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The hyperfine field at the nucleus of singly ionized radium has been investigated using the relativ-
istic linked-cluster many-body-perturbation-theory procedure, including the effects of distributed
charge and magnetization over the nucleus. The total hyperfine field of 1239 T, when combined
with the experimentally observed hyperfine constant for ' Ra+, yields a nuclear moment of
0.607(12)pz, in excellent agreement with the experimentally observed moment of 0.6133(18)p& from
Zeeman measurements. Our investigation leads to exchange core-polarization and correlation con-
tributions of 14% and 13%, respectively, of the direct contribution of the 7s valence electron, these
ratios being smaller than the corresponding ratios for the isoelectronic atom francium, in keeping
with the expected trends for other isoelectronic alkaline-earth-metal ions and alkali-metal atoms.
Comparison is made with the results of other calculations of the nuclear moment of "Ra. Possible
reasons for the success of the semiempirical Goudsmit-Fermi-Segre formula in predicting the
hyperfine field in this ion and related systems will be discussed.

I. INTRODUCTION

The magnetic moment of the ' Ra nucleus has recent-
ly been measured' with great accuracy by three of the au-
thors of the present paper (Neugart, Otten, and Wendt)
in collaboration with several others by observing the Lar-
mor precession of the nucleus in an external magnetic
field using collinear-laser-beam spectroscopy. Since the
magnetic hyperfine constants of several of the radium nu-
clei in Ra+ had already been measured by the same
group, one can also use the theoretically obtained mag-
netic field at the nucleus of the Ra+ ion to extract the nu-
clear moments of the nuclei including ' Ra. The com-
parison between the nuclear moment of ' Ra obtained by
this method with that obtained through direct experi-
mental measurement' by the Zeeman effect technique
thus provides a stringent test of the theory, which has
been possible in the past for only one other comparably
heavy atom, namely, francium. ' In the present work we
have used the relativistic linked-cluster many-body per-
turbation theory (RLCMBPT), previously applied suc-
cessfully to a number of other atomic systems, to cal-
culate the hyperfine field at the nucleus of Ra+. The
magnetic moment of ' Ra thus derived is shown to agree
within 2% with the experimental value. Comparison
will be made between the results of the present calcula-
tion and earlier results obtained by the present group.
Additionally, there are two other calculations ' report-
ed in the literature which have used a variant of the
RLCMBPT procedure adopted in the present work, cal-
culating some or all of the vertices involved in the dia-
grams by a diff'erential-equation (DE) approach. A com-

parison of the results of the present calculation is made
with those of these earlier calculations, ' continuing the
process started in a recent publication" on the light lithi-
umlike systems of the second period. We believe that
comparisons of this nature provide valuable insights into
the potentialities of the different many-body procedures
and a better understanding of the various mechanisms
contributing to many-body effects in hyperfine interac-
tions. Finally, a comparison will be made between the
predictions of the hyperfine field at the nucleus of Ra+
by the Goudsmit-Fermi-Segre formula' and the results
of the first-principles procedure adopted in this work.
Possible reasons for the reasonable agreement between
the two results will be discussed.

In Sec. II we present a brief summary of the
RLCMBPT procedure. Section III presents the results of
our investigation of the magnetic hyperfine field in Ra+
and the nuclear magnetic moment of ' Ra, along with a
discussion and comparison with the results from experi-
ment' and from other theoretical investigations. ' Sec-
tion IV discusses the conclusions from the present work.

II. PROCEDURE

The RLCMBPT procedure has been used for some
time to calculate various properties of a number of atom-
ic systems, ' ' ' with very satisfactory results. Because
of this, the major aspects of the theory have been present-
ed in some detail in earlier works. ' We therefore give
here only a brief summary of the theory for the sake of
completeness. A number of other many-body perturba-
tion procedures related to the RLCMBPT procedure
used here have been utilized ' ' in the literature for the
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study of energy-related and hyperfine properties. Two of
these procedures, as pointed out in the Introduction,
have been applied ' to Ra+ and a detailed comparison
between the results of these calculations and ours will be
made in Sec. III.

The relativistic Hamiltonian for an atomic system of X
interacting electrons is given by

N N 2

(ca; p;+P, mc )+ g V„„,(r, )+ g
i =1

Here the a and g are the standard Dirac matrices. The
term V„„,(r; ) represents the potential energy experienced
by the electron in the Coulomb field of the nucleus. As
seen in earlier work ' on the francium atom, the depar-
ture of the nuclear charge distribution from the point
charge approximation has a very significant effect on the
hyperfine interaction in heavy atoms. In our present
work, as in francium, we have therefore used a uniform
sphere approximation for the nucleus, distributing the to-
tal charge of ge (g referring to the atomic number of the
nucleus) uniformly throughout the volume of a sphere
with radius 1.2A ' fm, 2 being the mass number of the
nucleus. The Hamiltonian in Eq. (1) has not considered
the infIuence of the Breit interaction or the interaction of
the electron with its own radiation field. The inAuence of
these effects has been studied' carefully for the total en-
ergies in a number of atomic systems. For hyperfine
structure, the inhuence of the Breit interaction has been
found to be significant ' ' ' only for half-filled valence
shells with non-s electrons, especially for nuclear quadru-
pole interactions. ' ' It is not expected to be significant
in effect in the present case where we are considering the
magnetic hyperfine interaction for a system with an s
valence electron. The radiative effect has been shown, "
even for the highly ionized Bi + (lithiumlike system)
with a large effective charge, to be quite small when com-
pared to the contributions from the other mechanisms to
the magnetic hyperfine interaction. It would be expected
to make a negligible contribution in the singly charged
Ra+ system.

Since it is not possible to solve the Dirac equation
&4o:E%o directly because of the 1 Ir &2 interaction be-
tween the electrons, one has to resort to other pro-
cedures. In the RLCMBPT approach, one uses perturba-
tion theory, taking the zero-order approximation to the
Hamiltonian in Eq. (1) to be ' '

N N
&o= g (ca; p;+p;mc )+ g [V„„,(r,. )+ V(r, )]

where V(r, ) is the V ' potential ' defined through its
matrix elements by the expression

N —1

&a~v '~b&= g am
m=1

e2
bm —am

"12

e2

"12

(3)

qg y L

N=O Eo —Ro
NO . (4)

The function &'=gf —&o is the perturbation Hamiltoni-
an.

The expectation value of a given operator 6 in the ful-
ly interacting system can be written in terms of the No
function as

where the states m refer to occupied states of the atom.
The V ' potential differs from the traditional Hartree-
Fock potential ( V ) in that one state, in this case the 7s
valence state, is excluded from the summation in Eq. (3).
This potential is used because it produces more physically
meaningful wave functions' for the excited states, with
the result that perturbation expansions converge more
rapidly when these states are used. We have generated
bound states with principal quantum number n up to and
including n =12 and 15 continuum states with energies
corresponding to the mesh points of a 15-point Gauss-
Laguerre quadrature formula. ' In the V ' potential
expression described by Eq. (3), the occupied states m are
frozen in as the Hartree-Fock states in the V potential
of Ra+. The valence state 7s1&2 obtained by solving the
V ' equations is the same as the Hartree-Fock state. '
The cores are, however, somewhat different, but ladder-
ing effects connected with higher-order perturbation
terms convert these V ' states into Hartree-Fock
ones. ' For all the occupied states, we will therefore use
the Hartree-Pock states in the V potential for Ra+ and
excited states generated in the V ' potential for the
evaluation of the perturbation diagrams occurring in the
RLCMBPT procedure.

The difference between the Hamiltonians of Eq. (3) and
Eq. (1) is treated as a perturbation. The many-body wave
function Vo due to the Hamiltonian & can be written in
terms of the wave function No of the Hamiltonian &o as
follows:

N

N

Eo —~o

Since we wish to calculate the hyperfine field at the nu-
cleus of the ion, we take the operator 8 to be the relativ-
istic hyperfine interaction operator'

where p is the nuclear moment. The hyperfine field is
thus given by

G=ec $ a. pXr, .

r3
1
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FIG. 1. Diagrammatic representation of the zero-order
valence contribution to the hyperfine field. FIG. 3. Major (a) EPV and (b) consistency diagrams.

Terms in Eq. (5) involving specific values of the indices
X and M are referred "' ' to as (X,M) terms. Each
term in the expansion can be expressed as a diagram
through the use of rules given in earlier work. ' The ma-
jor diagrams we have evaluated in this work refer to ' '

direct, exchange core-polarization (ECP), consistency,
and correlation contributions to the hyperfine interaction
and are shown in Figs. 1 —5. The expressions that one has
to evaluate for these diagrams involving the occupied and
excited states have been given previously. '"

The nuclear moment p in the operator 0 in Eq. (6) is
that of a point dipole located at the center of the nucleus.
In reality the nuclear moment is distributed throughout
the nuclear volume. This distribution of the nuclear mo-
ment could produce a significant reduction of the
hyperfine field which must be taken into account. We
have therefore reduced all our calculated results by 4%
as an estimate of the effect of this spatial distribution of
the nuclear moment. This figure was based on the results
of Kopfermann, who evaluated this effect for a number
of atomic systems using a hydrogenic approximation for
the electronic wave functions. This is expected to be
quite satisfactory since one is interested in the region
near and inside the nucleus. Adopting Kopfermann's
prescription allows one to take account of the departure
from volume uniformity of the nuclear magnetic moment
distribution.

suits from the fact that only the up-spin core electrons
experience an exchange interaction with the valence elec-
tron, leading to different spin densities at the nucleus for
the up- and down-spin electrons in a given core state.
Figure 2(b) is the phase-space" ' diagram which arises
because, unlike the 7s+ state, the 7s state is unoccupied
and is therefore available as a particle (excited) state for
the perturbation of the down-spin core electrons. Figure
2(a) derives a contribution of 124 T from the core s states
and —4 T from the p states, the latter being possible
only in relativistic theory. As in the case of other
alkaline-earth-metal ions ' and alkali-metal atoms, the
outermost core state, 6s, is the major contributor to the
ECP effect, because of its stronger exchange with the 7s+
electron and weaker binding compared to the other core s
electrons. Figure 2(b) contributes 17 T arising from all
the core s states, with 6s again being the major contribu-
tor. Since both the ECP and phase-space contributions
are essentially one-electron effects they are grouped to-
gether.

On going to second order [(0,2) and (1,1)] in perturba-
tion theory one obtains both correlation diagrams involv-
ing many-electron effects and several diagrams which

III. RESULTS AND DISCUSSION

7S "
j k- 7S

The primary results of our calculation of the hyperfine
field are presented in Table I, along with the experimen-
tally measured value of the field. The latter is determined
from the experimentally observed hyperfine constant
through division by the magnetic moment obtained' from
Zeeman measurements. The valence contribution of 971
T in Table I refers to the zero-order contribution (Fig. 1)
to the hyperfine field due to the unperturbed 7s valence
electron. The second entry in Table I comes from the
first-order [(0,1)] diagrams in Fig. 2. Figure 2(a)
represents the ECP (Ref. 5, 6, 11, and 21) effect which re-
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FIG. 2. Diagrams representing the (a) ECP and (b) phase-
space contributions to the hyperfine field.

FIG. 4. The (0,2) correlation diagrams. (a) and (b) are the
direct and exchange diagrams, respectively, with the second
two-electron vertex connected to the particle line on the left
bubble. (c) and (d) are the direct and exchange hole-line dia-
grams while (e) and (f) are the direct and exchange phase-space
diagrams.
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FIG. 5. (1,1)-type correlation diagrams. (a) and (b) are the
direct and exchange hole-line diagrams while (c) and (d) are the
direct and exchange particle-line diagrams.

TABLE I. Contributions (in tesla) from various mechanisms
to the hyperfine field of ' Ra+. All contributions have been re-
duced by 4% to account for the spatial distribution of the nu-
clear magnetization.

Mechanism Contribution (T)

Valence
ECP plus phase space
EPV plus consistency
(0,2) correlation
(1,1) correlation
Third-order correlation'
Total hyperfine field
Experimental field

971
137

4
204

—57
—20
1239

1226(4)

'Estimated from major second-order correlation diagrams.
Taken from Table II of Ref. 1.

represent corrections ' ' to the one-electron diagrams of
Fig. 2. Among the latter class are the exclusion principle
violating (EPV) diagrams which arise as a correction be-
cause of our use of the V ' potential and the consisten-
cy diagrams which correct for the change in the potential
experienced by the electrons because of the changes in
the electron density produced by the ECP effect. Typical
EPV and consistency diagrams are shown in Figs. 3(a)
and 3(b), respectively. The EPV and consistency dia-
grams were found to contribute 4 T to the hyperfine field,
as shown in Table I. The sum of the ECP, phase-space,
EPV, and consistency diagrams, all representing one-
electron interactions of the core electrons with the
valence electron, is 141 T. This sum will henceforth be
referred to as the net ECP contribution.

The ratio of the net ECP contribution to the valence
contribution is seen from Table I to be about 15%, close
to that for the Ba+ ion, the next heaviest of the
alkaline-earth-metal ions, a trend similar to that found
within the alkali-metal atom series. This ratio of 15% in
Ra+ is also smaller than the corresponding ratio of 17%
found in the neutral Fr system, a trend similar to that
found in going from Mg+ to Na and from Ba+ to Cs.

The fourth entry of 204 T in Table I gives the contribu-

tion of the (0,2)-type correlation diagrams shown in Fig.
4, while the fifth entry of —57 T is that for the (1,1)-type
correlation diagrams of Fig. 5. These diagrams involve
two simultaneously excited electrons and thus represent
true many-body correlation effects. ' We have evaluated
these diagrams, with I in these diagrams indicating the
5d, 6s, and 6p core states (the other core states making
negligible contributions), up to the l =4 multipole mo-
ment of the 1/r, ~ interaction. From earlier investiga-
tions, " it has been found that satisfactory convergence is
attained when one uses multipole components of 1/r, z up
to this order. Most of the correlation contribution comes
from the 6p state while the 6s state gives the smallest con-
tribution, as may be seen from Table II, where the contri-
butions of the (0,2) and (1,1) diagrams from each m are
given explicitly.

As in earlier investigations on other systems,
the major higher-order diagrams are expected to be those
that are related to the major second-order correlation di-
agrams involving additional 1/rU vertices. By studying
a number of such third-order diagrams we have been able
to estimate the effect of the higher-order contribution to
be about —20 T, the sixth entry in Table I. The ratio of
the net correlation contribution to the valence contribu-
tion is seen from Table I to be 13%, smaller than the cor-
responding ratio of 28% for the isoelectronic system
francium. This is expected since the Ra+ ion is positively
charged, its states being less deformable with respect to
the polarization effect associated with correlation. Also
this same ratio for Ba is 24%, which is larger than for
Ra+, in agreement with the trend in going from Cs to Fr,
the physical reason for which has been discussed in ear-
lier work.

Our total hyperfine field is seen from Table I to be 1239
T, in excellent agreement with the experimental field of
1226(4) T. From a consideration of computational accu-
racy and the importance of higher-order correlation
effects and higher multipole moments of 1/r, z beyond
l =4, we expect our calculated hyperfine field to have an
accuracy of about 2%, which is a conservative estimate.
Using the experimentally determined coupling constant
of 22 920 MHz and our calculated hyperfine field we
deduce a theoretical magnetic moment of 0.607(12)p~
for ' Ra, in excellent agreement with the experimentally
determined moment' of 0.6133(18)p~.

We shall next analyze the correlation contributions in
more detail since such an analysis can provide valuable
insight into the nature of the correlation effects. Tables
III and IV present the contributions to the field from in-
dividual correlation diagrams involving the 6p and 5d
shells, respectively. From Table III we see that the dom-
inant diagrams are those of Fig. 4(a) and its exchange
counterpart, Fig. 4(b). This is not surprising, since these
have proved to be the dominant diagrams in other similar
systems, namely, neutral alkali-metal atoms and the
alkaline-earth-metal ions. ' " The next largest contribu-
tion, of about a quarter of the (0,2) contribution and 4%
of the net field, comes from the (1,1) diagrams of Figs.
5(a) and 5(b). This result is different from that in neutral
alkali-metal atoms, where, for instance, in rubidium it
was found to be less than 0.2% of the total hyperfine
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TABLE II. Total contributions (in tesla) from the (0,2) and (1,1) diagrams to the correlation contri-
butions from the 6p, 5d, and 6s states.

State

6p
5d
65

(0,2) contribution

137
56
11

(1,1) contribution

—38
—18
—1

Total

99
38
10

Total 204 —57 147

field. This difference between the situation in Rb and
Ra+ could be a result of the fact that there are a number
of (1,1) diagrams with comparable magnitude and
different signs, the cancellation being less acute in Ra+
than in Rb. The hole-line diagrams of Figs. 4(c) and 4(d)
and the phase-space diagrams of Figs. 4(e) and 4(f) make
the next most important contribution and are of compa-
rable magnitude for the 6p diagrams. For the 5d case the
phase-space diagrams are considerably larger, about
4.5% of the net field compared to 1.8% for 6p. The (1,1)
diagrams of Figs. 5(c) and 5(d) give negligible contribu-
tions.

The results in Tables III and IV also show the varia-
tion in the contribution to the correlation effect as a func-
tion of the multipole moment l of the electron-electron
interaction. It is interesting that for the direct correla-
tion diagrams in Figs. 4 and 5, it is the dipole correlation
effect associated with l = 1 that makes the major contri-
bution. This dominance of the l =1 contribution over
the l =0 contribution has been observed in other alkali-
metal atoms including Fr, which is isoelectronic with
Ra+. It may result from the fact that the l = 1 contribu-
tion involves excitations to states with similar quantum
numbers (such as 7s 7p and 6p 6d) while the l =0
terms do not. The small energy denominators, coupled
with the fairly large 1/r U matrix elements, could lead to
the observed dominance. The decrease in the correlation
effect beyond l = 1 can again be understood through the
increase in the energy denominators and decrease in the
two-electron interaction matrix elements as the states be-
come less alike.

Another interesting feature in terms of the variation of
the correlation contribution with the multiple moment is

the slower decrease of the exchange contribution with in-
creasing l as compared to the direct effect. This
difference in behavior can be understood physically by
comparing, for instance, the direct and exchange dia-
grams, Figs. 4(a) and 4(b), for the quadrupole (l =2) exci-
tation. Thus, considering the vertices associated with the
1/r, 2 operator, the first of the diagrams contains the ex-
citations 7s- —'6d and 6p --. 7p at the first vertex and
6d =8s and 6p =7p at the second while for Fig. 4(b),
the corresponding excitations are 7s =6d, and 6p -7p
and 8s 7p and 6p =6d. The first set of excitations is
the same for both diagrams while the second involves
pairs of states at the vertices involving 1/r&, z which are
more similar to each other in the case of the diagram,
Fig. 4(b), than in Fig. 4(a) and therefore lead to larger
matrix elements. The slower decrease of the exchange
correlation effect as compared to the direct (which has
sign opposite to that of the exchange) makes their sum
decrease faster with l and makes the neglect of contribu-
tions beyond l =4 well justified, the influence of higher l
being estimated to be no more than 5% of the net corre-
lation contribution.

As to the last item of discussion, we would like to com-
ment on the relationship of the results of the present cal-
culation to some earlier evaluations ' of the hyperfine
field in the Ra+ ion. One of these was an earlier investi-
gation by a number of the authors of the present paper
using the RLCMBPT procedure. A second one' in-
volved the evaluation of the ECP contribution through a
differential equation (DE) technique ' and the correla-
tion contribution by a hybrid of the DE technique and
the RLCMBPT procedure in which the effect of the
electron-electron interaction (1/r, z) operator is handled

TABLE III. Contributions from various diagrams to the 6p-shell correlation contribution in tesla to the hyperfine field at the nu-
cleus of the ' Ra+ ion.

Multipole
component

1=0
1=1
1=2
1=3
1=4

Fig.
4(a)

15
106
66
29

8

Fig.
4(b)

2
1

—25
—17
—5

Fig.
4(c)

—14
—2

Diagrams'
Fig. Fig.
4(d) 4(e)

—3
—26

6
2
1

Fig.
4(f)

—2
1

1
—1
—1

Fig.
5(a)

—3
—54

8
3
1

Fig.
5(b)

—1

3
1

—3
—1

Fig.
5(c)

Fig.
5(d)

Total 224 —44 —23 —20 —45

'All values have been reduced by 4% to account for the distribution of the nuclear moment.
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TABLE IV. Contributions from various diagrams to the 5d-shell correlation contribution to tesla to the hyperfine field at the nu-
cleus of the ' Ra+ ion.

Multipole
component

1 =0
1 = 1

1 =2
1 = 3
1 =4

Fig.
4(a)

18
98

8
7
1

Fig.
4(b)

0
—5

0
—6
—1

Fig.
4(c)

Diagrams'
Fig. Fig.
4(d) 4(e)

—6
—44
—6
—6

0

Fig.
4(f)

0
2
0
6

—1

Fig.
5(a)

—3
—19
—1

0
0

Fig.
5(b)

Fig.
5(c)

Fig.
5(d)

Total 132 —12 —62 —23

'All values have been reduced by 4% to account for the distribution of the nuclear moment.

as in the present work while that of the hyperfine vertex
is treated by the DE procedure. A third calculation uti-

lized the DE technique ' for the ECP effect and extra-
polated the correlation contribution from the nonrela-
tivistic results in lighter alkaline-earth-metal ions and
alkali-metal atoms by the DE technique. Lastly there is
an evaluation of the hyperfine field available through the
use of the semiempirical Goudsmit-Fermi-Segre formu-

12

The primary difference between this investigation and
the earlier one by the present group is the incorporation
of (1,1) correlation diagrams in the current work. This
accounts for the difference in the magnetic moment of
' Ra quoted in Ref. 1 using the hyperfine field from our

earlier work (0.62pz ) and the present value

[(0.607+0.012)p~ j.
Turning next to the other earlier calculations, ' we

consider first the results shown in the second line of Table
V. The main difference between the procedure' used to
obtain these results and the conventional RLCMBPT
procedure used in the present work is the handling of
the ECP vertex using a DE technique ' rather than a
summation over the basis states. Comparing the results
for the valence, ECP, correlation, and total contributions
to the hyperfine field in the second line of Table V with
ours in the first line, one finds good overall agreement be-
tween the two, especially in the net hyperfine field, the re-

suit in Ref. 10 being about 2.2%%uo smaller than our result
which is in essential agreement with experiment. It is in-
structive to examine the small but significant differences
in the individual contributions from the two calculations
which are in some cases more pronounced than for the
net hyperfine field, since such an analysis provides in-
sights into the natures and relative accuracies of the two
procedures. Thus, considering the valence contributions
first, the result in the second line of Table V is about 14 T
or 1.5% smaller than our result. In looking for sources
to explain this difference, one can analyze first the treat-
rnent of the finite charge and magnetic moment distribu-
tions of the nucleus in the two calculations. Considering
first the nuclear charge distribution, the work in Ref. 10
made use of a nonuniform radial charge distribution in
contrast to the uniform distribution used in this work.
However, the potentials that would be produced by the
two distributions are very similar, with the potential in
Ref. 10 slightly more attractive inside the nuclear ra-
dius than that used in the present work. This feature of
the potential would be expected to lead to a small in-
crease in the second line for the valence contribution over
the first rather than to the decrease that is observed. As
regards the effect of the magnetic moment distributions,
this could be a possible source of difference since we have
used a nonuniform magnetic moment distribution in con-
trast to the uniform one used in Ref. 10. Another source

TABLE V. Comparison of the results from diA'erent theoretical investigations and experiment for
the hyperfine fields (in tesla) and nuclear magnetic moments of "Ra.

Reference Valence ECP Correlation Total

127'
150.7
166.4

141
158.3
159.6'

0.607(12)
0.594(6)
0.58(3)
0.6133(18)b

This work
10
9

1 (expt. )

'The result shown here refers to the net correlation contribution obtained by adding the higher-order
contributions of —20 T to the net second-order contributions in Table II, as explained in the text.
Taken from Table II of Ref. 1.

'Obtained by subtracting the valence contribution from the polarization contribution quoted in the
second row of Table I of Ref. 8.
Obtained by subtracting the valence and ECP contributions from the total field given in Table II of

Ref. 1.
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of difference, which we feel is the most likely one, is the
calculation of the valence wave function in Ra+ by the
different procedures in Ref. 10 and the present work. In
our work, as explained in Sec. II, we have used for the oc-
cupied core and valence states the Hartree-Fock orbitals
for Ra+. In Ref. 10, however, for the valence state, the
Hartree-Fock 7s orbital for the Ra + ion has been em-

ployed. In the latter, the 7s is unoccupied and therefore
the core states are expected to be less shielded than in
Ra+ and therefore more tightly bound. As a conse-
quence of this, the core electrons would in turn shield the
nucleus more strongly in Ra + than in Ra+, causing the
7s valence orbital in Ra + to be less tightly bound and
have a smaller density at the nucleus. This effect is in the
right direction to explain the difference between the
valence contribution in Ref. 10 and ours. The difference
in the two potentials is also felt in the ECP contributions
as discussed next.

The ECP contributions from the present calculation
and that of Ref. 10 are seen from Table V to have the op-
posite trend to that of the valence contribution. The
ECP contribution from Ref. 10 is seen to be larger by
about 17.3 T or 12% as compared to that from the
present work. In looking for an explanation of this
difference there appear to be at least two possible sources.
One possibility is that the difference in the ECP contribu-
tions arises from differences in the charge and moment
distributions. This does not appear likely because it
would have led to a difference in the same direction as for
the valence contribution. The other possibility and again
the one we consider most likely is connected with the
different potentials used in Ref. 10 and our work for gen-
erating the core states. Thus, due to the reasons detailed
in the preceding paragraph in comparing our valence
contribution with that in Ref. 10, the core states in Ref.
10 are expected to be more tightly bound, leading to
larger densities at the nuclei when exchange polarized by
the valence electron. This would lead to an ECP contri-
bution larger than ours as is observed in Table V. It is
satisfying that a common origin has been found for the
differences in the valence and ECP contributions which
tend to neutralize each other substantially.

Regarding the correlation contribution, the result in
Ref. 10 is 23.7 T, or about 19% higher than our result in
Table V. The authors of Ref. 10 do not supply details on
the contributions from individual diagrams as listed in
the present work in Tables III and IV. We can therefore
compare only the net correlation contributions. Howev-
er, it is possible to infer the reasons for the difference in
the net correlation contributions from an examination of
the natures of the (0,2) and (1,1) correlation diagrams in
Figs. 4 and 5. Thus, for the (0,2) correlation diagrams in
Fig. 4, the hyperfine vertex involves the 7s valence and
the excited s states in the system. As discussed earlier in
comparing the valence and ECP contributions, the core
states in Ref. 10 are expected to be more tightly bound
than ours, leading to stronger screening of the nuclear
charge and hence less tightly bound valence and excited
states. One would therefore expect the (0,2) diagrams in
Ref. 10 to have lesser contribution than ours. On the
other hand, it is not clear that the (1,1) diagrams of the

type in Figs. 5 can be included with the procedure used in
Ref. 10. This is because in Figs. 5(a) and 5(b) the
hyperfine vertex involves the perturbation effect on the
valence 7s state with restricted excitations to only the
phase space available from the other core s states because
of their excitation to higher states through correlation in-
teractions with other occupied states. It would be rather
difficult to set up appropriate differential equations to
handle this type of perturbation of the valence state due
to the hyperfine interaction Hamiltonian. Secondly, the
diagrams in Figs. 5(c) and 5(d) require perturbations of
excited bound and continuum states, which, because of
their relatively large number would be rather time-
consuming to handle by the DE technique. The observa-
tion that the net correlation contribution in Ref. 10 is
larger than ours indicates that the neglect of the negative
contribution of the (1,1) diagrams in Ref. 10 counterbal-
ances the somewhat weaker positive contribution from
the (0,2) diagrams in Fig. 4.

The procedure for the results represented in the third
line (Ref. 9) in principle involved the DE technique in
evaluating both the ECP and correlation contributions,
although the correlation contribution in Ref. 9 for Ra+
was actually estimated using the results for other systems
as a base. The authors of this calculation make no men-
tion of the effect of the magnetization distribution and do
not seem to have taken it into account. Thus, although
the valence contribution seems to agree well with our re-
sult, a 4% reduction would actually make their result
even smaller than that on the second line corresponding,
to Ref. 10. The ECP result agrees well with that of the
second calculation, as one would expect, given the simi-
larities of the techniques used, even after a 4% reduction
is applied, and is again higher than our result as in the
case of Ref. 10. The remarks made earlier concerning the
difference between the result of the current work and that
of the second calculation apply here as well. The correla-
tion result is about 6% larger than that of Ref. 10 after
the 4% reduction due to nuclear moment distribution is
included, and about 26% larger than the contribution
calculated in the current work. The difference between
the results in Refs. 9 and 10 is most likely a consequence
of the fact that the correlation contribution in Ref. 9 is
actually an estimate. In view of this, one cannot attach
too much significance to the somewhat better agreement
one obtains with our results and experiment in Table V
after a 4% correction due to the nuclear moment distri-
bution is applied to the net hyperfine field in Ref. 9 (Table
V) than was the case for Ref. 10.

Finally, we would like to comment on the very good
agreement found between the magnetic moment of ' Ra
obtained using the Goudsmit-Fermi-Segre formula' to
derive the hyperfine field at the nucleus and the experi-
mental value from the Zeeman measurement' as well as
the theoretical value in the present work. This agreement
is remarkable, ' considering the fact that, from Table V,
the combination of ECP and correlation contributions is
sizable, about 30% of the direct contribution. This
feature also appears to apply in general to the alkali-
metal atoms as well, as may be seen from Ref. 12 (p. 136),
where the predicted magnetic moments from the ob-
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served hyperfine constants combined with hyperfine fields
obtained from the Goudsmit-Fermi-Segre formula are
seen to be in reasonably good agreement with directly
measured nuclear magnetic moments by methods such as
nuclear magnetic resonance. A possible reason for this
success of the Goudsmit-Fermi-Segre formula' could be
that it utilizes the effective quantum number n, =n —o.,
where n is the principal quantum number and o. is the
quantum defect obtained from the experimental ioniza-
tion energy in the valence state. The factor 1 —do. /dn is
also derived from experimental ionization energies for
valence and excited states. Since the experimental ioniza-
tion energies include electron-electron interaction effects,
these effects could get included indirectly in the
Goudsmit-Fermi-Segre expression' for the spin density.
It would be useful, although rather complicated, to trace
in more detail the origins in both RLCMBPT and
configuration-interaction procedures, for this remarkable
agreement.

IV. CONCLUSION

In conclusion, essentially complete agreement has been
achieved between the RLCMBPT calculation in the
present work and the Zeeman measurement of the nu-
clear moment of the ' Ra nucleus. A detailed break-

down of the contributions to the hyperfine field from
various mechanisms is presented to provide insights into
the relative importance of the different factors which
inAuence the hyperfine field. Our result for the hyperfine
field also agrees quite well with the results of calcula-
tions ' using the DE approach for either only' the
hyperfine vertex or both the hyperfine vertex and the
electron-electron interaction vertices. However, there are
small but significant differences in the individual contri-
butions to the hyperfine field from the present work and
from earlier investigations which have been analyzed here
and possible sources for these differences have been sug-
gested. It is hoped that this analysis will stimulate future
investigators to carry out similar comparisons as here be-
tween the results using different many-body procedures,
which would ultimately lead to better insights into the
natures of all the different procedures being currently
used ' ' ' in relativistic many-body theory for atomic
systems. We would like to conclude by reiterating that
there is significant cancellation among the differences be-
tween Ref. 10 and the present work in the contributions
from different mechanisms to the hyperfine field. This is
to be expected since many-body perturbation-theoretical
calculations using different zero-order Hamiltonians,
when carried out to convergence, should, in principle,
lead to identical results.
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