%/12+23)(ﬁ’l',

I)+ fdﬁ”fdﬁ”’j(zoq)(ﬁ,zlﬁ”, 0(2122}(()[!'6[[1)7(2%/12+23)(ﬁl!l,olﬁl,zl)

—L|8",z2") . (3.17)

Here the original J5°9 is the solution of Eq. (2.54b), and its Q-2 version can be obtained as the solution of the transport

equation

(,+9,0,)902(0,2|0',2) =K (@0 U, (@, z—z")+ [d@ K (@8I 8",2|§,2") ,

wherein 0,=0d/0z and the term —iQ-A has been

suppressed. Here z,z’ <0 in the present case, and, from
Eq. (3.10),

A

K9(0]0)=(47) K@ ({i=k,0/0' =k,0") (3.19a)

(3.19b)

is the cross section per unit volume subject to the optical
relation

= [, dkP(@10) (3.20)

J

I(l‘{HHZ})(ﬁ,ziﬁ’,z')

and a similar equation for (‘{ +12+23)

({+12+23 QPIQI Al

(3.18)

r

from the X-integrated (2.24); the solution is subject to the
condition of no reflection at the boundary, in view of the
factor UZ(Q z)of (3.11), i.e.,

JL(8,z=0|8",z' <0)=0, Q,<0, (3.21a)
and fulfills the reciprocity
I —8,2'| —0,2)=9L8,z|8",2") (3.21b)

With known J°9, 754/12%2%) is obtained as the solution
of integral equation (3.17), and thereby I\ *12%23 js
given from Egs. (2.53), by

A

=I1{2(@,210",2)+ fdﬁ"f dQU,(8,2)0P(810") 7512 2(§,010,0)

1 (Q p|QI’A;)+ fdp dpluf dﬂudQINU (Q,P pu)o,(IZ)(ﬂlﬂn

(12 (QIIIIQI)U (ﬂ' —z ) (3.22)
, while the three-dimensional expression of Eq. (3.22) is
xj(3/12+23) QH II=Olpll_pIII|QIII’zIII: )
X oM@ QU (@, p"" —p") . (3.23a)

Here U,(Q,p) is given by Eq. (3.12), 7%/>*2(Q,z[p|Q),2

from (3.13),

I(lz)(ﬂ,p|ﬂ' A:

U, (Q,p—p8%0— Q)+ [dp" U, (D,p—p" )0 (@0 U, (

" s ; (g/12+23)( Mﬁl '
) is the A Fourier inversion of 75} (Q,z] ,z'), and

(QLp"—p") . (3.23b)

The average power at a point 5 in space k, for the wave from a point source at p’ in space k,, say (W, (p|p’)), is

given according to the definitions (2.2), by

i< 8 Iab(A /\/\, /\[)!

<Wab(P|P )>= at

vo=04m2[dQ [dQ'k, 0L, (0,505

(3.24)
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in terms of the relative coordinates T of (3.1) and the opti-
cal expression of I, according to Eq. (3.10).

A. Cross section of a random layer
with no boundary scattering

When the boundaries make no scattering so that

0P =g@=0
b

A A (3.25)
(12)(0‘9' lQ ISZ(Q_QI)
etc., 755712123 is reduced to JP?, in view of (3.17), and
hence Eq. (3.23a) is reduced to
(({+12+23) Q’ﬁlﬂl,/p\

A

U(0,p—p)8%0—Q)
+I09(8,510,p") . (3.26)

Here the last term is a space continuation of 720q) (origi-
nally defined in the space of g,70) to the outside space
k,, and is obtained in view of (3.25) by replacing U in
(2.48a) with

Un@l8lpH=[" _dp|Q,|U( 8.p—p")

X U,(Q,p"—p") , (3.27)

which, by using (3.11), can be shown to be the same as
given by (3.12) except for the exponential factor which is
replaced by exp(y,|Q,|'z"), z' <0, yielding a dissipation
only in the range of qﬁéO Hence, from (2.48a),

799D, p18,5")
—fdﬁ“dﬁ”,Ulz pIQ]An

S (0g) Q /\H|Qi /\ln U2 Auliﬂ | (3.28)

where the integration is made over the entire space of the
medium g,70.

Here we suppose that the points p and p’ are both
separated enough from the boundary so that the total in-
coherent intensity, 77(p|p’), say, given by

Dplp= [dfdfTPI@,pI0,p") (3.29)

can be written, on using the relative coordinates Ap and p
defined by

Ap=p“_p,”

p=+p"+p""), (3.30a)
dplldplll= (Ap)dﬁ,

5" =(p+1Ap,z") ,

prTPTIRP (3.30b)

ﬁ"'=(ﬁ—%Ap)z'”) R

I %+12+23)( 7i)\|ﬁ,’ﬁ,) (O,

Here the second term is a surface integral on S,, with

)82(0 Q’ +fdp”dp”'U (Q,P p")0%+12+23) Q[P”
XU](QI’pIII_pI) .
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in the asymptotic form
790plp)= [ * dplp—pl 72591, (2Ip10")
X|p—p'l 2. (3.31)

Here § and 8’ are in the directions of p—p and p—p’,
respectively, and SP% ,( (8|p|©’) means the scattering
cross section per unit area of the layer boundary at p for
scattermg of the wave in direction ©’ to &, and is given,
upon using

f d(Ap)S(Oq)

A

B10,p")
=5199(8,z"|A=0|8",z"") ,

by

599, (81p|Q)=59 ,,(@,1,]A=0|0',1}) (3.32)

where the right-hand side is a Fourier transform defined
by

§$‘Q+2(ﬁ,kz]l|ﬁ’,k; )= fi)L dz dz'exp(id,z —iA,z")

XSP9(0,z|A1Q,2)

(3.33)

with
A, =—ily,—iQ-AQ; !, Q,>0 (3.34a)
A=—ily,—iQ-A)NQ.)" !, Q.<0, (3.34b)

so that Eq. (3.33) is a function of 8, &', and A.
Equations (3.34) and (3.2) indicate that the Fourier
variables 7L1 and 7‘2 are given, when A=0, by

A=k, Q+Liy,(Q,)7 '8, , (3.35a)
A=k, Q—Liy,(Q,) 4, (3.35b)
and, similarly,
Ai=—Ay=k, 0+ Liy,(Q)) 7', , (3.350)
A= —R, =k, —Liy,(Q,)7! (3.35d)
and Eq. R (3.32) says_ that the cross section
S0 ,(Q0)= (19"2)+2(Q|p|0 ) is the same as given by

the full Fourier transform S(O")(Al,lzl}ul,kz) except for
the factor (27)28(A—A1’).

B. Case involving the boundary scattering

The optical expression of I}{+12*2%) can be written, on
using Egs. (2.55a) and (3.23a), in the form

__pllllﬁl)
(3.36)
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0,(1({+12+23)(ﬁ|pn_plu|ﬁl)___ 0.(1112)(ﬁ|ﬁr)8(pu_pu:)
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+ fdﬁudﬁlua_(IIZZ)(ﬁ!ﬁn)j(23/12+23)(ﬁu’znzo|pn_pul!ﬁln’zul:0)0_(2112)(ﬁnl|ﬁ;) X

(3.37)

Hence, when the points p and p’ are both separated enough from the boundary, the total intensity from Eq. (3.36), say
I§t1272(p|p"), is obtained in the asymptotic form similar to (3.31), as

1(1‘{+12+23)(ﬁ|ﬁ')= 'ﬁ“ﬁ'l_z'f' fdﬁ|ﬁ—ﬁ|~20(1‘{+12+23)(ﬁ|ﬁ')|ﬁ—ﬁ’|‘2 ‘

(3.38)

Here o "12*22(Q]Q’) means the resultant cross section per unit area of the boundary at p due to the scattering by

both the medium and the boundaries, and is given by

a(lf{+12+23)(ﬁ|ﬁ,)5 f_“’ d(Ap)a(lt{+12+23)(ﬁ|Ap|ﬁ,)

A

=0.(1112)(ﬁ|ﬁl)+ fdﬁudﬁuro_(llzz)((”ﬁu)lQ;”-IS(q/12+23)(6n|ﬁ/u)IQ;H|—10.(2112)(ﬁlulﬁl) ,

where, in the last term, use has been made of

j(z%/12+23)(ﬁla,zll=Olﬁul’zl::=0)

___IQ;IQIZH‘—Is( 4,1_2’—42‘23)(6;1‘6111) (3-403.)
with
S @1 =S @A A0l A
(3.40b)

whose right-hand side is a Fourier transform defined by
S5, 4, AR,
= fo dz dz'exp(il,z—iA,z')
—-L

XS(215/12+23)(6"Z lMﬁ',Z')

0(3‘{ +12+23)(ﬁ|ﬁ,)= fdﬁ”dﬁ”'a(3§3)(ﬁ|ﬁ")lﬂ;’| —ls(_(—]é’1142—23)(ﬁu

Here Q,Q." <0 and

Stf1242)(§| Q)= fOLdz dz'explil,(z+L)—ikiz' 1S5/ 12+ (Q,2|A|10,2") ,

where A=0, and A, and A are defined by Eqgs. (3.34) ex-
cept that Q, <0.

Summarizing, the scattered waves are described by the
asymptotic expressions (3.38) and (3.41a) for the reflected
and transmitted waves, respectively, in terms of the cross
sections per Aunit area of the boundary surfaces,
o3t 2tB(Q|Q’), a,b =1,3, which are composed of the
entire contributions from both the medium and the boun-
daries. HereAthe medium scattering 1}§ manifested only
through the © matrices S'{/12*2(Q|Q’), a,b =+2, and
the resultant cross sections including the boundaries’ can
be constructed according to Egs. (3.39b) and (3.41b), by
the successive {-matrix multiplication of the boundary
and medium matrices (that are involved in the equations
on an equal basis) on following the order of the scatter-
ings and with a weighting function [Q,]| ! when making
the Q integration.

(3.39a)

+2,+2 (3.39b)

[

similar to §$‘§3+2 by Eq. (3.33); these equations are ob-
tained from an expression of J'9/12%23) similar to (2.46)
with the same procedure as that leading to Egs.
(3.32)-(3.34).

Also for the transmitted wave, we similarly obtain the
asymptotic expression

1§72 plpn = [ dplp—pl 2o lf* 1+ (BID)

X lﬁ—ﬁ'|_2 s (3.41a)
(3.40c) ~ With
J
Q)19 eliP @1, (3.41b)
(3.42)

[
C. Optical conditions and reciprocity

The optical relation (3.16) for o''?) is obtained from

Egs. (2.69) by rewriting them in the optical form, accord-

ing to the definition of (S| by Eqs. (2.64) and (2.66) and

using Eq. (3.11); i.e., since the optical expression of
<S1 | Ul is

fngqu ki1 QU (Q,6=0)84(Q— Q") —o=—k ,

(3.43)

Eq. (2.69a) leads directly to
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[, . @0k oD@+ [ dQ ko200

=k, Q.. (3.44)
In the same way, Eq. (2.75) leads to the optical relation
for o4 12723 a5

1

[dQd8k o\

in terms of the medium cross sections S'/'232%(Q}/Q’)
defined by Egs. (3.40) and (3.42); hence the relation (3.45)
is reproduced in conseq\uence of Egs. (3.39b), (3.41b), and
(3.44). As for S(OZ +2(QIQ ) where no boundary scatter-
ing is involved, we obtain

Jd0599 @18+ [af 5% ,,8]18)=|0]
(3.47)
as a special case of (3.46).

Here the following reciprocity relations hold:
S(q/12+23)(9[9,)_ q/12+23) ﬁ,| _ﬁ) (3.48a)
S‘:f{}i;”’(ma')=S&€§}3§23)(—ﬁ'l—ﬁ), (3.48b)

in consequence of the reciprocities
OQ1a") '
) (@18)=0)(—0'|—0),
@ i . (3.492)
K(Zq)(ﬂlﬂ’)=K(2‘1)( —-0'-8
and
SPD(—Q,z'| =4l —8,2)=50(8,z[A|8,z')  (3.49b)

from the definitions (3.32)-(3.34); and thereby the re-
ciprocity of the cross section o ‘{,HHB)(QIQ’) for the
entire system is ensured.

IV. STRUCTURE OF K

The deterministic Green’s function is subject to the re-
ciprocity g (%|X')=g(X’'|R) or gT=g, in view of vT=v in
the governing equation (2.9b), and, therefore, not only the
first-order Green’s function subject to G (X|X')=G (X'|X),
but also the second-order Green’s function I (X;%,|X};%5)
should be invariant for each of the interchanges X;<>X]
and %,«<>X}, independently.>>* It may be remarked that,
with this simple symmetry alone, we can find a funda-
mental structure of the basic matrix K to a considerable
extent without knowing the details of the specific medium
involved.

We first consider the case of a homogeneous random
medium ¢ so that K=K 9 and introduce a four-
coordinate function I (X4,%,,%3,X,) defined by

j(il,ﬁz,,i},i“):I(il;’x\zlilx—)is;ﬁ;"—)/x\“) ’ (4-1)
and similarly a four-coordinate function U by
U(R},%,%;5,%4) =G*(X,[%;)G (&, %,) 4.2)

(@100 715912 (@ 1)+ [dd k0 3@
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fdﬁ kna(ﬂ+12+23)(ﬁ|ﬁ')

+ [dQ k0l T 2P@IQ) =k, [Q;] . (3.45)
The more detailed version of the relation is obtained from
Eq. (2.74), which is expressed by

AA

| Q" IQI/]—Is(q/12+23) Qulnl)_k2lﬂ(2 l
(3.46)

Also we rewrite the matrix K in the BS equation (2.17) by
K, to make sure that it is a two-coordinate matrix with
respect to X; and X, with the elements K (X;%,|X];%}), on
using the primed coordinates for the row; so that K,,I
represents

PaN

fd ARK (R R, IR R(R], %5, %3,%,) . 4.3)

In the same way, U will be rewritten by U, when using it

in the original meaning, and the original I will likewise be

rewritten by I;, whenever confusing. On the other hand,

the matrix K;, also can be regarded as the four-

coordinate function K 12(X1,%,,%,,%,), defined in the same

way as I has been defined in terms of I =1 12 by Eq. (4.1).
Thus, BS equation (2.17) can be written by

I=U+U,K I, (4.4)
with the solution

I=U0+U,U,,8S , 4.5)
which represents

I=U+USU (4.6)
in terms of the scattering matrix S of K, defined by

KI=S8SU, IK=US, 4.7)
and given as the solution of

S=K(1+US)=(1—KU)"'K (4.8a)

=K +KIK . (4.8b)

Here U,, is the matrix when U is regarded as a matrix
with respect to X; and X,, say the %,-%, matrix, with the
elements
U (%3R5 =G *(%5(%5)G (R,]])) (4.9)
and therefore commutable with U,,, ie., U,Uy
U34 Uy; a function Us, also is defined by (4.9) with
X;—%X, and %, —%,, so that

(:I:(jn:()'“ . (4.10)
Hence Egs. (4.8a) and (4.8b) can also be written by

S=K;,+K,U,S (4.11a)

=K +K Kl , (4.11b)
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in a form similar to Eq. (4.5).

Here we observe that the function [ is invariant against
the interchange of X, and X,, as we already remarked
based on the reciprocity, and therefore I=1,=1,,, in
view of the elements of the matrix I, given by those of
I,, with X,—%X, and X,—X. Similarly, U= UM and

UY=G*(1)G(2)G*(3)G(4)
4.12)

U12 U34 U14 U32

Thus, making the same interchange in expression (4.5) of
I, we learn that

$=8,=S5, (4.13)
and hence, by the same interchange of Eqgs. (4.11),
S=K,,+K,,U,S=K ,+K K], 4.14)

which, upon comparing with the original (4.11b), shows
that K ,,5K ,,, and that K, can be written in the form®

K, =K°+K,ULS , 4.15)

with a symmetrical (and irreducible as defined below) ma-
trix K subject to

K°=K0,=K},=K3%=KY%, . (4.16)

In fact, the second term of (4.15), IE'(X), say, is “U}, irre-
ducible” in the sense of having no part that can be writ-
ten in the form 4 ,U,,B,, so that its diagram is insepar-
able into two parts A, and B, by cutting two lines of
U,,=G*(1)G(2) (see Fig. 3). The substitution of Eq.
(4.15) in the first term of (4.11a) yields a symmetrical ex-
pression of S, as

S=K°+K,U,,S +K,,U,S , 4.17)
which, from Eq. (4.14), shows that
K,,=K°+K,U,,S , (4.18)

being the same equation as that obtained from Eq. (4.15)
by interchanging X, and X,, as it should be to be con-
sistent. Equation (4.18) shows that K, is U,, irreducible
with the irreducible K ° with respect to both U, and U ;.

Equations (4.7) can be written by the function equa-

FIG. 3. The matrix K, by Eq. (4.15) is diagrammatically
shown with the approximation K, ~K?, on the right-hand side.
The dashed lines represent the matrix K° and the (horizontal)
solid lines represent G * or G.
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tions as

K,I=U,S, K,J=U,S, (4.19a)
which, by the x,-x, interchange, yield

K I=U,S, K;,I=U,S, (4.19b)
showing therefore that

KU S =Ky Uy S=K,K3, I , (4.20a)

KU S=K3, U3 S =K K . (4.20b)
Hence Egs. (4.15) and (4.18) can be written by

K, =K°+K KT, 4.21a)

1w =K°+K ,K,, I, (4.21b)

and Eq. (4.17) in a symmetrical form, by

S=K°+KWI , (4.22a)

in terms of a coordinate-interchange-invariant matrix
K™ defined by

KW=K,K;,+K,K;, . (4.22b)
Here, from Eq. (4.5) with (4.12),
I=U+U%S . (4.23)

Hence, upon the substitution in (4.22a), we obtain a
governing equation for S, as

S=KV+KkPUuWs (4.24a)
where
D=K°+K"¥U , (4.24b)
with the formal solution
S=(1—-KWPyW)~1gm (4.24¢)

Similarly, substituting (4.22a) in (4.23), I is found to be
the solution of

I=UVY4+UuWKWf | (4.252)
where
UV=0U+U%K°, (4.25b)

which is the same function of U, U%, and K° as KV of
(4.24b) is of K°, K¥, and U. o
Here we introduce the incoherent part of I, J, defined

by

J=UWS=1%gWM , (4.26a)
to write

[=U+7 . (4.26b)
Here, in view of Eq. (4.24c¢),

W=y —K@OyWw)- 4.27)

which is the solution of an equation similar in form to the
BS equation (2.21), as
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1(4):U(4)(1+K(4)I(4)) , (4.28)
with the solution

W=y yhs@py@ (4.29)
in terms of a scattering matrix S of K4, defined by

KW[@®=g®y4 (4.30a)
and governed by

S(4)=K(4)( 1+ U(4)s(4))

=KW RO D @) (4.30b)

similar to Egs. (4.7) and (4.8) for S.
The function S of (4.24c) can also be written in the
form

S=K0+s@gm (4.31)

similar to (4.26b) for I. I'* is a four-coordinate matrix of

Xy, X,, X3, and X, and is the solution of Eq. (4.28) which
ensures I'¥ to be invariant for each of the interchanges
X,<>X, and X,<>%;, independently. It can be regarded as
a Green’s function of fourth order, in view of U™ and
K™ defined by Egs. (4.12) and (4.22b), respectively.

A. Approximation

We first rewrite Eq. (4.17) in the original matrix form
S=K0+ \S(L)+ \S(X) (4.32)

by introducing scattering matrices S'“0 and S,
defined in terms of the four-coordinate functions, by

SP=K,U,S~K%U,S , (4.33a)
§ =K, U,,S~K%U,,S , (4.33b)

which can be obtained from each other by interchanging
X, and %,, in view of the coordinate-interchange invari-
ance of S being ensured.

Here, to evaluate S‘¥), we substitute (4.32) in (4.33a)
and neglect the term from 'S t0 obtain

S =KQU (K% + 5%, (4.342)
with the solution

S 3 =KWIPKY, (4.34b)
Here
I'Y'=(1-U,K) WU,=U,+U,S5U,, 435

which is the solution of the original BS equatlon to the
approximation K ~K?9, and Eq. (4.34b) shows in view of
relation (4.8b) that

SP=K0+ §b (4.36)
On the other hand, Egs. (4.33) indicate that
$O0=§ 0= § B, (4.37a)

where, from Eq. (4.34b),
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S =K, 1LK® (4.37b)

Thus the resulting I is obtained, on substituting (4.32) in
(4.6) and using (4.36), as® 134

I=U+UKU+U( ST+ s>y
=1"P+U s>™U .

(4.38a)
(4.38b)

An exact version of the solution is obtained by rewrit-
ing (4.15) in the original matrix form

K=K°+K™>), (4.39a)
with the matrix K > defined by the function equation
K=K ,U.S . (4.39b)

The BS equation with K of (4.39a) has the same form as
Eq. (2.21), and the same procedure as leading to the solu-
tion (2.41) leads to

[ =10 4 [Lg(x /L)L) (4.40)
with a scattering matrix S</%) of KX, defined by
SOX/L) = g (X)(] 4 [(Dg(X /L)) 4.41a)
=501 4 ys D ysx /L)y (4.41b)
where
§0%) = g (X)(] 4 Us©)y= (1 — gy~ 1g () 4.42)

Here it may be remarked that KX is the necessary part
of K for the solution I to be consistent with the general-
ized reciprocity condition; and that the anti-Hermitian
part of M has a contribution, not only from K, but also
from KX consistent with optical condition (2.24), so
that the extinction coefficient is given according to (3.20)
by the total cross section including K .

. B. Optical cross section from
S for a bounded layer (Fig. 1)

The optical cross sections of the random layer are
given in terms of the cross sections per unit area of the
layer surfaces, 0'4112%23) 4, =1,3 by Egs. (3.39b) and
(3.41b), wherein S'¢/'2;7?¥) are defined by Egs. (3.40c) and
(3.42). Here, in the present notations, the medium

scattering matrix is

S(Oq)=K0+ gLy Tgx) (4.43)

in the case of a reflection-free boundary, and is S ‘5/ 124+23)
in the general case, which is given in terms of S as the
solution of Eq. (2.44a) with 0% »g!12 4523, Here the
cross section from S(X) (or S ><)) say ) Q.|Q.') can
be obtained from 2 (or 'S (D)) by interchanging the
roles of X, and X} (or X, and X,). Hence, from Egs.
(3.32)-(3.34),

S, (818)= 5G9, ,(@,1,1A=0{Q",1)) (4.44)

whose right-hand side can be given in view of relation
(4.37a) by

S, 20,2, 1A187,1))
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with the interchange of Xz and 24 so that

=1, 0, =LA, +1)=k,Q,,, (4.452)

8= 0, —0,=—1(A;+1,)=k,0;,, (4.45b)
or, using Egs. (3.35),

8-0,~10-0", (4.462)

0'—0;,~10'-0). (4.46b)

Here, the y, terms have been neglected, which are of the
,\ and negligible therefore unless
|Q. (} | P |y2/k2\| <<1. In the same way, A= Az 7&1
Ayt A; are replaced by k14 7L kl and
= —Az+}»3, respectively, or

A=—k( @+ —Liy,[(Q) = Q) '8, ,
(4.47a)

) =) 'A, ,
(4.47b)

—Rp=—k,(@+8 )+ Liy,[(Q,

which show that the horizontal components A, and A5,
are both nonzero, being given by

A= —Ap=A=—k,(8+8"), (4.48)

in contrast to the case of S'©) wherein A= 0

On the other hand, the transforms S & +2 4+, are appre-
ciable only within the range R |<7/2, in view of
U,(4, A) given by Eq. (3.6) and involved in all the equa-
tions as a weighting function of when making the 4 in-
tegration [e.g., Egs. (2.44)]. Hence it follows from (4.47)
that the contribution from S*’ can be appreciable only
within the range

0+Q | Sy,/k, , (4.492)
and, under this condition, Egs. (4.47) lead to

(Ag), =—i7,0; 1 1—iy; 'A-Q), (4.49b)

—(A3p), = —iy,(Q) W 1—iy; A-Q"), (4.49¢)

with the A given by (4.48); Eq. (4.49b) is proved by ob-
serving that Q, ~ —Q, in Eq. (4.47a) and hence

0(11{/12+23)(ﬁ|ﬁl)=fdﬁnfdﬁura,(1122)(ﬁlﬁu)
0'(3%/12+23)(ﬁ|ﬁ'):fdﬁ”fdﬁ'“ag?)(ﬁlﬁ“)

which both tend to zero as g,—0 and hence can be re-
garded as additional boundary cross sections caused by
the medium fluctuation. Here, 75%/12*2% is the solution
of Egs. (2.54), and can be obtained as a boundary-value
solution of the diffusion equation, approximately, as has
been tried to investigate the enhanced backscattering in a

A
‘7(23/‘2+23)(Q “,Z
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(Ma), =~ —i7,07 (1=i(k, /y )HOE—(Q) 2]}

wherein 0 —(Q,)?=Q"72— 02~ —20-(Q+ Q).

Note that Egs. (4.49b) and (4.49¢) are exactly the same
as (3.34) for A, and A;, and ~hold true even when 8 and
0 are replaced by 014 and 032 of (4.46a) and (4.46b), re-
spectively, to the present approximation.

Thus Eq. (4.44) gives

S ,@18)

=§(+L2) (ﬁ (M), IMQ32, (A33);)
=50 120, (), | =y (Q+ Q) — 0, —(Ay,),) ;
(4.50)
and hence, when Q +ﬁ'=0 exactly,
s +2(Q|—ﬂ)——S+2’ (O] — (4.51)

as has been known.?

The situation is the same also for the boundary-
dependent $'95'252)(@ Q") involved in Eg. (3.39b) and
given by Egs. (3.40) as a function of O, Q' , and A; so
that, once it is found to the ladder approximation, say
S(+L2/ 53;’23)(()!1“2’) the cross section from the crossed
diagrams, say S(X/12+23)(Q|A|Q’) can be obtained by
the replacement of Q ﬂ’, and A, according to Egs.
(4.46a), (4.46b), and (4.48), respectively. To this end, we
only need in view of Eq. (3.37) the quantity
7(3/12+23)(Q z=0|A|Q",z’=0) that is the boundary
value at z =0 of the solution of the integral equation
(3.17).

V. APPLICATION OF THE DIFFUSION
APPROXIMATION

When the source and the observer are both separated
enough from the layer boundaries, I({*'2%2% and
I{"12%2% are given by the asymptotic expresswns (3.38)
and (3.41), respectively, in terms of the cross sections per

unit area of the layer surfaces, o'{§ 7122 and o{g t12+23)
of the form
o@D ) =0 1R ) +oi§ 122D )
(5.1a)
a(ﬁ“””)(ﬁlﬁ ')20(3‘{/12+23)(ﬁ|ﬁ ", (5.1b)
Here, from (3.39) and (3.40),
JEBQ 2 =010, 2 =0)e i@ D), (5.22)
"= LI,z =0)0t2(@ 8" (5.2b)

I
bounded layer space, 4 as well as unbounded, on assum-
ing reflection-free boundaries.

To make the diffusion gpproxxmatlon, we introduce a
set of eigenfunctions f,(L,A) and f (2, A) of the cross
section K (Qlﬂ '), defined by the eigenvalue equations
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JdQ k@107, @01 ,(@",% f4(@,1)
(5.3a)
[dQ 70,00, @ DK@ 18)=4R)F,(@,1),
(5.3b)
with the normalization
JdQ 7 (Q,00,(8,0)f5(8,8)=5 5 . (5.4)

Here UZ(Q. A) is regarded as a welgll\ltmg function when
making the ) integration, and A(A) is _the eigenvalue
with branch points at |A|==+iy, on the || plane, caused
by the pole of U, of (3.9), and tends to zero as |A|— .
In terms of the eigenfunctions and the eigenvalues, the
cross section can be exhibited by the series

K2@0)= AR f (Q,0)F(8",%), (5.5)
A

and hence, generally,
(KT, K@ QA8 ")
— 2 An+l(i\')fA
A

(A

Q0788 . 5.6

To find a similar expansion for S 9 from (2.43) we ob-
serve that
SP=(1-K¥UT,) 'K
:K(zq) +K(2‘7)(72K(2‘1) 4+ .. +(K(2‘1)(72 )N‘lK(zq)

+85P0eN (5.7)
where
SaN=(1—-K¥T,) (KLU, K (5.8)
and hence

SV’(ZOq,N)(ﬁlxlﬁ I)
=S U—A) AR QR F (88, (5.9
A

in view of Eq. (5.6); the original S¥°? is given by § ¢V

when N =0. The series (5.7) consists of the scattermg
terms up to the Nth order of short-range functions and
the remainder S " of a long-range function. The
diffusion term is the first term with the eigenvalue of the
form

ARN)=1—y7'D,A24+0[(A/7,)*] (5.10)

in the range A/ ¥, <<1, when the medium cross section

is rotationally invariant in space with the form
K(”)(Q Q). Here
D,=(3y,) " (1—a,) '=3y,)"'+D,, (5.11a)
D,=3y,) la;(1—a,)" !, (5.11b)

where a, is the average of the cosine of the scattering an-
gle, defined by

a,=y;' [dQ(Q-0")K! (5.12)

Hence, discarding all the terms other than the diffusion
in Eq. (5.9), we obtain the expression

SPeM@IRIQ =5 PR)f (.07, @ %), (.13
§IMR)=(1—4) 14V +(X)
=7DAN T+ 3 VR, (5.14

n=0

where the last is the series expansion with respect to A2
within a range of |A/7/2| <1. Here the first term, say
S A(A) is the same independent of the order N, and its

Fourier inversion with respect to z, say,
S ((z|Alz')=S 4(z|z"), is a solution of the diffusion equa-
tion

vy [’}/(ab)"‘D (A'Z aZ SA IA,}Z )=8(z—z"), (5.15)

with a new parameter y'%®’ to represent an intrinsic dissi-
pation by the medium.

To investigate the asymptotic form of S ‘% at |A]— o,
on the other hand, we observe on using Eq. (5.3) and the
normalization (5.4) that

A=F,U,KP0,f ,~0(X|7"), (5.16)

and hence S~ 0( IX=¥~1) and §(°qN)~O(|XI_N)
confirming therefore that the short-range behavior of
SP%M is not the same, depending on N.

When the g, space is bounded by the boundaries at
z =0 and —L, the diffusion equation (5.15) is subjected to
boundary condltlons to be described below, and, with the

solution S}2*2?%, say, we obtain a diffusion expression of
54971223 5g

Stzg/12+23>(ﬁ,z |ﬁ ' 2"

~f4(£,i3,)8 123 z|2)F (Q, —id,) , (5.17)
and hence also
7(23/12“3)(6,2@',2’)

~¢ (Q,i3,)SJ2*(z[z)¢ (R, —id.) (5.182)

where

¢A(ﬁ,ia =t72fA<ﬁ id,) ,

- A (5.18b)

¢ 4(Q,— =f4 Uz —id,),
which is a crude approximation when z =z'=0, neglect-

ing all the other terms in the series (5.7) and (5.9). Here,
to the first order of A=(A, id,), we obtain, with D, of
(5.11b),

Fa(8,i0,)=4my; 7 ,(£,id,)

=1+4+3D,(iQ-A—Q,38,), (5.19a)

726 4(8,id,)=4r¢ ,(8,id,)
~1+3D,(iQA—Q,9,) , (5.19b)
U,(0,id,)~y; [1+y; (iQ-A—Q,3,)],  (5.19)

and S?%23 is subject to the boundary condition at z =0
of the form (Appendix A)
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(272)”1<%+D23z)55412“3’[2(=0)IZ']
=(0%7(3,))S'** P [2(=0)|z'], z'<0.
(5.20)
Here
<0,(12) ))

A

(818 ")¢ ,(8,id,)

(5.21)
(a,b =1,2), and is subject in view of Eq. (3.16) to the rela-
tion

2
S k,(ol2(3,))=k,(2y,) " (1—D,3,) .

a=1

=(m [ dQ [ afol

(5.22)

To apply the boundary condition (5.20), it is con-
venient to rewrite it, on using relation (5.22), as

[ky75'D,8, +k,{o12(3,)) 1S Y2+ [z(=0]z']=0
(5.23)

in terms of {o'{}2)(3,)), and further as
(D;3, +Z")s' 2+ B[ z2(=0)|z']=0, (5.24)

with a constant Z!? given by the root of the equation
k y—lz(IZ)_k <0’ 12) D—lz(ll))> (5253)
:kl(z,yz)—l( (0.112)>0+<0.(12)> Z(12

(5.25b)
where the last expression is obtained by using (5.19b), in
terms of the notations

1 ) o’ oOlo . ’
<0'fzt)z >0:Ef2ﬁdﬂdﬂ Uf,l),(ﬂ,“), )(1+13D2}\.-Q(b)) ,
(5.26a)
(o= [ aBafrel@laniaw . s

m T

|

0.(]!{/12+23)(ﬁ]ﬁ "= (7/ /Z(IZ))O. QIZ {0.212)(2 Olﬂ
=(y,/Z)¢1(0]Z)[o}?(Z =0|Q ")
0.(3%/124"23)(6[6 I)_o_(3223 (Q|Z)SE412+23)( "‘L]O 0.(2112) Z|Q')

in terms of the variable Y defined by Eq. (B7) and the

S2*2) by Eqs. (B8) and (BY). Here, with
_(,},(ab ~1+A‘2)1/2’

Ylmo=Yo=Z [ 14+(L/D,)Z® ", (5.33a)

Yl so1=kD; , (5.33b)

and, when k=0, the relation equivalent to (2.74) or (3.46)
holds:

fdﬁk10(1‘{/12+23)(ﬁ|ﬁ')+ fdﬁ ha?{”””’(ﬁ!ﬁ')
=4mk,o(Z =0|Q")

=k, [doiP(8]8 ") (5.34)
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Hence

Z(12)=[2(k2/k1)_<0'(12)) I~ 1<‘7112))0» (5.27

and becomes 4 when the boundary is free from reflection
by giving (0(12))1—1 and (o{}’’),=1, consistent with
Eq. (5.20). When the matrix o'!? is rotationally invari-
ant around the z axis, Z!? is independent of A, in view of
no contribution from the responsible integrand in Eq.
(5.26a). Another expression of Z''? is given, in terms of
at¥, by (A12).

Another boundary equation at z=—L is similarly
given by

(—D,3,+Z)S 2+ z2(=—L)|z']=0 (5.28)

where Z‘?* is determined by 0 as Z1?) js by o', ac-

cording to Eqgs. (5.25) or (5.27).

To express o{§/1272) of (5.2a) specifically by using
(5.18a), (5.19b), and boundary condmon (5.24), we intro-
duce two new functions 01 QQZ and U(IZ)Z‘Q)

defined by

o 2(@12)= [dQ 'o\P(Q[0 )¢ (8,3, , (5.29)
o¥(Z|B)= [d@'F (8", —id,)0 P (@’ [D)], ,
(5.29b)
where |, designates the setting 3,= —D; !Z''?. Hence
o\(BIZ)=4r/y)00(Z| -8, .., (530

and let Eq. (5.25a) and a similar equation for Z** be
written by

ki [d@ o\ 2(Q|Z)=(4nk,/y,)Z"?, (5.31a)

ky [dQ o3 (Q|Z)=(4nk,/y,)Z? . (5.31b)

Thus Egs. (5.2) become written, on using (5.18a) and
(B7)-(B16), as

(Z12) /y,)812+23)(0|0) —1]0“1”(216')} (5.32a)
(z‘12’+ Y) lol2(Z|Q") (5.32b)
(5.32¢)

|
which is a direct consequence of relations (5.31) and

—L|0)=(y,/Z®)Y(2'"P+ Yy, !, (5.35)
and, together with the corresponding relation (3.16) for
each boundary, ensures the optical relation for the entire
system, (3.45).

In the case of a semi-infinite random layer where
L= and k=0, Eq. (5.32b) is reduced in view of Eq.
(5.33a) to
o.(ﬁ/12+co) Q|ﬁ.’)

=(y,/Z")e{P(8]Z2)0!2(Z =0|Q"), (5.36)
which depends on the medium characteristics only
through 0''? and Z"?. In terms of o{{/?**), Eq.
(5.32b) can be written as

S;12+23)(
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A A

0.(1({/124-23) |ﬂ N—o (t{/12+oo)(

wherein the right-hand sides are symmetrical with
respect to 0 and Q' in both expressions. Here (5.37a) is
valid only when k=0 or y'%’=A=0, and leads directly
to the basic optical relation (5.34) by perfect cancellation
of the 0§3/12*?% term by the right-hand side, in virtue of
the expression (5.32¢) with relations (5.31). This means
that, including the case of k70, the right-hand-side term
of (5.37b) has the same accuracy as o%{/'27%® for the
transmitted wave when y,L >>1, i.e., a sufficient accura-
cy expected by the diffusion approximation.

A. Case of a random layer with smooth boundaries
From Eq. (3.14), 0(12’ in this case is given by
o@IQ ) =10 (RUP(D))?83(Q @~ (@ @))
= QP RLD(Q)) 83D P — (@ ¥)) .
(5.38b)

Here the reflection-transmission coefficient (R“z) is
given, when using Eq. (2.33b), by
210

R(12)Q)_ ,
( () |QP)| + (k, /k, )| Q)]

a¥b , (5.39)

0‘1‘{+‘2+23)(ﬁ|ﬁ U<1112(Q|Q VH(y,/Z 12))0(12)((”2 0(2

where, using (5.38b) in (5.29),

2(Q1Z)=(47/y,)0 S Z|— D)5 _,

=y, '(1+3|0P|Z"12+i3D,A-0?)| QP (R

which is a real function when A=0.

B. Reciprocity
From Egs. (5.32¢) and (5.30), the reciprocity

a(ﬁ/lzﬂs)(mﬁ,)_ %/12+23) I*Q)

(5.45)

follows directly, and the same holds true also for the
right-hand-side terms of (5.37) for o{{/'**?*. However,
from (5.36), this is not the case of the term o{{/***’ on
the left-hand side unless Z1?)<<1 [as realized when
k,/k,<<1 in view of (5.54b)] in spite of satisfying the

correct optical condition

ki [d@ ol (@I8 )=k, [dB oD@,
(5.46)

‘ﬂ :)___(Z(23)/Z 12))0.(12) QlZ)S(12+23
=__(,},2/2(12))0.(1122)(0'2)Y(Z(12)+ Y)—IO.(ZIIZ)(ZIﬁ N,

Pz =0l0")—v(Z'

(2112)(6))21 ,
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(5.37a)
(5.37b)

—L|0)o2(Z|Q")

—

and the second expression is a consequence of the re-
ciprocity (3.49a) or, more directly,

sg(ﬁ(a)__(ﬁ(a)):)= a‘Q' SZ(Q(b)_(Q(b))) (5.40a)
30 ‘e
aA (b)
ag — | =k, /Ky 2102 /00 . (5.40b)
Hence
fdﬂ’ 12)(0 IQ)—|Q(1)<R(12) ﬂ)>2| , (5.41)
and Z''? is given by Eq. (5.27) with
1 A A
(i) =Efdﬂ‘2)lﬂg“<R12(Q))2| (5.42a)

from (5.26a), without any contribution from the A term,
and

<03122’>1=—3~fdﬁ‘2)|ﬂ‘2”0?( (@) . (5.420)
21

Thus the cross section per unit area of the layer surface is
given, upon using Egs. (5.1a) and (5.32b), by

24 y) gz [Q )] (5.43)

(5.44)

in view of (5.31a) and (5.29b). This implies that the
diffusion approximation is not good enough for the term
09712t =) in spite of its success for the other terms given
by the right-hand sides of the expressions (5.37).

Formally, a symmetrical (reciprocal) expression can be
obtained by taking the prmc1pa1 value of 2,5 U2t e)(z]z")
at the dlscontmurty z=z'=0, which results in giving

0{§/12* =) by the average of the expression (5.36) and the
same expression with the interchange of Q8 and -0
But, the resulting cross section does not satisfy relation
(5.46) necessary to satisfy the basic (5.34). Another
symmetrical expression is obtained by using an asymptot-
ic expression of the integral representation (3.40c) at
IA,l,I1AL] ~ o, upon makmg use of the diffusion condition
that the change of S ‘5/12+°°’(Q z IQ z') be negligibly
small within the distance |A,| “!'~y;!. Here, to evaluate
the integral by using Eq. (B1), we ﬁrst disregard the
discontinuity at z =z’ so that we obtain the expression to
the first order of 9, (3, =0), as
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S'512% =) (|8 ) =(A,A) T [1—(iA,) 713, ]8%/ 127 = )(Q,2(=0)|Q ",z = —0) (5.47a)

=0,0,|78/12* = (Q,z=0|Q",z'= —0) , (5.47b)

where the last expression is required from Eq. (3.40a), to be consistent. Here S ‘2‘5/ 12+ °°)(ﬁ,zlﬁ ’,z') on the right-hand
side of (5.47a) is given from (5.17), (5.19a), and (5.11a), by

S(2¢£/12+oc)(ﬁ,z|ﬁ ',z')=(417')_1‘;/2[1+(7/2_1——3D2)Qzaz]Sff/12+°°)(z|z'= __0)’ A.=O

and A, and A} are given by Eqgs. (3.34). Hence Eq. (5.47a) agrees in fact with Eq. (5.47b) when using the diffusion ex-
pression (B13); this holds true 1nc1ud1ng the case A0, as may be shown by subsituting the A-dependent expressions
(3.34) in the first factor (A,A})

On the other hand, if we took into account the discontinuity of the integrand at z =z’, the expression (5.47a) would
be replaced by

S5R24 = QIR )=(A,A) T [1+i(A,—AL) 719,188/ 2= (8,2(=0)|8",z’=—0) , (5.47¢)
[
which is invariant against the interchange A, and —A., (5.18) with the boundary-value solution S¢2*2¥ of the
fulfilling therefore the reciprocity, but is not consistent diffusion equation (5.15); thereby power conservation is
with the realtion (3.46) necessary to ensure power conser- ensured strictly. Here, from (4.43) on neglecting the K°
vation.'? term, we divide $'75'232% into two parts by
Summarizing, the diffusion equation is an equation for ~A
the coefficient S{2*2¥(z|z’) in the expression (5.18a) for SEHP@QIQ ) =51 @0
(q/12+23) ; ; ATA
7’5 . which, with (5.19b), is an asymptotic expres- +S(+X2/Ez+23)(ﬂ|ﬂ "y, (5.48)
sion in the same sense as Eq. (5.47a) is asymptotic; there-
fore, whenever using the solution, it gives the asymptotic as the sum of the contribution from the ladder digrams,
answer, directly, without any need of further asymptotic SE{12323 and that from the maximally crossed dia-
evaluation according to Eq. (5.47¢). grams, S75/}%72%; and obtain the latter from the former
by the replacement of Q 0’ and A, according to Eqgs.
C. Enhanced backscattering (4.46a), (4.46b) and (4.48), respectively. Hence, in the

. . A, resent case of A=0, the contribution from the former to
In the basic expression (3.39b) for o{§t12+23(Q|Q "), p(1/12+23)(9|0,) say o{E/12723) s the same as given by

the contribution from the random medium is given by the Eq. (5.37b) with Y=Y, f 533 hile that f the
second term in terms of S("/12+23’(Q|Q ') which, except a- { ) V&AHB) o from (5.33a), while that from

for the factor |QZQ;|, is the same as the boundary value
of 75471223 given to the diffusion approximation by Egs.
J

latter, say o , is given, when limiting ourselves to
the case of smooth boundaries and suppressing the Q-A
terms, by

0_(1 /12+23) (Q|Q ')"’(477'2(12 )_1|Q(2)'2<R21(ﬂ )4 1+3'Q |Z (12) [I_Y(Z(12)+Y)—l 1+3|Q(2)|Z(12))] (549)

in consequence of Eq. (5.44). Here Yi is defined by Eq. (B7) as a function of k=A= |k,(Q+9Q')|, and the right-hand side
of (5.49) is appreciable only when @+ '~0 so that [A/7,l <<1 [Eq. (5.51)], and independent of the Q-A terms
suppressed, when the wave is vertically incident.

1. Case of {R,;)~1 (k;~k,) and vertical incidence of the wave

For later convenience, we here assume a medium of isotropic scatterers (¢, =0) and introduce a new parameter 7, to
write Z'2=(37;)"!in Eq. (5.49). Hence

/2GR ) =(47) T 13(1+70)[1=3Y (1+3¥ 7))~ (1475)] (5.50a)
=(47) 13(14+70)(1+3Y 7)) " (1—3Y) . (5.50Db)
[
Here, when AL >>1, A=|A|, o322 = (47) 7 13(147)
3Y = A/y,=(ky /7,)|Q+ Q| (5.51) X[1—(1+7o)k, /7,)|1Q+Q']], (5.52a)

from (5.33b) and (5.11a), and hence, to the first order of
A, Eq. (5.50a) gives which is valid as long as |A/y,| <<1 and AL >>1, includ-
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ing the case L =o0.
olx/12+23
11

Here it may be remarked that
) is dependent on the normalized scattering an-
gle Y of Eq. (5.51) only through the second term in the
square brackets of Eq. (5.50a) which is from the right-
hand side of Eq. (5.37b), i.e., that term having the same
accuracy as the transmitted wave with the same value of
Y would have it; and, therefore, that the change with
respect to the scattering angle is sufficiently accurate even
though this may not be the case of the constant part [see
Egs. (5.37) and the following statements]. On the other
hand, a corresponding previous result was given by3

(4m) " 1B3[(L+710)— (1+79)4 ky /7,) | Q4+ Q'] T, (5.52b)

with Milne’s value 7,=0.7104 (Z'2)=0.4669~0.5),
showing that the their second (A-dependent) terms agree
with each other, but the first terms do not. Here the
difference comes from the fact that the method employed
in the latter is equivalent to using the asymptotic expres-
sion (5.47c¢), instead of (5.47a).

Equation (5.50b) shows that the cross section becomes
negative for 3Y > 1; but, this range is beyond the avail-
able range of the diffusion equation, i.e., |}»/7/2| << 1.
Mathematically, this is a consequence of using the
asymptotic expression (5.47a) even in the range where the
integrand in (3.40c) changes rapidly with a factor
exp(Az’), |A/y,| 21, from S{{2*23(0|z') [see Eq. (B5)];
hence the difficulty can be overcome by the replacement
of A, — A, +iA, resulting in the replacement of

1=3Y—(1+A/y,)" Y, AL>>1. (5.53)

2. Quantitative discussion of the case k ; /k , <<1

Assuming the vertical incidence of the wave, we obtain

(Ry ) ~2k,/k, , (5.54a)

ZWD~2(k, /ky) <<1, (5.54b)

where the last is from Eq. (B20) of Ref. 8. Hence Eq.
(5.49) is reduced to

0(1i</12+23)~(4ﬂ.)—1<R2l )4(Z(IZ)+ Y)_1(1—3Y) ,
(5.55)

which is appreciable only for Y in the range
1>>Z"2 <5 Y. Here, when L = o0, the maximum value at
Y =0 is given by

U(IT/12+23)~(47TZ(12))_1<R21 )4

~(4m) " 24(k, /k,) ,

(5.56a)
(5.56b)

in consequence of Egs. (5.54).
On the other hand, the contribution purely from the
boundary reflection is presently

<R“ >2~[1_2(k1/k2)]2 ’

which, when k, /k,=0.2, is 0.4, being comparable with
the value given by (5.56b). In fact, the precise calculation
shows that o{/1272¥=0.2413 at the peak , with
Z12)=0.004122. It is thus suggested that, when
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FIG. 4. The cross section per unit area o{y/?*?¥ by Eq.
(5.49) is shown as a function of the normalized scattering angle
3D,k,|Q+Q'|. The wave is vertically incident on a nondissipa-
tive layer of width L, k, /k,=0.2, and smooth boundaries. The
parameter is a normalized width L /3D,, which is chosen to be
5 and 100. Z''"2=0.004 122.

k,/k,%0.2 and L = oo, the peak value of ¢{{/?*?* due
to the enhanced backscattering can exceed the value by
the specular boundary reflection.

Illustrated in Fig. 4 by using Eq. (5.49) is the cross sec-
tion per unit area o{}/'?*2* as a function of the normal-
ized scattering angle 3D,k,|Q+Q'| when the wave is
vertically incident on a nondissipative layer of width L
and k, /k,=0.2. The parameter is the normalized width
L /3D, and chosen to be 5 and 100.

VI. SUMMARY AND DISCUSSION

The solution of the BS equation for a random layer of
g, with two rough boundaries S, +S,; was obtained in
terms of the resultant scattering matrix olg*!2*)
a,b=1,3 for the entire volume. The latter matrix can be
constructed by successive addition of independent
scattering matrices of the medium and the boundaries,
and fulfills the optical condition to be consistent with
power conservation, as so does each of the scattering ma-
trices fulfilling their own. Their optical expressions [Egs.
(3.38)—(3.41)] are obtained therefrom along with the
respective optical conditions [Egs. (3.45) and (3.46)]. The
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enhanced backscattering can be understood as a natural
consequence of requiring the coordinate-interchange in-
variance of the BS equation, i.e., the invariance of the
second-order Green’s function based on the independent
reciprocity for each of the two deterministic Green’s
functions involved. It is hence convenient to rewrite the
BS equation as an equation for the function of the four
coordinates so that the invariance is immediately clear
(Sec. IV). Here it may be remarked that the term K%in
Eq. (4.17) also has a structure and, in consequence of this,
the equation can be further rewritten so that the four
coordinates are involved in it on exactly the same footing;
thereby the fundamental structures of the basic matrices
K and M are found.

To obtain specific expression of the cross sections, the
diffusion approximation was examined in some detail
based on expansions of physical quantities in terms of the
eigenfunctions of the medium cross section [Egs. (5.3)
and (5.4)], together with the boundary condition of the
diffusion equation [Egs. (5.24), (5.27), and (A12)]. When
the boundaries are smooth, the cross section for the back-
scattered waves is given by Eq. (5.43) with (5.44) or, more
generally, (5.29). The result agrees with what would be
obtained by asymptotic evaluation of the integral repre-
sentation [Eq. (3.40c)] under the diffusion condition.
Here, when the integrand is obtained by using the
boundary-value solution of the diffusion equation, care is
necessary about its discontinuity that could lead to a re-
sult not consistent with power conservation. The term of
the enhanced backscattering can be obtained from the
above results according to the coordinate-interchange
principle [Eq. (4.50)]. Even to the diffusion approxima-
tion, the angle distribution of the enhanced wave holds a
sufficient accuracy (although not quite for the back-
ground term) as long as the optical width of the layer is
long enough [Egs. (5.37) and (5.49)].

APPENDIX A: BOUNDARY CONDITION
OF THE DIFFUSION EQUATION

To find the boundary condition, we investigate the
(power) equation of continuity for .7‘3/ 12%23) by studying
first the equation for 7°? which is given, upon the Q in-
tegration of the transport equation (3.18), by
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in conse?uence of optical relation (3.20). Here the power
flux of 7 in the z direction, say {(w/°?), can be written
as a sum of the two components (w‘oq))+ propagating in
the positive and negative directions, respectively, and
given by

(w9 (z]|Q",z"))* fn >0dQQ IPNQ,z1Q",z") , (A2)

except for a numerical factor. Hence

(W) = (w0 * +(w*) ™, (A3)
and (A1) is written by
3,{w!%(z|Q",z"))=y,U,(Q,z—2") . (A4)

Here we introduce a distance / subject to y,I >>1, and

integrate both sides of (A4) over the range 0>z > —/ to
obtain

(wz(oq)(z|ﬁ ;,z:)>|0=_‘ = fi’ldz 72U2(ﬁ 'z—2z'")

1, Q,<0, z'=0
0, Q.20, y,(I+z')<<—1,
(A5)

where use has been made of (3.11). Here, on the left-hand
side, the part (w(Oq )~ is zero at z =0 in view of (3.21a),
while, for the part (w.°”)*, we assume that the length
1> 7/2 can be minimized so that, within the region
0>z>—1, (w{®)* (propagating toward the boundary
S,) remains almost unchanged; this is a severe condition
not quite realized, though. Thus, on the left-hand side of
(A5), {w!°”)* makes no contribution, resulting in that

- [ d00,90@Q,z=—10",2")
Q,<0
(A6)

(A7)

1, Q,<0, z'=0
0, Q.20, y,(I+z')<<—1.

It is now straightforward to find the corresponding
equation for the boundary-dependent 754/1223 by apply-
ing the above relations to the governing equation (3.17),

9, f4 dQ sz(zoq)(ﬁ,zlﬁ ',z’):yzUz(ﬁ ',z—z'), (Al) hence
= Jo, (AR QIE Iz =120~ [, Q[ A0 ERIANIY @z =0l ), (A
[
’ _ ’ 23)
where y,(I+2z')<<—1, Q,20, and the 03> term does S (= —|z) =502z =0|z") , (A9)

not make a contribution, in view of (A7). Equation (A8)
simply says that the total backscattered power by the
boundary is transported without gettting any change to
an imaginary plane at z = —/ assumed in the diffusion re-
gion. Here we observe that the left-hand side of (A8) can
therefore be approximated by the diffusion term (5.18a),
and also that

being a slowly changing function of z; while, for the
right-hand side, the " integration makes the contribu-
tion from the diffusion term dominant, in view of the fact
that the Q-mtegrated oss (.QLO. ") provides a slowly
changing factor with respect to Q' [Eq. (3.16)].

Thus, Eq. (A8) is reduced, upon substitution of the ex-
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pression (5.18a) for 757122, to a boundary equation of
the form

(27,) M4 4+D,3,)8{* P [2(=0)|z']

=(a3}?3,)) s P [z(=0)|z'] . (A10)
Here, with (5.19b), use has been made of
(4m)7! QEOdQQZdJA(Q i3,)=(2y,)"(£1-D,d,),
z (A1D)

and {(o$}¥(8,)) is defined by (5.21). Hence we directly
obtain an expression of Z 112) defined by the boundary
equation (5.24), as®

ZMWW=(L—(a¥P))/(1+(a5P) ),
12}, and (o5?’), by Egs. (5.26).

(A12)

in terms of (o}

APPENDIX B: SOLUTIONS OF THE DIFFUSION
EQUATION

A plane-wave solution of the diffusion equation (5.15)
is given by
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the boundary conditions at z=0 and —L, respectively;
C 4 is a constant given by

-1
Y2 | a2 0 (23)_

d
@ (23) (12)
D2 dz

Cy = AP (B2)

Hence, by using the boundary conditions (5.24), (5.28),
and a parameter « defined by

K:(,},(ab)Dz—l +A2)172 , (B3)
we can set
¢'¥(z)=cosh(kz)—Z"?(kD,) 'sinh(kz) , (B4)
@ (z)=cosh[k(z+L)]+Z*(kD,) 'sinh[k(z+L)],
(BS)
and determine C 4 at z =0, hence
C,=v,{Z"[cosh(kL)+Z*(kD,) 'sinh(kL)]
+xD,sinh(kL )+ Z ?*cosh(xL )} ! (B6)

The solutions can be written, in terms of a new variable
Y defined by

(12+23)( | 7y — (12) (23) ) B1
S (z]z)=C 4¢Pz, )@z ) B1 - kD, tanh(kL )+ Z 2
Here z. and z _ designate the larger and the smaller of z Y=«D, «D,+Ztanh(xL) |’ (B7)
and z’, respectively, and ¢''?(z) and ¢'**(z) are solu-
tions of the homogeneous diffusion equation subjected to as
J
S‘(412+23)(0|0):'}’2(Z(12)+ Y)—l , (B8)
S 2+29(—110)=52%2¥(0/0)[cosh(kL )+ (kD,) ' Z*’sinh(xL)] ! (B9)
Hence, in the special case of k=0 or ¥'?®’=A=0, we obtain
Yo=Yy =Z®[1+(L/D,)Z?¥] 7!, (B10)
S£412+23)( —L|0)=(’}/2/Z(23))Y0(Z(12)+ Yo)~ (B11)
together with the relation
Z(12)S5412+23)(0|0)+Z(23)Ssd12+23)( _LIO):'}’Z . (B12)
Here the last relation can be generally shown by integrating Eq. (5.15) over the range 0=z = —L for z’= —0 and fol-
lowed using the boundary conditions.
To derive expression (5.32b) for {97172, we substitute (5.19b) in (5.18a) to obtain
T2 G, 2|07,z )= (4my,)  [1+3D,(iQ-A—Q,3,)][1+3D,(iQ-A+Q.3,)]1S 2+ (z|z) . (B13)
Here, using the boundary condition (5.24),
D,3.8 2" [z2=0|z'(=0)]=[D,(3,—9d,)+D,3,1S{*T?[2(=0)|z'(=0)]
=y,—2z125U2+2)g|0) (B14)
in consequence of Egs. (B1) and (B2). Hence the substitution in (B13) and use of (B8) lead to the expression
T2+, z=0|8",2'=0)=(47) N Z"P+Y) (1+i3D,Q-A+3Q,Z?)(1+i3D, 0 -A+3Q.Y) (B15)
=(y,/Z ") ,(Q,id,)|7[$ 4(8",id,=0)—Y(Z'D+Y)"'§ (', —id,)|,], (Bl6)

which yields expression (5.32b) for o{§/2*2%, directly, according to the definition (5.2a) with Egs. (5.29), and also ex-
pression (5.32a) in consequence of (B8). As for expression (5.32¢c) for 0${/12*2%, the derivation is straightforward by us-
ing the boundary equations (5.24) and (5.28) in Eq. (B13) withz=—L and z'=



2762

L. Tsang and A. Ishimaru, J. Opt. Soc. Am. A 2, 2187 (1985); 2,
1331 (1985).

2E. Akkermans, P. E. Wolf, and R. Maynard, Phys. Rev. Lett.
56, 1471 (1986).

3M. B. Van der Mark, M. P. Van Albada, and Ad Lagendijk,
Phys. Rev. B 37, 3575 (1988).

4A. Ishimaru and L. Tsang, J. Opt. Soc. A 5, 228 (1988).

5A. R. McGurn, A. A. Maradudin, and V. Celli, Phys. Rev. B
31, 4866 (1985).

6A. R. McGurn and A. A. Maradudin, J. Opt. Soc. Am. B 4,
910 (1987).

K. FURUTSU 43

7K. Furutsu, J. Opt. Soc. Am. A 2, 913 (1985); 2, 932 (1985).

8K. Furtusu, Phys. Rev. A 39, 1386 (1989).

°D. Vollhardt and P. Wélfle, Phys. Rev. B 22, 4666 (1980).
Equation (4.15) in the present paper was diagrammatically
discussed in a different form.

19K. Furtusu, J. Math. Phys. 26, 2352 (1985); for electromagnet-
ic waves, see J. Opt. Soc. Am. A 2, 2244 (1985); 2, 2260
(1985).

1IK. Furutsu, Phys. Rev. A 36, 2080 (1987).

12The methods employed in Refs. 2—4 are basically equivalent
to using Eq. (5.47¢).



