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Experimental determinations of correlation functions typically involve events of differing particle
number. In order to interpret such data, it is important to relate these measurements to fixed-
number correlations. We exhibit the total correlation function in terms of fixed n correlations and
fluctuations with respect to the average. We note that moments, constructed as integrals of the ap-
propriate correlation functions, can be dominated in the case of broad distributions by cumulant
moments constructed from single-particle density fluctuations.

I. INTRODUCTION

Consider an ensemble composed of subsystems of vari-
able particle number n. We imagine the sample to be
sufficiently large that one can define the probabilities g,
to find an n-particle subsystem within which the joint
probability Q,(x,x,,...,x,) is defined in some space.
We assume normalizations

an(xl,. ..
>q,=1.

yXpddxy o dx, =1,

(1.1)

Hence the joint probability of finding a system of n parti-
cles which are located at the indicated points is

Palxy, . x,)=q,0,(x1,...,%x,) . (1.2)

In Eq. (1.1) the integrations of all the x variables are tak-
en over the same “volume” ().

Examples include multiparticle production in nuclear
and high-energy physics, where P, =0, /0, is typically
the probability of charged particle production construct-
ed from the “n-prong” cross section o, and o;, the in-
elastic charged cross section; galaxy counts, and of course
statistical-mechanical systems where the probabilities fol-
low from the Gibbs ensemble. It should be noticed that
our physical format is a little different from the grand en-
semble of statistical mechanics, from a mathematical
point of view.

It might seem that everything should already be known
about the description of such systems. However, the de-
tailed analysis of particular physical problems produces
specific question, points of view, and conjectures needing
a fresh analysis. A case in point concerns the construc-
tion of higher-order cumulant correlations from two-
particle correlations. A specific formulation apparently
describes galaxy-galaxy correlations,? cluster-cluster
correlations,’ as well as multihadron correlations*> ob-
served in high-energy collisions. It is not yet known what
the origin might be for these structures: occurrence in

such different physical systems points to a statistical ori-
J

C30x,x",x")=(C{ (x,x'x"))+ 3, (ACY (x,x")Ap, (x"")) +{Ap,(x)Ap,(x")Ap,(x")) ,

(3)

8

gin of such behavior.

The present paper analyzes the effect of admixing
different particle numbers in the construction of correla-
tion functions. It can happen that more or less trivial
contributions overwhelm “true” correlations existing in a
system with fixed particle number. In particle physics
the following well-known example occurs.® The variable
x becomes either momentum, or some other measure
such as longitudinal rapidity y =1In(E +p,)/(E —p,).
Let p{™(x), p5”(x,x') be the one- and two-particle density
correlations for fixed n (defined in Sec. II). In terms of

the overall densities p(x)=3,q,p{"(x), py(x,x")

Zznqnp(zn)(x,x') the cumulant correlation functions
Cy(x,x")=py(x,x")—pi(x)py(x") , (1.3)
C(zn)(X,Xl)Ep(zn)(X,X')_p(ln)(X)p(ln)(x') , (1.4)

are connected as follows:

Co(x,x)=24,p3" %% ) = T gup"(x) T gmpi™(x")
=3 au[p"xx") = p (x)p{ (x")]
+ 3 ,[p1"(x)—p,(x)]

X [p{M(x")—py(x)] ; (1.5)

Cy(x,x")={(CY (x,x")) +{Ap,(x)Ap,(x")) (1.6)
where Ap, =p{" —p is the single-particle density fluctua-
tion. Here the bracket notation clearly denotes
annen:<9n >'

This example shows how to decompose the “total”
correlation function C,, defined in the obvious way, in
terms of the averages over the fixed multiplicity C (2") and
the single-particle density fluctuation. The main goal of
this paper is to generalize Eq. (1.6) to higher orders. We
quote the following results:

(1.7)
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Cylx,x',x",
(4)

+ 3 (ACY (x,x")ACYY
(3)

+{Ap, (x)Ap,(x")Ap,(x

In Egs. (1.7) and (1
to the mean:

Ac(n) =C (2
ACH =

.8), the fluctuations AC;") are referred

_(C(n)>
—(ct) (1.9)

The final terms of Eqs. (1.8) will be recognized as the cu-
mulant moments of the variable Ap,,.

II. DEFINITIONS
OF CORRELATION FUNCTIONS

It is convenient to define a set of 8-function density
operators, py(x), py(x,x"), p3(x,x’,x""), . . . following, for
example, Klimontovich.” We shall consider all particles
to belong to one species, e.g., the species of charged parti-
cles (without regard to whether they are plus or minus),
the species of any galaxy (without regard to whether they
are spiral, spherical, etc.). Note that we avoided the
word “identical,” which carries quantum-mechanical
overtones, unnecessary for the present job of connecting
correlation integrals to the counting of particles. Refer-
ence 7 deals with the complications of populations com-
posed of distinct species (for example, if we do distinguish
plus from minus in a charged population). For clarity we
defer these issues to another paper in preparation. Some
applications to charged particle correlations can be found
in Ref. 8.

For notational purposes, let x, denote points of obser-
vation and y; (i =1,2,...,n) the positions of the parti-
cles in the n-particle system. The density operator p, is

=3 8(x —y,) . @.1)
i=1

f)\(]n)(x,yl, e

J

~(n) . —
fndxzfﬂdxzpz (x1,%2;7)=n(Q)[n( 1],

d ~(n) . —

S dxy [ s [ despi om0 x53y)=n(Q)[n (@
fﬂndxjﬁ;’(xl, Xy =n(Q)[n(Q)—1] - - -

The correlation functions for fixed n and p(,,’;)(xl, R

p(z”)(xl,xz)Efdy Q,(¥)By(x 1, x23y)

P (x 1, x5,x3)= [ dy @, (y)pY(x 1, x5,x33y)

and the total correlation functions are

(xll’xlll)>+ 2 (C(zn)(x>xl)Ap,,(

"Ap,(x")) = 3, (Ap,(x)Ap,(x')) (Ap,(x")Ap,(x")) .

)—1][n

[n(Q)

) are
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x")=(C{M(x,x",x",x""))+ 3 (ACY (x,x",x")Ap,(x""))

Apn u/)>
(6)

(1.8)
3)

f
Equation (2.1) provides an easy way to count particles in-
side a volume ) in x space:

S dxpi"xy)=n(Q) . 2.2)
Equation (2.1), of course, corresponds to a specific reali-

zation of the n-particle system. By using the probability
Q,(y) we get the average single-particle density

P00 = [dyQ,(y)p"(x,y) . 2.3)
Finally, the total single-particle density is
pr(x)= Eqnp"” x) 2.4)
so that
fdxpl x)= 3 ng,=(n) . (2.5)

n

Proceeding to higher-order density correlation opera-
tors we write’

B (x 1, x05y)= 3 8(x;—y)8(x,—y;) , (2.6)
Lj=1
PY(x 1, %5, %35y)= D 8(x;—y)b(x; —y))
i,j,k=1
X8(x3_yi) 2.7)

etc., where the prime indicates that i+ j, i j7* kI, etc.
The necessity of this exclusion in constructing sensible
distribution functions for a single species is explained in
detail in Ref. 7.

If we integrate py",p5", . . . ,ﬁj,"’
of the x, variables, we find

over identical ranges

Q)—27, (2.8)

—p+1].

(2.9)
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p2(x17x2 )= E QnP(z")(xhxz) ’
h

Pa(X,x0,x3)= Eqnpg’”(xl,xz,xﬂ (2.10)
h

Their integrals [see Eq. (2.8)] yield factorial moments

dxl dxzpz(xl,xZ):<n(n_1)>Q,
fﬂ fn (2.11)

14
J M dxipxis . ox)=(nn =1 (n—p+1))q .
i=1

As shown in Egs. (1.3) and (1.4), one needs to subtract away uncorrelated background densities to exhibit physically
interesting correlations, be they dynamical (due to forces) or statistical (e.g., due to Bose-Einstein correlations). If
p2(x1,x,) factorizes into the product p,(x,)p;(x,) we say that x| and x, are statistically independent, and C, vanishes.

The general procedure for removing lower-order correlations is to construct cumulant correlations (as we shall see,
they should be called factorial cumulant correlations in our case) by the well-known construction® !°

Co(x1,x5)=py(x1,x5) —pi(x1)py(x,)

C3(x1,%2,%3)=p3(x1,X5,%3) = 3 polx1,%;)p1(x3) +2p,(x 1 )py(x,)py(x3) (2.12)
(3)

Colx15X2,X3,X4)=Ppg(X1,X5,X3,X) = 3 p3(x1,X9,%3)p1(x4) = 3, palx1,%3)pp(x3,%4)
(4)

123 pa(x1,X,)pi(x3)p1(x4)—6p1(x 1 )py(x;3)py(x3)p1(x4)
(6)
In the case of fixed n each symbol is given a superscript (n). In Sec. III we will verify the result that the C, vanish if
any variable becomes statistically independent of the others. Hence nonvanishing cumulants imply true statisitical
dependence. Inverting Eqs. (2.12) shows how p, is composed of lower-order cumulant correlations

PAx X)) =pi(x)py(x;)+Calxy,x,)

P3(x1,%5,%3)=p(x1)p1(x3)p1(x3)+ 3 Colxy,x;)pi(x3)+Cilxy,x,,x3) ,

@ (2.13)

Palx1,X2,%3,x4)=pi(x)pi(x3)p1(x3)py(x4)+ 3 C3lxy,x,5,%3)p(x4)
(4)

+ X Colx,x5)C(x3,x)+ > Colxy,x,)p1(x3)p1(x4)+ Colx,%5,%x3,%,) .
(3) (6)

In Sec. III we will construct the specific generating functionals which automatically produce these structures.
We see [Eq. (2.11)] that the integrated density correlations produce factorial moments. Correspondingly integration
of C, gives factorial cumulants

fﬂdxlfndxzcz(xl,x2)=(n(n —1)0g—(n)},
fndxlfndxzfﬂdx3C3(x1,x2,x3)=<n(n —1)(n—2))=3{n(n —1))o{n)g+2{(n )} (2.14)

[

Denoting the factorial moments (cumulants) by £,(f,) re-  for one species of particle) between statistical indepen-
call that the generating functions are'! dence of the correlation functions and Poissonian count-
ing statistics. This should be contrasted with the usual

QM)=F(1—=A)P, =3 (—AVE, /1!, cumulants for Gaussian random variables: in this case all
r r (2.15) cumulants beyond the second one vanish.
InQ(A)= > (—A)f,/r!.
r III. DECOMPOSITION
C . . .. . OF CUMULANT MOMENTS:
Note that a vanishing cumulant C, (i.e., statistical in- GENERATING FUNCTIONAL TECHNIQUES
dependence) implies the vanishing of the corresponding
factorial cumulant f,. Also note that for Poissonian A straightforward application of generating functional

statistics all f, (r 22) vanish, since Q(A)=e ", This  methods allows the derivation of Egs. (1.7)—(1.9). Define
result establishes a link (for our definitions appropriate Z,[A]by
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Z, M= [dy Q,(y)exp [ifdx APy | G

Change of notation. To save space we no longer exhibit
the coordinates x,,x,,... but simply write 1,2,... .
For example, A(x)—A;, Cy(x,x,)—C,(1,2), etc.

The density correlations follow from

8Z, [\
__"[]_ =i"<f)“")(x1)
8A1-»0R, |30
Xp "M (xy), ..., p(x,))
=ifpyAxy, . .., x,) (3.2)

Likewise InZ, generates the cumulant moments:

&8InZ,[A]
m }L:OZipC[ﬁ")(xl,xz, CeesX,) (3.3)
If we now average over n, we find
Z[M]= X 9,Z,[A] (3.4)
which generates density correlations pp(xl A ), and
InZ[A] (3.5)

which generates cumulants C, in terms of the rotal p,,.
The reader should work out a few examples to confirm
this.

Since InZ generates complete cumulants and InZ, fixed
n cumulants, we can find the relation between the two
sets beginning with

5InZ _ 1 Szn _ Slnzn
8}\.1 - % 9n VA 6}\,1 = % qngn 87\,] s (3.6)
£,=2,/Z . 3.7)

As it turns out, In§, is an important generating function-
al in its own right. Note that

81n§n _ 81nZn S5InZ
A, A 8
};—»Oi[p(l")(l)—pl(l)]EiAp,,(1) , (3.8)

8Ing, 8nZ,  §nz
8A;8%, SA;8A, OA,8A,

83ng,

From Eq. (3.6) we now derive (writing 8¢, /8A

=¢£,81Ing, /8A)
8InZ _ 8’InZ, 8In¢, 8InZ,
shdh, 20 S Eaen, oo, o,

(3.10)

Note that we can replace Z, by §,=Z, /Z in the second
term of Eq. (3.10) since 6 /61,3, 49, §,)=58/8A,(1)=0.

Change of notation. In order to save writing we denote
the average over g, by brackets { ). Hence Eq. (3.10) be-
comes

8nz /., 8InZ, 81In&, 81n&, 1)
5A,81, “< " 5A15x2> < "8A, A, > ‘
From Eq. (3.11) we now derive Eq. (1.7) as A;—0:

C2(1,2)=<C(2”)(1,2)>+<Ap,,(1)Ap,,(2)> L (1)

It is now straightforward to evaluate higher-order terms;
in third order we find [see (3.11)]

8311'12 . Slngn Slngn Slngm
54,814,815 ‘< "OSAh,  SA,  OA, )

+2<§ 81ng, 8%ng, >
2 \5nT5h, Sh0n,s

4 8’InZ,
<§" O OA,6A, >

where the (3) denotes three terms in the summation over
permutated labels. Setting A; =0 in Eq. (3.13), we derive
the result

(3.13)

C5(1,2,3)=(C{"(1,2,3))

+ 3 (ACY(1,2)Ap,(3))
(3)

+{(Ap,(1)Ap,(2)Ap,(3)) ; (3.14)

ACE(1,2)=C"(1,2)—(CY"(1,2)) . (3.15)

The emerging pattern by which the full cumulant C, is
expressed as fixed n quantities and deviations from the
averages of lower densities and correlations becomes still
more evident in fourth order. From the relation

AﬁoiZ[C(z")(l,Z)—Cz(lﬂ)] , (3.9)
8"Ing, cin(1,2 )—C, (1,2
87&1-"87Lm_>m(””"m (1,2, ,m).
]
8*1nZ §*InZ, d1ng,
)3l
A, 5,00 51 SAABABA, | | 2 \5" T BA,

8%ng, 8%ng, )

87»287»387»4> (3)< " 84 8M, SA30A,
§Ing, 81ng, 81ng, 81ng,

>

© OA;  BA,

5A,0M,

taking A; —O0 and using Eq. (3.9), we find the expression

8Ing, 8lng, 8’né,
(gn >+<§n
8A, OA, Oh; OA,

> , (3.16)
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C4(1,2,3,4)=(C{(1,2,3,4))+ 3 (Ap,(1)[C{(2,3,4)—

(4)

C5(2,3,4))

+ 3 ([C(1,2)—C,(1,2)][CY(3,4)— C,(3,4)])

(3)

+%(Apn(l)Apn(2)[C(2")(3,4) C,(3,4)])+<{Ap,(1)Ap,(2)Ap,(3)Ap,(4)) . (3.17)
Now using Egs. (3.12), (3.14), (3.15), and (1.9) to eliminate C, and C; from Eq. (3.17) we find
C,(1,2,3,4)=(C{"(1,2,3,4)+ 3 (AC{(1,2,3)Ap,(4)) + 3 (ACYY(1,2)ACH(3,4))
(4) (3)
+% (ACY(1,2)Ap,(3)Ap,(4)) +{Ap,(1)Ap,(2)Ap,(3)Ap,(4))
— 3 (Ap(1)Ap(2)){Ap,(3)Ap,(4)) . (3.18)

(3)

Now one can write down higher-order expansions by inspection. Note that the last two terms are just the cumulants

formed from the variable Ap,,.

To sharpen the meaning of these expansions, suppose that the first g density moments

were to factorize (statistical independence in the n-particle sector)

p3(1,2)=p{"(1)p{"(2)
pyP(1,2,3)=p{"(1)p{"(2)p{"(3) ,

pe(1,2,3, ..., q)=p{"(1)p{"(2) - - p"(q) .

In this case the generating function factorizes and Cli")=0 for p =2,3,...

(3.19)

,q, i.e., there are no cross terms. The surviv-

ing terms in the Ap cumulants are [? indicates the distinct permutations of the pairs (12) (34)]

C,(Ap)={Ap,(1)Ap,(2)) ={p{"(1)p{"(2)) —p,(1)p,(2) ,

Cy(Ap)={Ap,(1)Ap,(2)Ap,(3)) , (3.20)

6'4(Ap)= (Ap,(1)Ap,(2)Ap,(3)Ap,(4)) — 3 (Ap,(1)Ap,(2)){Ap,(3)Ap,(4)) .

P
[
The generating functional for the C, is (1wl 1}
In Enqnexp[ifdx Alx)Ap,(x)]. f ‘I_Il dx; G (xy, Xp)=(=1F " p = Din “.1)
The lesson of Eqgs. (3.19) and (3.20) is that even in the

absence of true correlations in the n-particle sector, the f H d‘xiép(‘xl’ o x,)=K, 4.2)
mixing of different n inherent in the definition of the C, i=1
induces a nonzero, often large component. In such cases, where K, is the ordinary cumulant moment of order p

the physical significance of the correlations is nearly trivi-
al, following from the single-particle density fluctuation
averaged over the number probability g,,.

IV. INTEGRAL PROPERTIES;
RELATION TO MOMENTS

In Sec. II we observed the relation between factorial
moments and certain integrals over the variables appear-
ing in the correlation functions. (By choosing more gen-
eral integration domains, quite a variety of correlations
can be obtained.’) Here we show that knowledge of the
moments puts strong constraints on the relative magni-
tude of the contributions of the individual terms on the
right-hand sides of Egs. (1.6)—(1.8). In fact, the latter will
be seen to be, in essence, a local version of an expansion
of factorial cumulant moments in terms of cumulant mo-
ments. !0

Our exposition depends on the identities

[see Eq.(3.20)]. The ordinary moments p, and cumulant
moments K, are related by the generating functions

Ee"“P 2( A, /nt,
" 4.3)
InM(L)= 2(— 'K, /n! .
n=1

These definitions are to be constrasted with their factorial
counterparts defined in Eq. (2.15). If we take P, =38

the averaged factorial cumulant moment reduces to Eq.
(3.1); we write

In 3 (1—A)"P, =In(1—1)"°

n

nno

=noln(1—A)= —n, i M
-1 P
= 3 (=A¥f,/p!. (4.4)
p=1
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These relations immediately lead to Eq. (4.1). A corol-
lary of Eq. (4.1) follows:

4
J 11 dx,AC™ (xy, . . ., x,)

i=1
=(—1P"Yp—1ln—(n)).

Integration of Egs. (1.6)—(1.8) leads to [using Egs. (4.1)
and (4.2)]

fr=(n(n—1))—(n)=—(n)+KkK,,

fi={nn—1)(n—2))—=3nn—1)){n)+2(n)?

=2{n)—3K,+K;,

Fa={(n(n—1)n —2)(n —3))
—4(n(n—1)(n—=2))(n)=3{(n—<(n))?*)
+2{(n —(n )Y {n)*—6{n*)

=—6{(n)+4X2K,—K;+K, .

(4.5)

Here the cumulant moments are
Ky, {(n—(n)P)=(n?)—(n)?,
K;=((n—(n)*)=(n*)=3(n*){(n)+2(n)?,
K,={(n—(n))*)—3{(n —(n))*)?*.

Although the correlation functions have dynamical
significance, they are subject to the normalization condi-
tions, Egs. (4.1) and (4.2).

Before analyzing specific examples we reexpress Egs.
4.5) in terms of ‘“reduced” moments f,/{n)? and
v,=K,/ (n)?:

4.7)

fo 1

)2 ny T2

f 2 3

<n3>3 _ <n>2 _ (n)';/2+‘}/3 s (4.8)
fa _ 6 m 6

(n>4 (n)3 <n>27/2 <n)7/3 74'

For convenience we have defined the reduced cumulants
Kp/<n )P as Vp!

7/121 ’
_(n*)—(n)?

7/2 <n>2 ’

4.9)

_(n)=3(n*){n)+2(n)’

’ (n)3 ’
_An")—4(n)¥n)—3(n?)?+12(n?)*—6{n)*

¢ (n)* ’

Now we see that Egs. (1.6)—(1.8) lead directly to the ex-
pression of the normalized factorial cumulants f,/ (n)r
as an expansion in normalized cumulant moments v .
The manner in which Eqgs. (4.8) are satisfied depends
completely on the nature of the underlying probability
distribution P,. If P, is Poisson, M(A)=e " and all
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fp in Eq. (4.8) vanish. Hence the only role of the right-
hand side is to cancel. On the other hand, if the ¥ p are of
order unity, as for a broad distribution, then there is an
ordering of numerical significance expressed in Egs. (4.8).

V. APPLICATIONS

We have seen that the expansion of the correlation
function in terms of c,ﬁ"’ and the lower-order fluctuations
AC‘;”) has a very simple structure. The corresponding
moment expressions relate the factorial camulants y,({).
In fact, each term [see, for example, (3.18)] integrates to a
particular cumulant moment.

The sum rule (4.1) provides a quantitative constraint
on the relative magnitude of the various terms in the ex-
pansion in terms of averages over g,. In many cases the
results are nonintuitive. One might expect that the pth-
order correlation would be dominated by Clﬁ"’. For
“broad” distributions, the opposite is the case, as we shall
prove in a specific example, the negative binominal distri-
bution. For such broad distributions, in the limit of large
{n), the dominating terms in the cumulant are the
single-particle Ap cumulants (3.20). Hence knowledge of
the global P,(Q) and Ap,=p, —p, determines the basic
Sform of C, in suitable limits.

Let us analyze the case of negative binomial distribu-
tion, which plays a useful role in describing final state ha-
dronic multiplicity data.!'™!* For this system the usual
variable upon which the correlation function depends is
the longitudinal rapidity variable y =21In(E +p,)/
(E —p,), with E =(p*+m?)!/? and p, the longitudinal
(i.e., parallel to the c.m. collision axis) momentum. y is
additive under a change of (longitudinal) reference
frames; the phase space interval d°p=dyd?p, for each
particle, p, being the transverse momentum, which at
high energies is typically (except for scarce jets) confined
to a few hundred MeV/c in magnitude.

It is well established that for a wide range of rapidity
acceptance AY (—( of the general discussion of this pa-
per) and reaction types (et —e ",up,pp,7p, ") the
probability P, of finding n charges in AY agrees (except
for the 900-eV UAS5 Collaboration data'*) with the nega-
tive binomial distribution (NBD)

pi— Dln+k) _ (a/k)"
" T((k) (1+m/k)ntk

(5.1

The cell parameter k can be any real number, depending
on the particular dynamical context in which it arises.!!
The earliest physics derivation seems to be that of
Planck,!®> who composed k Bose-Einstein distributions of
equal average occupancy 7 /k. [For k =1, (5.1) reduces
to the geometric distribution 7"(1+#)"*!, which coin-
cides with a thermalized Bose-Einstein distribution when
1/f=exp(E /kT)—1.] Equation (5.1) has a nice scaling
form for large n, {(n). If we set x=n/{n) and let
n— oo, k and x fixed, we get

k
<n)Pk—>—k*—~xk‘1e_k".
Uk —1)

Although the differences between (5.1) and (5.2) can be

(5.2)
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seen in careful data analysis, the form (5.2) is very useful.
We note that these results are already known from semi-
classical photocount theory of Gaussian random fields
from Mandel’s 1959 paper.!® In the photon case k would
be the number of independent polarizations, or laser
modes.

For hadronic multiparticle phenomenology the physi-
cal meaning of k is not understood. The UAS Collabora-
tion (Ref. 14) has found that k varies with the squared
c.m. energy s=W? as k“!'=A4 +BlIns for given AY.
Thus the scaling law (5.2) is violated at sufficiently high
energy. In addition, k decreases. Typical values are
k=3, {n)=30 for c.m. energy of 540 GeV, AY ~10.
For small AY, k decreases, e.g., for AY=1, k=1.7. At
lower energies, characteristic of earlier Fermilab and
CERN Intersecting Storage Ring experiments,
k={n)=10.

The factorial moment generating function [see Eq.
(2.15)] for (5.1) is
—k
AR

1+=5

53
X (5.3)

Q(A)=

which is just the product of k independent Bose-Einstein
sources with average population 7 /k. The factorial cu-
mulants f, defined by

S(—Ap
1nQ=”T £ (5.4)
lead to the NBD value
—fL:Q%” . (5.5)
(n) kP71

In the limit k — o0, Q (A)—>e ~ A" approaches the Pois-
son limit, and fp —0, p > 1, as noticed earlier.

The first several ordinary reduced cumulant moments
are

K, 1 1
=3 =—+ ,
VTN Tk T (n)
K, 2 3 1
= =< 4 + , )
VTG ke Ky (e )2 56
K, 6 7 12 1
== + + .
Va0 T kX ny  kn)?  (n )y

Clearly, when (n)/k >>1 (5.6) reduces to the factorial
cumulant values (5.5). From (4.8) we see that this implies
that the “true” n-particle correlations contribute negligi-
bly to the integrated cumulant.

The identities of Eq. (4.8) are, for the NBD,

1_ 1

k <n>+7/2’

2 2 3

K myE (my 72T 57
6 _ 6 n_._ 6 . .

K (n) (n)2 Ty VTV

For (n ) >>k, fp /{n )”z,yp and the difference terms are
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of O(1/{n)). Hence in this domain little can be learned
about correlations from mixed-number data, which are
dominated by fluctuations in the single-particle density.
In particular, we note Egs. (3.19) and (3.20) give a sub-
stantial total correlation even when fixed »n correlations
vanish. We also note the relation of k to the second-
order cumulant

f
(n2)2 = fAyd)’ldh

(n)? 58

1
r

To summarize, for high-energy and nuclear applications,
high-energy, large multiplicity, large AY acceptance tells
us little about true fixed n correlations. At lower energy,
all terms contribute and a careful analysis is required to
disentangle the components.

The distribution of galaxy counts also has a broad dis-
tribution. Hubble!’ found a log-normal distribution for
counts in 6°X 6° photographic plates. We found'® that
conditional counts (probabilities in Zwicky clusters)
obeyed a negative binomial or the gamma distribution of
Eq. (5.2) with {n)~=100, k~6. Saslaw and Hamilton
have recommended!’ a different but similar distribution
for galaxy counts.

The main results of this paper are based on combina-
toric identities. While trivial in this physical sense, the
identities have powerful implications. Clearly, to see
nontrivial effects the observation volume must be chosen
small enough that the average particle number is not too
large compared to some measure of the width of the dis-
tribution (k for the NBD).

There exist many aspects of higher-order correlations
that invite further investigation. For example, classical
systems have phase space distribution functions coupled
by the Bogoliubov-Born-Green-Kirkwood-Yvon hierar-
chy.”?® What does the present analysis imply for this
problem? Secondly, in the standard statistical mechanics
we can construct the cluster expansions of Ursell, Mayer,
and others. For both short- and long-range forces?! there
is a systematic procedure to expand all physical quanti-
ties in terms of two-particle potentials, correlation func-
tions, etc. Presently such simplicity does not exist for the
example systems mentioned above, hadrons and galaxies.

Nevertheless, an appealing conjecture! "* about the
form of the higher cumulant correlations has been rather
successful both for galaxy distributions and multihadron
distributions. In astronomy one speaks of the ‘“hierarchi-
cal model” and in hadronics* of the linked pair approxi-
mation (LPA). The idea is simply to compose the pth cu-
mulant as a (symmetrized) product of p —1 linked (no
closed loops) two-particle cumulants. Although it was
our interest in the LPA that drew our attention to the
analysis of the present paper, we have so far not succeed-
ed in connecting the two approaches. We hope to pursue
such connections elsewhere.

The integral (moment) relations discussed in this paper
were restricted to the specially simple case that each vari-
able was integrated over the same range . There are
many interesting generalizations of this technique. For
example, correlations between different parts of the phase



43 STRUCTURE OF CORRELATION FUNCTIONS

space are related to suitably chosen integration domains.
If we partition () into subspaces (e.g., M identical ones,
with increasing M) it is possible to test for scaling, possi-
bly fractal behavior from moment data rather than direct
correlation functions. We refer the reader to Ref. 5 for
current examples of these ideas.
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