
PHYSICAL REVIEW A VOLUME 43, NUMBER S 1 MARCH 1991

Generalized back-action evasion schemes for the detection of weak classical forces
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After a general review of the analysis already available for back-action evasion schemes a pertur-
bative approach is introduced and applied to a simple case. As a generalization of the back-action
evasion schemes the concept of optimal pumping spectrum is introduced: it works for a unified
treatment of stroboscopic and continuous quantum nondemolition strategies. Generalized back-
action evasion strategies are introduced and studied in simple applications: they open the possibility
for developing high-sensitivity schemes for the measurements of small forces. In particular, esti-
mates of the noise figure for generalized back-action evasion transducers are discussed in detail.

I. INTRODUCTION

In the current attempts to test the predictions of the
standard model of physics (gauge theories of strong and
electroweak interactions and general relativity), a crucial
point is the identification of the force carriers, called in-
termediate bosons, between the particles of which the
matter consists, i.e., quarks and leptons. With the recent
discovery of the intermediate vector bosons, responsible
for charged and neutral weak interactions, the everyday
observability of photons and the impossibility of directly
observing gluons as suggested by quantum chromo-
dynamics, the only sector in the standard model frame-
work which seems open to new discovery of intermediate
bosons is the graviton detection. Due to the weakness of
gravitational interaction it is easy to see that the only
events available for the search of gravitons [and only in
their classical nature as gravitational waves (GW)j are as-
trophysical events. Indeed the search for bursts of gravi-
tational waves emitted during the collapses of supernovae
in the Virgo cluster of galaxies, which are expected to
occur with a reasonable rate, is one of the objectives of
current research in experimental gravitation. ' Among
the working GW detectors there are the resonant anten-
nae which can be schematized as macroscopic oscilla-
tors. The resonant GR antennae now operative work by
monitoring the displacements of one collective mode of
oscillation of a body, schematized as a macroscopic har-
monic oscillator. The impinging GW burst can be detect-
ed by measuring the variations in the amplitude and
phase induced in the oscillations and properly converted
into an electrical signal. However, to achieve such a goal
it is necessary to measure displacements of the same or-
der of magnitude as, or even lower than, the de Broglie
wavelength associated with the same harmonic oscilla-
tor. A new technique of measurement which over-
comes the limitation of this standard quantum limit has
been developed. The idea is that of measuring only one

component of the harmonic oscillator's complex ampli-
tudes, instead of measuring both of them as usual. These
new measurement strategies are known as quantum non-
demolition (QND) methods; in a classical scenario they
allow one to overcome the limit imposed on the measure-
ment by amplifier noise. They are also known as back-
action evasion (BAE) strategies of measurements. ' It is
important to stress that BAE techniques, despite their
origin from quantum mechanical considerations, are al-
ready useful in a classical regime of sensitivity. Indeed,
they may be conceived as a recipe to increase the sensi-
tivity of a displacement detector using particular phase-
sensitive parametric transducers. This is the basis of the
early developments in many gravitational laboratories, al-
though they are far from reaching the quantum limit of
sensitivity. Classical models of BAE methods have been
developed in various groups and some of their charac-
teristics have been tested so far with an appropriate ex-
perimental setup. At present there is no experimental
evidence on their ability to obtain noise reduction.

We deal here with the BAE strategies which are de-
rived from a generalization of the usual BAE technique.
The paper is organized as follows. In Sec. II a brief re-
view of the models previously developed to treat BAE de-
vices is given. In Sec. III a perturbative approach is in-
troduced and applied to calculate the equation of a para-
metric transducer under a resonant forcing term. The
concept of optical pumping spectrum is then introduced
giving the general framework in which it can be fully
developed. We show that the stroboscopic measurement
scheme may be considered as a limiting case of an op-
timal pumping spectrum with an infinite number of
pumps: this allows the introduction of new generalized
BAE schemes. In Sec. IV we report some considerations
on the analysis of generalized parametric transduction
schemes in two difT'erent situations. The first one corre-
sponds to the use of more than two pumps in the para-
metric transducer. The use of a multipump system al-
lows one to overcome the limit on the sensitivity imposed
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by means of a low-dissipation electrical circuit. The
second deals with the feasibility of BAE stroboscopic
measurements which may overcome the use of sinusoidal
pump signals and the related limitations imposed by the
amplitude and phase noise of such devices. Final re-
marks on the potentialities of this line of research for the
implementation of' new high-sensitivity measurement
schemes are given in Sec. V.
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II. THE BACK-ACTION EVASION EFFECT:
A REVIEW

where (x,p) and (q, vr) are coordinates and momenta of
the two oscillators, F and V are the external force and
voltage acting on them.

If H; =0 the two systems are uncoupled and the rela-
tive temporal evolutions will be uncorrelated. An in-
teraction between the two oscillators allows us to know
the mechanical quantities via the electrical ones and, on
the other hand, perturbs the same quantities: such pertur-
bation is what we mean by back action.

In order to show this effect more explicitly we assume
that the interaction Hamiltonian H; has the form

H, =E(t)xq,
where E=E(t) is time dependent. By doing so we re-
strict our analysis to systems in which we measure the
mechanical displacement by means of the charge varia-
tions in the electrical oscillator, as depicted in Fig. 1.

The Hamiltonian equations take the well-known ex-
pressions

x =, p = —mes, x E(t )q+F, —

7T
L~2q —E(t)x+ —V . (4)

In order to have maximum sensitivity we want to mini-
mize the back-action effect maximizing at the same time
the information on the status of the mechanical oscilla-
tor. This is equivalent to the following detection prob-
lem: for a given amount of false alarm probability pro-
duced by part of the back-action effect we want to apply
strategies that maximize the information on some of the
quantities of the mechanical oscillator. ' We note that

The measurement of mechanical quantities as position
or momentum is obtained by correlating them to proper
electrical quantities. A device which operates in such a
way is called an electromechanical transducer. A simple
example of an electromechanical transducer is obtained
when a mechanical oscillator (mass m and frequency
co&/2') and an electrical oscillator (inductance L and fre-

quency A@2/2vr) are coupled through an interaction term.
When the dissipative effects of the two oscillators are
neglected Hamiltonian formalism can be applied, obtain-
ing for the whole system

p2 yg ~)~ ~2 LC02q
2 2 2 2

H= + + + +H, xF(t) —qV—(t),
2m 2 2L, 2

FICx. 1. Transduction of the displacement x of a mechanical
oscillator through a parametric coupling to an electrical oscilla-
tor.

both the information and the back-action effects depend
linearly on the amplitude of the electric field. Therefore
this parameter cannot be used in order to obtain the
highest ratio between the information on the mechanical
oscillator and back-action effects acting on it. Improve-
ments may be obtained only by means of a proper choice
of the time dependence of the electric field. It is interest-
ing to note that such choice can also be suggested by
studying the same system quantum mechanically. Indeed
the analysis of the sensitivity limits of such a detection
system in the quantum regime give rise to the introduc-
tion of the quantum nondemolition measurement
strategies in which a repeated set of high-accuracy mea-
surements of only one observable is possible, in agree-
ment with the Heisenberg uncertainty principle. The
quantum uncertainties always present in a measurement
will be enhanced in the other noncommuting observables.
According to quantum theory of measurement two condi-
tions have to be satisfied in order to perform a QND stra-
tegy. An unperturbed measurement of the observables

~ ~ ~, ~ ~X is obtained if the interaction Hamiltonian operator H,
commutes with X,

[H;,X ]=0 .

This may be satisfied if H, depends only on X and the
other simultaneously diagonizable observables Y& are
such that [X,Y&]=0. A particular example is that of
linear dependence of the interaction Hamiltonian on X
through a function 0( Yt3),

H; =0 ( Yti )X (6)

The repeatability of the measurement of X in a non-
demolition way, i.e., without Heisenberg uncertainties in
this observable, in the measurement time set
~: ~= to, t ], . . . ,t„is obtained if X commutes with itself
in the time set ~, i.e.,

[X (t, ),X (t, )]=0, Vt, , t, Cr .

If ~ is a discrete set the strategy is also called stroboscop-
ic, as opposed to the other situation of a continuous set
corresponding to a so called continuous QND strategy.
These considerations may be applied to the tra~sducers
as modeled by Eqs. (I)—(4). It is possible to prove that x
is an observable commuting with itself each half a period
of the motion
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[x(t -+ b t„),x(t )]=i sin(co, b t„),
m co1

(8)

r

H, =E(t)xq=E06 t — xQ . (9)

On the other hand the complex amplitude L1 defined as

X1=Re x+&
m c01

I colle

where b, t„=nulli, i.e., it is, on the basis of (7), a stro-
boscopic observable. Thus a stroboscopic measurement
of x is obtained by means of an interaction Hamiltonian
simultaneously diagonizable with x according to (5):

form technique due to the time dependence of the in-
teraction parameter. This does not allow an exact solu-
tion in term of the Mathieu functions to be obtained due
to the presence of a mutual coupling between the two os-
cillators. The sensitivity of an electromechanical trans-
ducer for detecting impulsive forces can be expressed us-
ing the burst noise temperature T&. E„=kiiTb(king being
the Boltzmann constant) is the energy which would be
deposited in a mechanical oscillator from an impulse in
order to obtain in the filtered output a signal-to-noise ra-
tio of one. ' The evaluation of the sensitivity dependence
on the particular E(t ) chosen can be quantified by a mer-
it factor r such that the burst noise temperature Tb can
be written as

is an example of a continuous QND observable, being
C01

Tb 2 T+
CO2

(16)

H, =E(t )X,Q
=Eocos(cozt )cos(co, t )xq, (12)

provided that a filtering around co2/2~ is used in order to
suppress the effects at the frequencies co2+2co1. A
continuous-average measurement of a complex amplitude
of the mechanical oscillator is achieved when the electric
field depends on time as

[X,(t+bt), X,(t)]=0, Vbt,
and a QND continuous measurement of Xi may be ob-
tained with the interaction Hamiltonian

+~2 1r= 1+—
pcs, g,

(17)

where

where T~ is the amplifier noise temperature. For the
back-action evasion devices is r ) 1. An approximate
solution for the system (14) and (15) when the electric
field (13) is used can be obtained by using the Mathieu
functions. ' The calculated value of the r factor is, for a
single pumping at the frequency ru2

—co„'
—1/2

E(t)= [cos[coz—co, )t]+cos[coz+co, )t]I, (13)
T ~2 1

TN ~1 g 1

(18)

i.e., by pumping with a coherent superposition at the fre-
quencies ~2 ~1 and co2+~1'

It has been suggested that in the classical limit the
same strategy allows the limit imposed by a classical
amplifier to be overcome, and therefore it is known as
back-action evasion (BAE) effect strategy. Now we sum-
marize the classical models developed to describe BAE
measurements.

Introducing in Eqs. (3) and (4) the effects of the dissipa-
tion the final equation of the motion for x and q can be
written as

E(t) F
X +P1X+C01X+ q =

m m

E(t) V
q+y2q+mzq+ x =

(14)

(15)

where the two dissipation constants y1 and y2 are related
to the mechanical and electrical quality factors Qi, gz as
y, &=co, z/2Q, ~. The external force F acting on the
mechanical oscillator has at least two contributions, the
known or unknown signal force and a random Langevin
force responsible for the Brownian motion of the oscilla-
tor. The external voltage V is given by the sum of two
contributions, the voltage and current noise of the
amplifier and the Johnson noise in the electrical circuit.
Dissipation constant and force noise are related between
them through the fiuctuation-dissipation theorem.

Equations (14) and (15) are a system of two coupled
linear differential equations with variable coe%cients.
They cannot be exactly solved by using the Fourier trans-

is a parameter expressing the ratio between the Brownian
noise and the amplifier noise, T is the thermodynamical
temperature of the system, and

Q2
(19)

m c01L co2

is the electromechanical coupling factor for the paramet-
ric transducer. when a coherent pumping at ~2 —co1 and
co2+ c01 is used we obtain'

2 —1/2
1 ~2 1 cx ~2 1r= +8—
8 ~1 g', Pn, g,

(20)

X 1+ 1+ ca+
4@~ p 64

1/2 —1/2

(21)

In this calculation the matching between the electrical
oscillator impedance and the amplifier noise impedance is
not considered. Also, the solutions are meaningful only if
the small coupling limit, i.e., P (( 1.

A complementary approach has been developed by us-
ing the Fourier transform of the equation. ' Terms at
high frequencies and not close to the frequency ~2 are
neglected and this assumption is valid only in the limit of
high cu2/co, ratios. In this hypothesis r has been ex-
pressed as

1+ '~ a+ 'Pl'
p 64
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for a single pumping at the frequency ~2 —
~& and

8y 3Py
g 64

1+ ~ 8& + 3t'&
4@2 I3 64

1/2 —1/2

(22)

for a coherent pumping at co2 —
co& and co2+~&, where cx

and P have the same meaning as in the previous case and

y takes into account the matching between the electrical
oscillator impedance and the amplifier noise impedance.

By analyzing the previous expression we observe that,
despite the very different approximations, both the mod-
els confirm that in the limit of negligible Brownian noise
(a —+0) the r factor is &(1 for the single mode pumping
of (17) and (21) and can be ) 1 only for a BAE mode
pumping of (20) and (22) giving a quantitative support to
the back-action evasion effect.

tors and (x2, qz) is, in a further approximation, the feed-
back on each oscillator due to the back-action. On the
basis of this approach we can solve the zeroth-order per-
turbation and, after this, iteratively solve the other equa-
tions by means of the known coupling due to the previous
order solution for x and q. Obviously the solution is
meaningful only if A, ((1,i.e., in a small P regime.

An intuitive image of this approach can be easily given.
For a weak coupling the main contribution to the motion
of each oscillator derives from the uncoupled evolution
itself. If we refine the analysis it is possible to observe the
presence of a mutual interaction and, increasing the accu-
racy, the presence of a back-action effect which acts on
each oscillator and due to this interaction.

The equations of the motion can be solved through the
perturbative method by supposing the existence of two
generalized forces acting on each oscillator respectively
at the frequencies co/2~ and A!2~. The electric field is
expressed as

III. A PERTURBATIVE APPROACH FOR THE
EQUATIONS OF PARAMETRIC DEVICES

AND THE OPTIMAL PUMPING SPECTRUM

A new method for the solution of the system (14) and
(15) can be obtained when the interaction between the
two oscillators is considered as a small perturbation on
the motion of the two uncoupled oscillators. The system
(14) and (15) can be written as

E(t) = [(1+f )cos(co& —coi)t+(I f )c so(co~+—co )1t j,
(30)

where f= 1, f= —1 respectively describe the parametric
up-converter and the parametric amplifier pumping;
f=0 corresponds to a BAE system. The equations for
the zeroth-order approximation are

x+y,x+co,x+AE(t )q = F
(23)

x +y,x +co,x = e'"', (31)

q+y2q+co2q+AE(T)x =—,2 V
(24)

Vp
qo+ T2qp+ ~zqp = e (32)

w'here A, is considered as a perturbative parameter. It is
possible to write the solutions of the motion equations as
an expansion in the perturbative parameter A, (A, « 1)

We can write the solutions as

Fo 16 I Cg7t

xo(t)
[( 2 2)2+y2 2)1/2

p )co
tan6=

67 CO~

x(t)= g A,
" x(t); q(t)= g A,"q„(t),

n=p n=p
(25)

(33)

and by considering only the terms containing the same
power of the parameter A, . We have for the zeroth order

xp+ p )xp+coixo—
F

Vp iA iBt
q (t0)=

[( 2 II2)2+y2II2j1/2
@2'

tank =
0 Ci)2

(34)

qP +$2q +CO2qP
=—V (27)

and the equations for the first-order correction (n =1)
can be written as

and

x, +y&x„+co&x,= ——q„
FEE

(28)

E(t)x
&
+y &x &

+co&x
&

= — qp,I
E(t)

q ) + I/'2q ) +c02q i
— x pL

(35)

(36)

qn + 'V 2qn +~2q'n = Xn —i (29)

for the successive terms. In particular, by taking into ac-
count only n =0, n = 1, and n =2 we observe that the
second and the last terms, respectively, are the first con-
tribution to the transduction effect and to the back-action
eff'ect. In other words (xa, qa) is the solution of the
motion due to the generalized forces while (x, , q, ) is the
correction due to the coupling between the two oscilla- 2L f2672

(37)

We note that the forcing term in the first equation
represents the main contribution of the back action on
the mechanical oscillator, i.e. , E(t )q0-—Fii~. By devel--

oping the expression for the back-action force due to the
resonant term at co2 and by considering only the terms at
the frequency ~& we obtain
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'+o ~o
FB~(f= —1)= e

2L Q~C02

iEO Vo
FB~(f=0)= costs, t .

2L Q 2'~

(38)

(39)

The third expression can be considered as a coherent su-
perposition of the first two "circularly polarized" terms,
producing therefore a linear polarization (Fig. 2). Obvi-
ously the back action does not afFect the force in quadra-
ture respect to FBA.

If we compute the back-action voltage V2 = E( t —)x i

for the BAE pumping without approximations we obtain,
after a tedious but straightforward calculation, the term
at the frequency ~2/2~,

CO)

V2 ( t ) = — PQ i Q2 Vocos(co2t )
CO2

3

+
16 co2

We observe that the first term can be overcome in a
phase-sensitive detection by observing the quadrature
phase [ ~ sin(co2t ) j, but the second term is always present
coming from the conversion of the upper lateral bands as
depicted in Fig. 3. The second term is reduced with
respect to the first, by a factor of the order of
(co2/cubi) Qi, but can become significant for large back-
action evasion reduction factor r. Indeed in this case the
first term on the right side of (40) will be suppressed. In
order to obtain a high r, a high value of the electrical
quality factor is required as seen for instance in (20) but

+ co—E(t)= E(co)e' ' den,
oo 2~ "'

where

E(co)=f E(t)e ' 'dt

(41)

(42)

is the Fourier transform of the time-dependent electric
field, called the pumping spectrum. In this way both the
interaction Hamiltonian and the burst noise temperature
Tb become functionals of the E(ro) and the minimum
burst noise temperature Tb will be obtained by solving
the extremal problem, i.e., determining the optimal
pumping spectrum E(co), , which minimizes Tb as

T„=Tb[E( ), , j . (43)

On the basis of the previous considerations on the BAE
eFect is clear that E(ni),„,for some BAE systems is ex-

at the same time this enhances the latter term in (40).
Thus an intrinsic limitation to the maximum squeezing
achievable exists.

This perturbative method suggests in a natural way the
generalization of the BAE detection scheme using a mul-
timode electromagnetic pump. Here we develop a frame-
work for this problem which can be also useful for more
complicated systems as the transducers mechanically
matched to the antenna or more elaborate interaction
Hamiltonians. The burst noise temperature depends on
the amplifier noise, on the parametric ratio of electrical
and mechanical frequencies, and on the particular time
dependence of the electric field. The coupling electric
field E(t ) may be expanded in Fourier integral as

3(dg + 2(dy

)) IrngEBA IFHg+P A

T
/

f=o

Re EZA

l( IFAgEBA

/
l

ReEPA

2ccp2 + cd'
/

/ /
/4

//
//

//
//

I'

—~g + 2m~

FIG. 2. Motion of the back-action force vectors in the com-
plex plane for the three situations, f=1,—1,0. Note that the
latter situation can be considered as linearly polarized resulting
from the coherent superposition of two circularly polarized
terms. In this example no contribution exists to the imaginary
component of the back action for f=0.

—&g —247 y

FIG. 3. Up and down conversion spectra of the noise at
co2/2~ frequency according to the model. Note the contribu-
tions out of the mechanical resonance (dashed lines) to the noise
induced at the second order in the electrical oscillator.
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pressed in (13) as a superposition of two Dirac distribu-
tions at the sum and at the diAerence of the electrical and
the mechanical frequencies

the commutator relation (8) for the corresponding opera-
tors is satisfied.

Considering now a more realistic E(t ) of the type

E(ru), , ~ [5(co+(co~—cu, ))+5(co+(co~+coi))] . (44) E(t)=Eo, —T t —T+r, 0 t (47)

We note that this definition of the optimal pumping
spectrum includes, but is not limited to, the pumping sug-
gested by the classical limit of a QND measure. In fact, a
general experimental setup will not be optimized by
choosing a QND strategy, but certainly will be optimized
by using the optimal pumping spectrum. We note that in
order to define the optimal pumping spectrum we have to
consider equations of motion in the frequency domain, so
the approach outlined in Sec. III seems the best for a full
development of this concept. For practical reasons we
are interested at a transduction scheme which uses a
finite number of monochromatic pumps

16)p t 1COk f

E (t)= g E~
jc 1

g Ez cos(cok t ) .
k —i

(45)

The pumping spectrum will be written as

E„(co)=g a„[5(cu—cok)+5(cu+cok)] . (46)

The concept of generalized pumping allows us to link
stroboscopic QND measurement schemes and continuous
BAE measurements. ' We recall that a stroboscopic
QND scheme for monitoring the position x is available if
the observable commutes with itself at difterent discrete
times as given by (7) and if, at the same instants of time,
the measuring apparatus is prepared in such a way that
the interaction Hamiltonian has the form given by (6).
This corresponds to a train of Dirac distributions having
a period equal to T= Ti /2:~/co&' using this distribution

(48)

which simulates, when ~&& T, a pulse train with a Dirac
distribution having period T, we have the complex
Fourier expansion

+ oo

E(t)= g E~„e (49)

where

co, sin(neo, r)
E), =Eow

7T fl $)7
(50)

H, =E(t )X,q =Eo5 t — X,q
CO)

=Eo( —1)"5 t — xq,n~
CO)

The spectrum for this pumping is centered around zero
frequency and contains an infinite number of multiples of
2'

&
with the same weight in the limit of

~~O, Eo~=const. By considering a modulation at a fre-

quency co&/2~ the spectrum is simply upconverted as
shown in Fig. 4(a).

If the above procedure is repeated for a stroboscopic
measurement of the complex amplitude X& with a new in-

teraction Hamiltonian

-3' -207 -M +~ +2co +3m -3M -2' -OJ M +~ +2' +36)~

FIG. 4. Pumping spectrum for an up-converted stroboscopic measurement scheme of (a) x and (b) X&. This last scheme is back-
action evasion eAective on the phase X, because all the mechanical noises due to the down conversion of the electrical noise by means

of each pair of pumps [co&+(2n + 1)co„n=0, 1, . . . ] are fully correlated.
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we obtain a complex Four ier expansion (53). In order to show this we introduce the squeezing
factor p such that

i(2n+1)cu&tE(r): g Ep +~e (52) hX,
P =ZX2 (54)

where, by using the same discretization used for the
Dirac distributions, we have

C01

E2„+1=EO
'Ti

(2n + 1)co,r
sin

(2n + 1 )co,r
(53)

IV. GENERALIZED BACK-ACTION
EVASION SCHEMES

We have seen that a stroboscopic measurement can be
considered as particular multipumping schemes which
have, at the same time, the standard two-pump BAE
scheme as the zeroth-order approximation. Furthermore
the interpretation of the multipump scheme outlined in
the preceding section suggests a simple way to calculate
the BAE reduction factor. Here we discuss in more de-
tail a general n-pump scheme with symmetrical frequen-
cies and in particular a four-pump scheme. The starting
point is the calculation of the BAE reduction factor for
an n-pump scheme simulating, in the limit of
n ~~,~~0, a stroboscopic measurement of X1 as in

Only odd harmonics are present. By upconverting at co2

the spectrum one has the Fourier expansion as shown in
Fig. 4(b). A physical interpretation of the spectral pump-
ing obtained is possible by extending previous considera-
tions. ' ' The back-action evasion capability for a two-
frequency pumping of BAE type can be seen as due to the
simultaneous conversion of the electrical noise which lies
in a band frequency extending from co2

—~, to co2+co,
into a force noise acting on the mechanical oscillator.
Because one pump is phase inverting and the other one is
phase preserving the coherent sum of the back-action
forces is cancelled on one mechanical phase and added on
the other one in quadrature, producing a squeezing of the
total back-action force. The electrical noise lying outside
the previous band is converted with the same phase by
both the pumps giving a back-action force. The amount
of this force depends on the selectivity of the electrical
circuit. Adding two other pumps at the frequencies
co2 —3~, and co2+3co, is possible to squeeze the noise in
the band between co2 —3co1 and co2+3co1. By adding other
pumps we obtain an electrical field which approaches the
Fourier transform of a stroboscopic measurement as ex-
pressed in (52).

where AX, and AX& are the variancies of the two conju-
gate complex amplitudes of the mechanical oscillator X,
and X2. This squeezing factor is related to the BAE
reduction factor (p —+0 means a noise-free measurement
of X„corresponding to r ~ ~ for the Tb associated to a
monitoring of X&). An uncertainty relation for the two
classical conjugate observables due to the back action of
the amplifier noise can be written as

bX, AX, = k~ TN

2P7l C01C02
(55)

This relation can be considered as the classical counter-
part of the quantum uncertainty relationship

AX16X2 ——
2l?l CO1

(56)

replacing A with k~TN/cu2. The minimum burst temper-
ature for X, can be written as

m CO1AX1 $ CO1
T — T pb 2 4 N (57)

S,(co) = k

(co —co~) +(b,co~/2)
(58)

The contributions to the squeezed phase (X, ) and to the
unsqueezed phase (Xz ) are given respectively by

which shows the dynamical interpretation of the BAE
reduction factor in terms of the squeezing factor p=8/r.
The squeezing factor allows us to express in a straightfor-
ward way the BAE reduction factor in terms of mechani-
cal and electrical frequencies and bandwidths. In the
squeezed phase the electrical noise contribution to the
back-action force will be due only to the two extreme
noise sources at co2+2nco1. The pumps at the frequencies
between co~+(2n —1)co, allow the cancellation of the oth-
er noise sources in the squeezed phase. The noise sources
at coz+2kco, (k =0, 1, . . . , n —1) will affect only the quad-
rature phase. Of course the latter phase will be also
affected by the extreme noise sources. The simplifying
hypothesis of the calculation is that the mechanical band-
width is negligible compared to the electrical bandwidth,
i.e., Am1(, Am2, and that the mechanical oscillator is sen-
sitive to the down-converted electrical noise only in a res-
onance region around m, . The spectral density for the
voltage noise can be written as a Lorentzian distribution

egg 2n co
&

+ ( Lcd I /2 ) co~ +2 n co
i
+ ( Act)

&
/2 )

(59)
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and

cog 2 fl co I + ( 6cg
&
/2 ) co~

—2kcoi+(b, col /2)

~a+ (~~, /2) n —1 co~+2k~)+(Ecol/2) ~/+2~~]+(~
(60)

where g is a constant which links the electrical noise to the down-converted mechanical noise. The squeezing factor is
simply obtained as the ratio between (59) and (60) according to (54). The integrals are easily calculated, the generic one
having the form

b 2 (2/hcoz )( b —a )
dc' arctan

a (co —coz) +(Acoz/2) &mz 1+(2/b, coz) (a coz)(b——coz)
(61)

In this way the squeezing factor p„is obtained as

arctan((2bco&/biz)/[1+(4col /bcoz) n ]]
pn

arctan(2bco&/hcoz)+2 g arctan[(2hco&/kcoz)/[I+(4'&/hcoz) k ]]+arctan[(2hco&/Acoz)/[1+(4'&/kcoz) n ]]
k =1

(62)

If co&/Acoz )) 1 formula (62) simplifies to

1~2 1
Pn= Sn~, g,

(63)

1
pn= (64)

This configuration corresponds to a low electric quality
factor Qz and the squeezing factor is diA'erent from 1 and
is independent of Qz. This is a new feature of the mul-
tipump scheme: the burst noise temperature correspond-
ing to (63) is of the order

1 ~1 ~2 1
Tb —2Ta 2 T~'

ngz
'

coz co, nQz
(65)

while in (64) there is no dependence on the electrical
quality factor and we obtain, for the burst noise tempera-
ture, the value

1T 2 Tb
CO2 n

(66)

which does not give any limit when the ratio cu1/co2 is ar-
bitrarily small. However, another limitation of the pro-
posed scheme is that the electrical quantity factor cannot
be arbitrarily low because of the direct effect of the
Johnson noise on the squeezing factor.

In a previous paper we have reported some tests car-
ried out to prove the phase-sensitive transduction for this
multipump scheme and we have described some of the

which implies a BAE reduction factor r„~ngz. Thus
the use of a 2n-mode pumping for a circuit but with a
narrow electrical bandwidth is equivalent to the use of a
standard BAE 2-mode pumping having an effective quali-
ty factor Qz=ngz. The opposite condition gives the
possibility of another transduction scheme. Indeed if
co&/b, coz &( I the formula (62) simplifies to

experimental problems. ' In particular one of the prob-
lems is that which we have defined as dispersive squeez-
ing. The squeezing effect of the BAE scheme is related to
the degree of accuracy with which the pumps are tuned
to the proper frequencies. For instance when two pumps
at co and co+ frequencies are present, mechanical signals
at co2

—co and co+ —
co2 will be produced in the down

conversion of the electrical noise. If co =co2 —co1=co' '

and cu+=cu2+~, =co'+' the two down-converted forces
are at the same resonance frequency co1 and will be exact-
ly cancelled in the squeezed phase. For an unperfect tun-
ing, i.e., when co =co' ' +6co and co+ =~'+'+6co+, the
two forces will differ in both amplitude and phase. The
maximum allowed mismatch of the two pumps is fixed by
the mechanical bandwidth Ace, , i.e.,

6CO —6cO +6'+ —CO+ + CO 2CO2 ((~601 (67)

We note that it is very hard to satisfy this cancellation for
high-Q values of the mechanical oscillator. If the match-
ing condition (67) is not satisfied the squeezing factor is
not constant over the electrical bandwidth and decreases
around the maximum value.

On the other hand, when the electrical quality factor is
low more useful signals having almost the same ampli-
tude may be obtained at co2+2n co, frequencies
(n =0, 1,2, . . . ). All these signals are uncorrelated as far
as the electrical noise is concerned, and correlated for the
mechanical noise. In this way more signals are produced
and an increase in the sensitivity can be obtained by sum-
ming them with adequate filtering procedures. The
Fourier spectra for a four-pump —three-signal scheme is
shown in Fig. 5. The electrical noise is converted to a
mechanical force only in the regions around
coz+2kco, (k =0, 1,2) within the mechanical bandwidth
b,co, (dark regions). The dashed curves at low and high
frequency indicate, respectively, the bandwidths of the
mechanical and the electrical oscillators. The superposi-
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FIG. 5. Fourier spectra for a four-pump —three-signal BAE scheme and corresponding motion of the back-action evasion force
vectors in the complex plane.

tion of the back-action forces for each pair of pumps
(P& Pz, P~ —P3,P3 P—&) is show—n. The two rotating
back-action force vectors due to each parametric down
conversion give a squeezed back-action force, and in gen-
eral the squeezing axes are different for each pair of
pumps. Of course, when the pumps are properly phase
locked all the back-action force contributions are
squeezed in the same phase, with the quadrature phase
remaining unaffected by the electrical noise. The four
synthesizers send signals to the transducer and the signals
at cuz

—2~&, co& and coz+2co& are processed and summed in
order to obtain higher sensitivity. In Fig. 6 a four-
pump —three-signal detection scheme is shown.

This approach seems impractical if we want to give a
close simulation of stroboscopic measurement. Indeed
the complications of a six, eight, . . . ,n-mode pumping is
not only related to the scaling in the number of pumps
and the requirements of a coherent correlation between
them, but also to the increase of the total phase noise and
the difticulties of a precise setting of all the frequencies
around the electrical and the mechanical frequencies. In
order to overcome the practical problems related to the
use of sinusoidal pump sources it is crucial to investigate
the possibility of real stroboscopic measurements on the
current generations of resonant gravitational wave anten-
nas. A square-signal modulation of a dc voltage or
current may be performed, depending on the use of a
charge or a magnetic (lux transducer (in the next con-
siderations we will refer to a charge transducer, which
seems easier to adapt to the new scheme). This can be
achieved by means of a high-speed —low-duty cycle
switching network which gives the electric field to the
transducer for a short time r(r «2~/co& ). In this way no
pump noise is introduced, because of the use of three con-
stant voltage levels, 0 and + Vo. Of course the apparatus
will only be sensitive during the small interval ~, and the
lock-in reference has to be driven by the clock of the stro-
boscopic source. There are some problems in view of the
real implementation of such a scheme. For instance a
switching network that does not introduce relevant noise
has to be properly designed. Furthermore, and this

seems harder to overcome, the high-speed measurement
means a low electromechanical coupling due to the limit
of the maximum value of the electric field that it is possi-
ble to apply to a capacitive transducer. The elfective p
for a stroboscopic system can be written as

E2

mcoII coq
(69)

The problem of the small value for P' coupling may be
overcome by using a multimode mechanical resona-

Wp + Wi

Re Fer ence Wp +3 W)

w~ + 2wi = lock in

lock —in OU t

W~ — 2 W) lock —in

FIG. 6. Detection scheme for a transducer having four
pumps and three squeezed signals. The output signal is filtered
by a comb amplifier and is reconstructed by means of three
lock-in amplifiers.

p'= p—
T ''

where ~ is the duration of the electric field, T is the
period of the harmonic oscillator, and po is the elec-
tromechanical coupling factor defined for a dc operating
transducer
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FIG. 7. Detection scheme for a multimode transducer and a quasistroboscopic pumping of the complex amplitude L&.

tor. ' Multimode transducers have already been pro-
posed in order to increase the electromechanical cou-
pling. The calculation of the bandwidth of a resonant
gravitational wave antenna and detailed noise analysis

'has been done in order to optimize the number of
modes. ' ' QND strategies may be implemented on mul-
timode transducers, although only a two-mode QND
configuration has been analyzed in detail until now.
The use of a multimode transducer allows one to recover
the decrease in the sensitivity due to the short time dur-
ing which the coupling is eff'ective. The increase of the Po
obtained by lowering the final resonating mass determines
an upper limit to the speed at which energy is transported
among the modes. Thus the multimode configuration
gives limitations on the maximum sampling rate due to
the beat period.

V. CONCLUSIONS

We have shown a perturbative approach for the solu-
tion of the equation of the motion of two parametrically
coupled oscillators. Such an approach suggests the con-
cept of optimal pumping spectrum and therefore a gen-
eralized parametric transducer for which amplitudes and
frequencies of the pumps are chosen on the basis of ex-
tremal problem solving. In this context we have shown
that the well-known stroboscopic measurement can be
considered as a limit of a multipumping process.
Furthermore we propose to use stroboscopic multipump-
ing, in particular four-pumping, as a way to reduce the
back action without severe constraint on the electrical
quality factor. The increase in the sensitivity due to the
use of a four-pump —three-signal transducer has been es-

timated by using the standard procedure for the calcula-
tion of the signal-to-noise ratio in parametric devices.
The possibility of performing stroboscopic measurements
of the complex amplitude of a harmonic oscillator has
been discussed, as well as advantages and drawbacks of
such a scheme. The schemes proposed in this paper may
be not useful for the current generation of Weber-type
antennae. The actual resonant antennae are indeed weak-
ly coupled to a quantum-limited amplifier [dc supercon-
ducting quantum interference device (SQUID)]. For this
reason the back-action term is irrelevant as compared to
the Brownian noise. For the next generation of GW an-
tennae working at 50—100 mK the Brownian term will be
drastically reduced due to the lower operating tempera-
ture and to the consequent increase of the mechanical Q.
We think that the more practical way to implement
QND-BAE strategies on the third generation of gravita-
tional wave antennas will be the use of a quasistroboscop-
ic measurements on a multimode transducer (Fig. 7).
This raises a number of hardware problems, as well as of
software problems linked to the most efficient way to ana-
lyze the data in a quantum regime in such a
configuration. Furthermore, data-analysis algorithms in
a quantum regime of sensitivity are not available at
present. It has been suggested that the distribution of the
energy associated with the quantum nondemolished com-
plex phase of a harmonic oscillator be monitored to
prevent the quantum noise from appearing in the energy
distribution of that observable. This opens the possibili-
ty of a further test of quantum mechanics and quantum
theory of measurement in a novel way by monitoring
macroscopic degrees of freedom in a regime of quantum
sensitivity.
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