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Scattering of x rays by the bound and free electrons in dense plasma
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We present a method for calculating the total x-ray-scattering cross section as a function of angle
for kilo-electron-volt x rays scattered by partially ionized hot dense plasma. The calculational pro-
cedure is based on determining the separate contributions of bound and free electrons to the scatter-
ing cross sections. Basic distributions needed for the calculation are obtained by solving the
Thomas-Fermi model in the correlation sphere, where both electrons and ions are accounted for.
The results indicate significant changes in the intensity and angular distribution of the scattering
cross sections between difterent plasma conditions and between plasma and cold material.

INTRODUCTION

The subject of this paper is the calculation of the
scattering of kilo-electron-volt x rays from hot dense
plasma. This topic is of recent interest due to the devel-
opment and study of x-ray lasers and of their interaction
with matter as well as to the possibility of using x rays in
order to diagnose dense hot plasma. ' In the latter respect
we note that recent experiments using coalescing shock
waves generated with intense laser beams have produced
plasmas which could give very distinct angular distribu-
tions of scattered x rays (see the following). The scat-
tered x-ray spectrum is not treated here, but rather the
intensity of the scattered radiation as a function of angle.
Theoretical work which deals with the spectrum for com-
pletely ionized dense plasmas has been carried out by
Theimer and more recently by Boercker et al. A pre-
liminary account of the work to be described in this pa-
per has recently been published by us.

The total x-ray-scattering cross-section calculation is
based here on determining the separate contributions of
the free and bound electrons and the interference between
both these contributions as derived by Chihara for the
case of liquid metals. The similarity between plasmas
and liquid metals was first pointed out by Deutsch and
more recently by Chihara. In this context it is noted
that the x-ray-scattering cross section in liquid metals is
strongly influenced by the ion structure factor and this
eA'ect manifests itself clearly in the plasma calculations
performed here.

In the second section the basic formulas describing the
x-ray scattering are derived. The third section deals with
the methods employed for solving the plasma physics
problem, whereby the basic physical distributions needed
for the cross-section calculation are derived. Following
this we discuss the calculation of the incoherent scatter-
ing cross section of the bound electrons of the partially
ionized plasma treated here, as well as the scattering
from the free electrons. Results are given in the fifth sec-
tion for Fe plasma at 150 eV at the natural density, and
for carbon plasma at 13 eV and a density of 5.4 g/cm as
well as for carbon at 2 eV and 0.1 g/cm and for fully

ionized high-temperature carbon. The first two carbon
plasmas are of special interest as they could be produced
in current laboratory experiments.

BASIC FORMULAS

where the brackets denote a ground-state average and Q
is the momentum change induced by the scattering pro-
cess, rk is the position coordinate of the kth particle, and
I, (Q)) is the classical Thompson scattering cross section.
We use the definition

p, (g)= g exp(igrk) . (2)

Assuming a total of K electrons and N ions, denoting
by Zf the number of free electrons per ion and by Zb the
number of bound electrons per ion, we write

K =Zf N +Z~N .

According to the well-accepted procedure of dense
plasma physics and using Chihara's derivation for liquid
metals we separate between the contributions of the free
and bound electrons. Thus, pb(g) is the sum in Eq. (2)
for bound electrons while pf(g) is this sum for the free
electrons. We therefore obtain

p, (Q) =pb(Q)+pf(g),

& Ip, (g)l'& =
& Ipb(g)l'&+ & Ipf(g) '&

+2&
I pb(g) pf(g) I & .

The derivation of the coherent and incoherent scatter-
ing cross sections presented below is due to Chihara, who
derived them for liquid metals. Basic to the method is
the separation between bound and free electrons. The
same cross sections were also recently derived by Oliva
and More' for plasma. The basic relation for the scatter-
ing of radiation by the electrons is given by

K
I(Q)=I., (Q)( X exp(igr )x)

k=1
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The first and second terms give bound- and free-
electron scattering, respectively, while the last term is an
interference term. Denoting the position of ion o. by R
and the electron bound to this ion by r, the next step is
to replace ri, for the bound electrons in Eq. (3) with
R +r' . We quote the results of this procedure as car-
ried out by Chihara and write for the bound-electron
term

& Ip&(g) I'& =&If,(g) I's„(g)+xz,s,'„,

where f, (Q) is the bound-electron form factor and with
n&(r) the bound-electron charge density it is defined by

f,(Q)=4~f ni, (r) r dr .

Sii(Q) is the ion-ion static structure factor given by

S,i(Q)= g (exp[ig(R —Rp)])
a, P

THOMAS-FERMI CALCULATION
IN THE CORRELATION SPHERE

The three basic quantities needed for the calculation of
the x-ray-scattering cross section, n&(r), Sii(Q), and
S„(Q),were obtained by solving the Thomas-Fermi equa-
tion in the so-called correlation sphere. The volume of
this sphere contains a large number of ions sufficient to
ensure that the ion-ion pair distribution is unity at
sufficiently large distances from the central ion situated at
the origin.

The two equations of the Thomas-Fermi method in the
correlation sphere are the Poisson equation and the equa-
tion describing p(r), the total charge density which in-
cludes electrons with Fermi-Dirac statistics and ions of
charge Z which possess a given ion-ion radial distribu-
tion function gii(r), which together with Z* must be
determined self-consistently. The radius of the correla-
tion sphere is denoted by r0. We write

=1+@& h&& r r dr V' V(r) = 4rrp(r), —

where hii(r) =gii(r) —1, with gii(r) the two-particle radi-
al distribution function. n, is the asymptotic (average)
ion density. S;„,is the incoherent scattering factor of the
bound electrons and it is given by

Sl„,= & & q'OI exp[ig (r; —
r~ ) ] I P, &

—If ( g) I'r

Zb

x f "p dp exp
0

—p+p /2m eV(r)—
kT

+Z*en, g, i(r) . (12)

The details of the derivation of this term will be given
below.

The free-electron term appearing in Eq. (3) is Z times
the static electron-electron structure factor of the free
electrons S„(Q);this term will also be discussed below.

The interference term is

2(pi, (Q)p/(Q) ) =2fi(Q)S, i(Q) (8)

where S„(Q) is the free-electron —ion static structure fac-
tor, and is given by

S„(Q)=1+(n,n, )'~ f h„(r) 4rrr dr

where h, i=g„(r)—1, and g„(r) is the free-electron —ion
radial distribution function.

In summary, the total scattering cross section as a
function of the momentum change Q is given by

I(Q) =I„(Q)[If,(Q)IS„(Q)+2f,(Q)S„(Q)

+Zi, s,'„,+Z/S„(Q)] . (10)

The basic quantities required for calculating the cross
section given in Eq. (10) are the bound-electron charge
density nb(r), the static ion-ion structure factor S»(Q),
and the free-electron —ion structure factor S,i(Q). The
bound-electron charge density is needed for the calcula-
tion of the form factor f, (Q) and the bound incoherent
structure factor S;„,. The derivation of these is discussed
in the following section. As noted the derivation of
S„(Q) is also discussed below.

Changing the variables one obtains the following equa-
tion, which diff'ers from the conventional Thomas-Fermi
equation in the term bgii(r), which also includes the
eff'ective ionic charge Z

N" (x)=ax [Ii&~[%(x)/x] —bgii(r) J,
where

(13)

d&(x)=[p+eV(r)]rlkTro, x =rlro, a =(ro/c)

1/c =4~e (2m) (kT)' /h

b =Z*n, eh /8vr&2(mkT) ~

with boundary conditions

+'(1)=@(1),
&b(0) =Ze /k Tr o .

The numerical methods employed in solving Eq. (13)
are given in detail in Ref. 10. Solving N and thus the po-
tential gives the number of bound electrons and thus Z*;
see Ref. 10. The new value of Z* is inserted in Eq. (13)
together with the modified radial distribution function
and the equation is solved once more; this process contin-
ues until convergence.

The problem at hand is the method of calculating Z*
and the ion-ion radial distribution function for the plas-
mas treated here. The case of an Fe plasma at 150 eV
and at the natural density has been treated in a prelimi-
nary version of this work. This plasma is amenable to a
solution using the hypernetted-chain (HNC) —Thomas-
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Fermi (TF) method, discussed in detail in Ref. 10. This
procedure is based on the self-consistent coupling be-
tween the Thomas-Fermi and HNC methods. Unfor-
tunately the HNC —Thomas-Fermi procedure does not
converge for the lower-temperature carbon plasma stud-
ied in the present paper.

In the case of the lower-temperature plasma the radial
distribution function is assumed to be given by the one-
component-plasma (OCP) model and is held fixed
throughout the ealeulation. The plasma coupling param-
eter is given by

I =(Z*e) /kTr(

where

electron charge distribution (see Ref. 5). Inserting this in
Eq. (14) gives the bound-electron incoherent scattering
factor. We note that Oliva and More' used the Hartree
model, which requires the knowledge of the electron
wave functions, in order to calculate the incoherent
scattering factor.

FREE-ELECTRON SCATTERING

The free-electron scattering term appearing in Eq. (3) is

Zf times the free-electron —electron structure factor
S„(Q). The weak-coupling result for the one-component
electron system is given in the Debye limit by the well-
known relation

I
1/3

S,(Q) =Q'/(Q'+ k,') (15)

I is determined from the initial guess of Z*. The ionic
charge Z* is then determined self-consistently from the
solution of Eq. (13). The change in the final value of Z*
relative to the initial guess of Z* in our calculation has
little effect on ion radial distribution function. The OCP
assumption, which is tested below for the 150-eV Fe case,
could be improved upon in the future but for the purpose
of our calculation this assumption is su%ciently accurate.

where k, is the electron Debye length.
For a two-component system of electrons and ions

Boercker and More' show that, assuming weak cou-
pling,

S„(Q)=S,(Q)+ Zf S„(Q)[k,S,(Q)/Q j . (16)

The same result was obtained by Salpeter. ' Assuming
the electrons and ions are described by the Debye-Hiickel
theory S„(Q) reduces to

S„(Q)=(Q +k; )/(Q +k, +k, ) (17)
INCOHERENT SCATTERING FACTOR

FOR BOUND ELECTRONS

h 3
P~(r) =—

2 77
p'"(r),

while the incoherent scattering factor for any local elec-
tron gas approximation is

2

S;„,(Q)=1— — j dV P~(r)
1 8~ "~ Qh

zb 3y '
O

F 4

X P,()+Q" (14)

Pz(r& ) =Qh/4m .

Tabulations of cross sections of incoherent scattering
of atoms at standard conditions were performed using
Eq. (14) within the framework of the Thomas-Fermi ap-
proximation. ' The solution of Eq. (13) gives the bound-

The incoherent scattering factor of the bound electrons
S;„, is given in Eq. (7). Mendelsohn and Biggs, "who ex-
tended the Heisenberg derivation, discussed in detail the
computation of the incoherent scattering factor. The
dense plasma calculations of the present paper require
the incoherent scattering factors from the bound elec-
trons of partially ionized atoms.

The Heisenberg evaluation of S;„, is based on antisym-
metrized single-particle wave functions. The orbitals are
plane waves with momentum values at radius r, ranging
from 0 to PI;(r) given by

1/3

where k, is the ion Debye length.
In the results given below S„(Q) plays a prominent

role only in the case of the high-temperature completely
ionized weakly coupled C plasma (temperature 200 eV,
density 0.1 g/cm ) treated here. S„(Q) written in the
form of Eq. (17) is valid in this case. In the other cases
dealt with in the present study, free-electron scattering
plays only a minor role in the total cross-section result.
This is due to the significant number of bound electrons
which dominate the scattering cross sections. The free-
electron scattering in these cases was therefore assumed
to be given by the Debye-Hiickel limit, Eq. (17). A more
accurate form of the free-electron scattering using Eq.
(16) or even higher-order terms' would have only a
minor effect on the calculated cross sections.

RESULTS

The x-ray-scattering cross section was calculated using
Eq. (10) for iron and carbon plasmas. In the case of iron
the plasma was at a very high temperature of 150 eV with
the plasma density at 7.59 g/cm . For carbon lower-
temperature plasmas, which could be currently produced
in the laboratory, as well as a high-temperature fully ion-
ized plasma, were studied. In one case the plasma tem-
perature was 13 eV and the density 5.4 g/cm while in
the second case treated these values were 2 eV and 0.1

g/cm, respectively, while in the fully ionized plasma the
temperature was 200 eV and the density 0.1 g/cm .

The results for Fe at 150 eV were given in detail in Ref.
5; the solution of Eq. (7) was carried out by the HNC-TF
method. ' The results presented here differ only with
respect to the electron-electron structure factor S„which
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was calculated incorrectly in Ref. 5.
In Fig. 1 is plotted the total x-ray-scattering cross sec-

tion as a function of angle for the iron plasma discussed
above, compared to the scattering cross section for cold
iron at the natural density assuming no correlation be-
tween the atoms. The incident x-ray energy is 10 keV for
all the results of Fig. 1. The scattering cross section for a
gas of X uncorrelated atoms is given by

l.25

I.OO

0.75

0.50

(18) 0,25

The form factor and incoherent scattering factor were
obtained on the basis of the Thomas-Fermi model of a
cold atom, i.e., the same calculation as in the construc-
tion of cross-section tables. '

The results of Fig. 1 indicate that the x-ray-scattering
cross section undergoes large changes in both angular
distribution and in absolute value with the increase in
plasma temperature. The major contribution to the
scattering cross section for the cold target at angles less
than 60' is due to coherent scattering. At 150 eV this
effect decreases since the product of the coherent scatter-
ing cross section for the 12.4 bound electrons times the
ion-ion structure factor for the momentum change associ-
ated with the scattering angle becomes significantly
smaller (see Ref. 5). At angles greater than 90 the
scattering is still dominated by coherent scattering, how-
ever, the difference in this process between the 150-eV
plasma and the cold material decreases. The ion-ion
structure factor for these angles is essentially unity for
the 150-eV plasma. In the region between 0 and 10 the
major contribution to the scattering is due to the free-
electron term, Eqs. (16) and (17).

Two relatively low-temperature carbon plasmas were
studied here, the first at a density of 0.1 g/cm and tem-
perature of 2 eV while the density and temperature of the
second plasma were 5.4 g/cm and 13 eV, respectively.
The number of bound electrons in the first plasma is 5.0
and the plasma parameter is I =2. In the second plasma
these values are 3.0 and 10, respectively, and the free-

0.00
0 50 I 00 l50

Angle (deg)

FIG. 2. Ion-ion structure factors as a function of scattering
angle for carbon plasma at incident x-ray energy of 5 keV. Solid
curve for plasma at 2 eV and density of 0.1 g/cm', dashed curve
13-eV plasma at density of 5.4 g/cm'.

electron coupling parameter in both cases is approxi-
mately 2. As mentioned above the radial distribution
functions for both ions and electrons in both these plas-
mas were assumed to be given by the OCP model. The
ion structure factors which have a decisive effect on the
scattering are plotted as a function of scattering angle for
both these carbon plasmas in Fig. 2. The assumption of
using the OCP model for the ion radial distribution will
be discussed below.

In Fig. 3 are plotted the bound-electron form factors
IEq. (5)] times the Thompson scattering cross section for
both plasmas as well as for cold carbon, which in the
latter case gives the coherent scattering cross section. In
the case of the plasma studied here the degree of ioniza-
tion increases with temperature. The radial distribution
of the bound electrons thus contracts as the temperature
increases. Since the form factor is essentially the Fourier
transform of the bound-electron radial distribution func-
tion, it broadens as the temperature increases. The value
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FIG. 1. Total scattering cross section as a function of angle
for 10-keV x rays incident on Fe targets. Top curve, cold Fe at
the natural density (dashed curve); bottom curve, Fe at 150 eV
and at the natural density (solid curve).
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FIG. 3. Bound-electron form factor times classical scattering
cross section as a function of scattering angle for 5-keV x rays
incident on carbon. Top curve, cold carbon; middle curve, car-
bon at 2 eV and density 0.1 g/cm', bottom curve, carbon at 13
eV and 5.4 g/cm .
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electron-volt range. The method follows that used for
liquid metals where the free and bound electrons in the
plasma case correspond to the valence and core electrons
of the liquid metal.

Basic to the calculation of the scattering cross section
are the bound-electron radial distribution, the ion-ion
structure factor, the ion —free-electron structure factor,
and the free-electron structure factor. The first three
were determined from the solution of the Thomas-Fermi
model in the correlation sphere where both ions and elec-
trons were accounted for. In one case the ion-ion struc-
ture factor was calculated self-consistently while in two
other cases the OCP model was assumed. The free-
electron structure factor was calculated in the weak-
coupling limit assuming Debye-Huckel theory. This as-
sumption is valid for the high-temperature carbon plasma
where the free-electron scattering dominates the cross
section. The accuracy of this assumption in the other
cases is not as good, however, here free-electron scatter-
ing is of minor inhuence.

The results of the calculations indicate that significant
changes in the x-ray-scattering cross section in both in-

tensity and shape are obtained in the plasma state com-
pared to cold matter at standard conditions. Such
changes are also observed between different plasma con-
ditions characterized by temperature and density. Iron
plasmas at 150 eV and at the natural density were studied
and compared to cold iron; these results are depicted in
Fig. 1. Carbon plasmas at significantly lower tempera-
tures were studied; here we cite in particular the 13 eV,
5.4 g/cm plasma which gives a drastically difFerent an-
gular distribution compared to the cold carbon target; see
Fig. 4. As pointed out above, such plasma could current-
ly be produced in the laboratory and could be diagnosed
by scattering a short duration x-ray burst of several keV
from the above-mentioned plasma.

Improved modeling of the ion-ion structure factor as
well as for the free-electron structure factor are planned
to be pursued in future work. In this manner the sensi-
tivity of this method as a diagnostic tool could be investi-
gated. Finally, comparison to experiment could elucidate
the validity of the calculational procedure and in particu-
lar the validity of the physical models used in the calcula-
tion.
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