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Positronium wave functions that are approximate solutions to the Breit-Coulomb equation are
constructed for the 1'S,, the (L +1)3L,, and the non-S n 'L, states. The energies of these wave
functions are accurate up through O (a*), giving the correct Coulomb part of the positronium ener-
gy levels to this order. Using only first-order perturbation theory, the energy eigenvalues of the
Breit-Coulomb equation are calculated to O (a®) for these quantum states.

I. INTRODUCTION

In many of the calculations that have been done on the
energy levels and decay rates of positronium, the starting
point has been the Bethe-Salpeter equation, or some vari-
ant of it; an approximate solution is found and used as
the lowest-order wave function in a perturbation expan-
sion. Examples of approximate solutions are those found
by Barbieri and Remiddi' and by Lepage.? In positroni-
um, the degeneracy of the Schrddinger energy levels is
lifted by relativistic corrections to the Coulomb potential,
by transverse photon exchange, and by annihilation into
one or more photons. Each of these effects contributes a
term of O(a*) to the hyperfine splitting. Even if we con-
sider only the part of the energy that comes from the
Coulomb potential, the Barbieri-Remiddi and the Lepage
solutions give the correct energy only to O(a?). We can
ask, is it possible to do better than this, and construct ap-
proximate wave functions that give the correct O(a*) en-
ergy term (even if only for the Coulomb part of the ener-
gy)? Such wave functions would presumably be more ac-
curate than solutions which do not.

The Breit equation, with various expressions for the
potential function, has a long history,’~® starting with
Breit’s original paper in 1929. It is perhaps the simplest
two-body relativistic wave equation. In a previous pa-
per'® (paper I), the equal-mass Breit equation, with a
Coulomb potential, was reduced to sets of four coupled
first-order differential equations for the radial wave func-
tions of the 3L, and the 3P, states, and to a single set of
six coupled equations for the 3L; ,, states. The sets of
four coupled equations were then further reduced to an
equivalent Schrodinger equation. (See also the earlier pa-

J

per by Partovi and Jabbarian-Lotfabadi.”) In this paper
we will show that the coupled radial equations for the
3L, ., states can also be reduced to the same Schrédinger
equation, once an approximation is made. Then, an addi-
tional approximation is made in the equivalent equation
which allows us to solve for the ground-state Schrodinger
wave functions. From these functions we construct ap-
proximate radial functions and energy levels for the
Breit-Coulomb equation. These energy levels agree with
the Coulomb part of the O(a*) contribution to the
hyperfine splitting, calculated from perturbation theory.

The outline of the paper is as follows: In Sec. II the
coupled radial equations for the Breit-Coulomb equation
(after an approximation is made for the L =J=*1 func-
tions) are reduced to an equivalent equation for the func-
tion u (7). In Sec. III solutions are found to an approxi-
mation of this equivalent equation, and in Sec. IV energy
eigenvalues of the Breit-Coulomb equation are calculated
to O(a®) using first-order perturbation theory.

II. BREIT-COULOMB RADIAL EQUATIONS

The equal-mass Breit-Coulomb equation is (in units
where fi=c=1)

—ia-V\lf(r)—iV\If(r)-a+m[/3\1/(r)—\1/<r)/3]—%W(r)

=EW¥(r), (1)

where r=r_ —r_ is the relative separation of the two
particles. Due to the invariance of this equation under
the parity and charge-conjugation operations, the solu-
tions have either the angular momentum structure,

Q. (r) 0 _(r) P(r)
J+11JM J—11UM , Qjsim
V=N 0.(r 0 (2a)
R(r) +\r -\r
Qsom (—1 )S Qv 1um J—11JM
(with S =0,1), or
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Qo(r) Q.(r) P_(r) P_(r)
—, Yo T T Qm Y Qriumt ., ~Qy_1um
Y=N\R . (n R_(r) Qo(r) 0,(r) ’ (2)
. J+imt . Qy 1M JoM T T, J1IM
|
where the P, Q, and R functions depend only on , and  dP + J p— drR J
the- Qom(T) are 2 X2 matrices defined in tl.xe Appendix dp p dp p
which are functions of the angular and spin variables. . 172 )
The inner product of these wave functions is defined as _ i |2/l a =
o | 731 1+ Q_=0, (6b)
(@)= [Tr [¥nem Jdr, 3)
172
with normalization'! J Qv | J+1 (0]
v 2J +1 dp p =7
(V|¥)=2E . (4) 12
. . J+1 - g
The wave functions in Eq. (2a) will be labeled by the + T +1 d ——Q_
quantum numbefs L=J, S, and M; i.e., by the quantum P P
numbers of its “large-large” component. The functions i m o«
in Eq. (2b) will be labeled by either L=J+1, S=1, J, T % _"E‘*‘ P=0, (6c)
and M, if |P|>>|P_|,orby L=J—1,8=1,J, and M, @
if [P, | << |P_]|. _ 2
We define the dimensionless radial variable p as =—PE 2m)+a2E (6d)
p=akEr. Equation (1) is equivalent, for S =0, to the set p(E+2m)+a’E

of coupled equations below for the radial functions: . .
P 9 (To keep the notation from becoming too cumbersome,

dP  J+1 dR J+1 we will use the same symbols P, R, Q, , and Q_ for both
R the S =0 and the S =1 wave functions. It should be

d d
P P P P 12 clear from the context which state we are referring to.)
i |2J+1 1+ _ai -0 (52) As shown in paper I, these two sets of equations are each
a |l J+1 P Q- ’ a equivalent to the single equation
2 L(L+1)—1a? lat
£+J_P+£d_& d’;+ _1___K2_ . 4= > 4 3
dp p dp dp 2p P pp+ta”)
172
. 2
+Ip-L|HEL 112 g —0, (5b) _aXLS) | o o
P a J P 2 2 ’
pp+a)
172
J+1 dQ +J+1Q (L-S)=1[JU+1—LIL+1)=S(S+1)],
+
27+l dp P upon the substitution
172
2J +1 dp P (1+4a2x2)172
. and
R Lo el | ST i A
P
P(p)= 1+—21L€n~+a7 ——f—z u(p), (9a)
_ 2 pTa
_pE 2m)+a2EP , (5d)
pLE+2m)+a’E where we have used a different normalization for u than
while for S =1, we get in paper I. Then,
172 172
Q,.=2a|d J+1 - I
ar _J+1l, dR  J+1, + 50127 +1 St12g+1
dp p dp P
2+ ], @ d1 La?
L2 1+% |Q,. =0, (6a) X = U j—1—-2 ,  (9b)
a J P Vp(p+a?) dp p+a?
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J 172 J+1 172
Q-="2adso |57y | Thsi| 5y I
12
u pdlnu+J_ 2 ~ 1, 9¢)
Vplp+a®) | dp pta
m a2 172
R=(—1[1-=+2 | |—— | 4. (9d)
E »p pt+a

For the wave function in expression (2b), we define the
functions Q and Q, as

J—+—1 172 172
o= |1 | Qo 2J+1‘ Qs

J 172 J+1 1/2 (10)
=551 | @t | @

Then the radial functions in (2b) satisfy the set of coupled
equations below:

dP dR
e v JHlp
dp p 2J+1 | dp p
WIJ+1)|dR- g i | ~
- —“R_|+—|1+=|0,=0,
27 +1 dp p a p Q0=0
(11a)
dP_ 1 dR_ g
dp p 2J+1 | dp p
VI +1) dR++J+1R
2J +1 dp p
L 1+"‘—2 0,=0 (11b)
a p ! ’
1 |49 J+1 4
2J+1 | dp p =°
VI +1) dQ1_J+1Q
2J +1 dp p !
i 2m | a?
+— [1+=>-+=— |[R,.=0, (11
2a + E o + ( C)
1 49 [ J~ | 2VTUFD [9Q0 | J A
— =0 |~ +=0Qp
2J+1 | dp p 2J +1 dp p
i 2m | «a
- ==+ R_=0,
+oo |1+ 0, (11d)
on J+1 < i 2m |«

-2 — |1—=+ P, =0 11
dp o Q0+2 1 7 p 4+ =0, (11e)
dQl J ~ i 2m |, «

—+=0,— = =M P_=0 11
dp T p%7T2 E p 1o

To proceed further, it is necessary to make an approxi-
mation. By considering the nonrelativistic (NR) case, we

expect that there will be two independent solutions to
these equations, corresponding to the NR L =J —1 and
L=J+1 states. The first solution will have
|P_|>>|P, |, while for the second, |P,|>>|P_|. For
our approximate solution to the L =J —1 state, we will
therefore set P, to zero. Then from Eq. (11e), Q,, is also
zero. We are left with four functions and five equations.
Since these are not all compatible (otherwise, P, =0
would be an exact solution) we have to drop one, and we
choose to delete Eq. (11c). So our approximate solution
for the L =J —1 state satisfies Eqgs. (11b) and (11f), to-
gether with

1  p(E—2m )+a2EP

R_=— _, (12a)
2J +1 p(E+2m)+a’E

d J+1 — 2J +1 d R_

—— R )=2VJ(J+1 — |— . 1

dp (p +) J( )p dp | (12b)

This approximation amounts to neglecting the mixing of
the different-L, same-J states in the large-large com-
ponent of W.

Similarly, for the L =J +1 state, we set P_ to zero,
which by Eq. (11f) requires that @, also be zero. We
drop the requirement that our functions satisfy Eq. (11d);
the remaining four functions then satisfy Eqgs. (11a) and
(11e) along with

1  plE—2m)+d’E

R,= P., (13a)
Y20 +1 p(E+2m)+ad?E T *
d |R— | 2VJU+1) d, 54,

E o = ey E(p R,). (13b)

[Note that Egs. (12b) and (13b) do not hold simultaneous-
ly, since in the first case P, =0 and in the second,
P_=0.] Now employing the substitution (9a) for P_
and P, respectively, it is easy to show that both of these
sets of equations are also equivalent to Eq. (7). [For the
3P, state, Egs. (11a)—(11f) are equivalent to (7) with no
approximations, since P_ and Q, are already zero in this
case.]

The justification for these approximations is that, after
one further approximation in Sec. III, they allow us to
solve for a set of approximate solutions which, when put
into the left-hand sides of Egs. (11c) and (11d), respective-
ly, results in a function which is “small” (of order «®) for
p>>a’.

III. WAVE FUNCTIONS

A. Approximate Schrodinger equation

In this section we make the replacements 3+—A and

(L-S) —pu in Eq. (7), and consider instead the operator

1 LL+1D—1ta?

Ey 2

Ao =p*= 2p P

a‘) au
T2 22 2 5 | 149
plpta)  pip+a’)
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where

. d
p 1 dp (15)
and A and p are assumed to be adjustable parameters.
We are interested in the values of A and u for which it is
possible to solve for the eigenfunctions of 4(A,u). In or-
der for these eigenfunctions to be good approximations to
the solutions of Eq. (7), we require that

u=(L-S) . (16)
To find the eigenvalues and eigenfunctions of 4, we use

a technique that is described in the elegant little book by
12

Green; “ we try to write A4 in the form
A=0%0,+a'V, (17)
where a‘! is a real number and 07 is the Hermitian con-

jugate of the operator 6,. (If this can be done in more
than one way, we pick 6, to give the largest value of a‘!).)
We then define the operator 4, as

A,=0,0%+aV (18)
and attempt to express A, as
A,=0%0,+a? , (19)

where 6, and a'? are some other operator and real num-
ber, respectively. This process, if continued, will generate
a series of operators 4, = A4, 4,, ..., and real numbers
a'V,a®, ..., which are the eigenvalues of 4. The cor-
responding eigenfunctions are

YyV=0%0% - - - 97_1(1,(1'71) , (20)

where ¢~V is defined by
G—1)—
0,40 1=0. @1

If A4 is given by expression (14), ; must have the form

6,=p—+i %"';%{12“}(0 , 22)

where a, b, and «k, are real numbers. The unnormalized
ground state is then

Y V=u,=p4p+a’)te . 23)

We can see from this that, if the wave function is to be
finite at p=0 and go to zero at p= 0, @ and k, must both
be positive and, in addition, a +b~=L +1. We define 8§
by

a+b=L+1-—8 (24)

(6 is analogous to the quantum defect in atomic physics).
Equating 676,+a'" to the right-hand side of Eq. (14), we
get (after some algebra)

ab+a’kgb=—A—1p, (25)

where a, b, and «, are

a=3+[(L+1P—t?+r+p]'?,
bz%i%\/1+47x R (26)
K0:; )
4(a +b)
and a'V=—xk3. The energy corresponding to this solu-

tion is then

_ 2m
[1+1a? /(L +1-8)2]2 "

E, 27)

The solutions to Egs. (25) and (26) for A and u are not
unique, although the requirement that u is equal to
(L-S) to lowest order determines A to lowest order as
well.

A(A,u) factorizes in the manner shown in Eq. (17)
then for values of A and u which satisfy Egs. (25) and
(26). This procedure, however, breaks down at the next
step, when we try to write 4, in the form (19). We again
get four equations, but, once A and p have been deter-
mined in step 1, we are left with only three adjustable pa-
rameters in 8, and the equations cannot be satisfied. For
this reason we will restrict our attention for the most part
to the nodeless, (n, =0) wave functions.

B. Radial functions

One solution to these equations is A=p=0. This cor-
responds to the Klein-Gordon equation for a spinless par-
ticle of mass 2m in the field of a nucleus with charge
Z =%. This can, of course, be solved for all values of the
radial quantum number. We have in this case

a=1+[(L+1)P—1a’]"% b=0, k= Ty’
(28)

and
u0=p“e7K°plF1(~n,,2a;2KQo) , (29)

where Fi(a,y;x) is a confluent hypergeometric func-
tion. Since pu=0, we have S =0; that is, Eq. (29)
represents the singlet states. This solution does not take
into account the §-function-like potential term

3 4
T(Z

pp+a?)? G0
in Eq. (7), and it is not a good approximation to the sing-
let L =0 states.

We now consider only the n, =0 states. When A and pu
are not zero, the solutions to Egs. (25) and (26) can be
found by first setting a? to zero and solving for a, b, Ao»
and pq (the values of a, b, A, and u at a>=0). We then
use the freedom we have in the correction terms to set
b=b, and A=1X,, and put all of the a? dependence into a
and p. Then from Egs. (26) we get

—1 (L=0)
DTS (g ey
2L



43 SOME APPROXIMATE POSITRONIUM SOLUTIONS TO THE BREIT-. .. 1237

and
2 .
,u=<L-S)+aT— 2L+1+—<LL—S—) 5+8%.  (32)
Equation (25) can be rewritten as
5=0, ,u=}a2 (for L =0)
(33)
2
83— (3L +2)82+ (L+1)(2L+1)+“T 8
a? (L-S) |_
4 L+1 i3 =0 (L>0).

Of the three solutions to this cubic equation, we take the
one that is of order a?. Although it is possible to solve
the equation for L > 0 exactly, for the purposes of this pa-
per we only require & to order a*, and u to order a?. To
this order, & is

_a® L(L+1)—(L-S)

= T LA +DCL+D)

a* L(L+1)—(L-S)

16 L(L +1)%2L +1)?

(L-S)
L(L+1)

L(L+1)—(L-S) _

6
LQ2L +1) +0(?).

X

(34)

We list below expressions for 8 and for the radial func-
tions for the various angular momentum states. The cor-
responding wave functions ¥, are all mutually orthogo-
nal, as shown in Appendix C.

For the non-S n 'L; wave functions,

d=L+1—[(L+1)—1a?]'"?. 35)

The radial functions are

om ol at12
Plp)=|1+—+— B — F(—n,,2a;2kep) ,
P Ey, p |Vp+a? o »
172
.| J+1 G ) 1 o
=2 - —kp—L—1—— F\(—n,,2a;2
Q4 (p)=2a 5711 \/p+a2e a—Kyp 2 prat |! (—n,,2a;2kp)
n,K
— OplFl(l—-n,,2a+1;2K0p) ,
(36)
2
Q_(p)=—2a J p "~ e a—K0p+L—i—az— 1Fi(—n,,2a;2x4p)
2J +1 Vp+a2 2 p+a2 r
n,K
- ’°p,F1(1—n,,2a+1;2K0p) ,
2 2 a+1/2  _
[
For the (L +1)3L; states, The radial wave functions are then
I 2L —1 5 , |1/@L-1/2 -
b-—i, A=— ER P(p)= 1+2E%"_+a_ 1_+_£‘; pLH1=8e
p
s (37 ° )
- a - 4 2
p=—1———="——+0(a"), =i J +8+L+1 a
4 L22L+1) Q+lp)=2ia 7771 Kop 2L ptad?
8=a_2 L2+L+l o 1/(2L)—1/2 s -
4 L(L+1)2L+1) ol L p= e T,
Lot L2+ L+1 12 (39)
16 LXL+1)*(2L+1)? i +1
Q_(p)=2a 27 +1
1 L*+L+1 6
X + +0 .
L+1 2L+1 (@ y L+1 o
K +0+ 2L —1
2L p—%—a2
In particular, u= —1 for the 2 *P| level, with , 1/2L—172
a L—5_, " KoP
X |1+— e ,
5=1—(1—1a%)"2 . (38) p P
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1/Q2L)—1/2 . 3 .
2 _ while the °L functions are
R(p)=— —2m  a” o pLH1=8, 7", L+1
Eo p P 2] L+2-8
= |4 2m o \pmT 7 R
For the 1!S,, and the (L +1) 3L, ,, states, P_(p)= |1+ E, + p | pta e J
b=—1, A=2, p=L+% L 1o
7 T M 4 2L +1 ’ J 172 L+1-8 —KgP
" I ot L(L*~L—1) o) Qolp)=2ia | ="~ (KO’)+8)L——_p+a2 e ¥,
4 (L+1QL+1) 16 (L+1)2L +1) ’ )
8=0 for L=0. (40)
The radial functions for 1'S, are T +1 12
, Qi(p)= == | Qolp),
P(p)= [14+20 1 & | D=t
Eo P p+a2
1 2m 2 L+2—38 —x
o 2 R_(p = 1—— a ‘D———Z—e i
a
P 1)
Q_(p)=0, The function R | is determined by the differential equa-
rm a 2 tion (12b) together with the boundary conditions
R(p)= [1—S—+— —Lze*”/4 R, (0)=R . ()=0. For R _ given above, R , is
Ey, p |pta
J
——— 2m _s —wkp 1F1(L,2ZL +4—8;k00)  2ma?
R (p)=2VJ(J+1) |R_(p)+ |1—=7 |pb 178 b'¢ , 43
+(p) ( ) (p) [ E, p e L+3-5 E, (p) (43)

where X (p) is defined as

L+1-6 o

K F (1,2 +4—8+k;kep)

P TR — P <a?
R T 2L +3—5+k (p<a®)
(p) (@?PL+2=8 2 g Lt o P k1F1(1,2L+3—8-k;K0p) ( 2) “4
= >a?).
¢ e P T 21T, 2L+2-5—k p=a
[
[As noted above, =0 for the S, state. In this case, we  Then the radial functions are
interpret the expression for X(p) for p > a? as the limit as , /e
5 goes to zero. The divergence of _the first term in this P, (p)= |1+ 2m + & 1+ & pLt17% 4
limit is canceled by a divergence in the sum over the E, P P
confluent hypergeometric functions in the second term. 2
See Agpendi?( B for a}ternate expressions for X(p).] For 00lp)=—2ia J+1
p>>a”, R, is approximately 2J +1
4(12\/J(J+1) —&5 T HKeP 2L +1 2
R (p):__— L e K0(1+KGD) X —2L —14+86+ a
* 2J +1 Kop 2L pt+a?
4 1/(2L)
4 Q@ 2 e
+O a’, p ] . (45) X 1+a7 kase oP ,
For the 3L; _, states, the solutions to Egs. (24) and (25) s (47)
are S A
_1 1 .1 1 Qi) ,+1] Qo(p)
b=—+4+—, A= -,
2 2L 4L% 4 ) 5 )
2 2y _ (p)= 1—<cm @
p=—L—1-EL=LZ1 | 504, (46) YRR [ Ey p
4 L?2L+1)
R P o2 1/(2L) ~
s L+1 @t L2H4L+2 | o6 x 1422 pLH1=8, T
4 L(2L+1) ' 16 L22L +1)} P
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R _ is zero for L =1 (J =0). For L > 1, with R, given as above, the solution to Eq. (13b) which is zero at p=0 and oo
is

R_(p)y=—2VJ(J+1) |R  (p)+ j—2m Y(p)+ 2ma Zp) |, (48)
where Y(p) and Z(p) are
Y(o)= EL+1_86_K00 1+—ai tren. a? k 2L +1 Filk+1,3—8;k0p)
P 2-5 p 2ol pta 2L (—1+8,k)
L1 2L +1
—%2—;8—1“(2—5)1F1 — =5 TS |
0
L5, %o o |7 - 2 |f 1 F(k+1,2—8;600) “9)
Z(p)=L—" |1+ | =50
1—8 P k=0 p+a 2L (S,k)
2 =) F, | =L 5
K(l)_s )1 1 2L’ ’a KO

In these expressions, the symbol (a, k) denotes the Pochhammer polynomial, defined as

_TDa+k) _ |1 ifk=0
(@k)="ra = lata+1---(a+k—1) if k>0, (50)
For p>>a?, R _ is approximately
_ 4V IJ 1) s ka2 _ . 22 s at
R_(p)==5— = e “Pl4L2—1—[(2L — )ko+1lp+x3p?} +0 |a, p (51)

At this point, it is useful to go back to the original ra-
dial equations (5a)-(5d), (6a)-(6d), and (11a)-(11f), and
ask which of these equations are still satisfied by our ap-
proximate solutions. Of the S =0 equations, Egs. (5a),
(5b), and (5d) are satisfied, since they serve merely to
define @, Q_, and R in terms of P. Equation (5¢) is not
satisfied since it gives directly Eq. (7), which we have ap-
proximated by Eq. (14). Similarly, Egs. (6a), (6b), and
(6d) are satisfied while Eq. (6¢c) is not. Of the L=J —1
solutions, Egs. (1la), (11b), and (1le) (trivially, since
P, =0,=0) are all satisfied, while Egs. (11c), (11d), and
(11f) are not [but Egs. (12a) and (12b) are]. And for
L=J+1, Egs. (11c), (11d), and (1le) are not satisfied,
while Egs. (11a), (11b), and (11f), and (13a) and (13b), are.

C. Discussion of n, > 0 functions

We conclude with some (rather inconclusive) remarks
on the solutions for n, >0, b50. We will try the substi-
tution

[

Eq. (42), and the R, L =J +1 function in Eq. (47), are
multiplied by v (p).

(2) In the case of the R ., L =J —1 function [Eq. (43)],
the first term is multiplied by v(p), while for the second
term we use the integral expression

—kop 1F1(1,2L +4—8;K0p)
2L +3—5

=fole"KoP‘t2L+2—sdt (53)

and then, to get the corresponding n, >0 term, we multi-
ply the integrand by v(pt),

fole TIN5y, fole TPy (pr)de . (54)

Likewise, for the X, Y, and Z functions, we use the in-
tegral expressions for these functions in Appendix B, Egs.
(B9) and (B10) and multiply the integrands by v (pt) to get
the n, >0 functions, while the first term in Eq. (48) is
multiplied by v(p).

=9 p+a2)be 52 (3) The @, and Q_ functions are determined by Eqgs.
uolp)=ptlptasye v(p) 52 (9b) and (9¢c) with the replacement u —u, [u, given in
in the equation Au,= —«3uy, where (for a given L, S,  Eq. (52)], while for the Q, functions in Egs. (42) and (47),

and J) a and b are the same as in the n, =0 case, but «j is
as yet undetermined. Once v(p) is known, it is fairly
straightforward to construct the radial functions for the
n, >0 states from the n, =0 functions.

(1) All of the P functions above, as well as the R func-
tions in Egs. (39) and (41), the R _; L =J — 1 function in

we multiply the right-hand side by v(p) and, in addition,
add a —pd(Inv)/dp term inside the square brackets.
The Q, functions are then given by the same equations,
with suitably modified Q, functions.

With the change of variable, x =2k, we get as the
equation for v,
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(x +2a? )d—zv+ —x(x +2a’k,)+4a’ ]ﬂ
x(x +2a%kg I [yx —x(x+2a%k, akoa ]

B=a +b—-L,

=2(a +b) .
o vy =2(a +b)

This has the approximate solution,

0(x) = vg(x)=F,(B,7:x ) —4xoa’b Vy_f FyBy+1;x) .
(56)

If we denote the differential operator on the left-hand
side of Eq. (55) by L, then Lv,~a*;

2b+1
y+1 i

Lo, =8a*2p 81 —B) (B+1,y+2;x)

—27b1F1(B,1/+1;x) R

To ensure that vy does not increase as e* as x — o, we
set B equal to a nonpositive integer; S= —n,. Then the
quantization condition becomes

_ 1 1
T 4n, fa+b) 4n—9)

(58)
n=n,+L+1,

in which case the confluent hypergeometric functions are
both polynomials of order n,. The generalization of Eq.
(27) is then

2m

E,= ;
¢ [1+1a?/(n—8P]

(59)

where 6 is determined by Eq. (33).

If we attempt to solve for v(x) as a double power series
in the variables a? and x +2a’k, (to allow the possibility
of a summation over negative exponents while keeping v
finite at x =0),

vxX)=3 3 c,la?P(x+2a%)7, (60)
p=0g=—c

we get a four-term recursion relation for the c,,
coefficients. It is easy to show that, for all values of p, the
quantization condition (58) is sufficient to terminate each
of the sums over g at ¢ =n,. For p =0,1 we can set
Cog =¢€14=0 for g <0. However, for p>1 the recursion
relation demands that c,, 70 for negative g, and in fact
these coefficients behave as |g|! for |g| >>1. As a result,
the series above does not converge for any x.

While Eq. (27) is an exact solution to A(A,u)uq
= —x2u,, Eq. (59) is (apparently) only approximate.
Nevertheless, as we will show in Sec. IV, Eq. (59) does
agree, up through O(a*), with the Coulomb energy calcu-
lated from perturbation theory.
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IV. ENERGY LEVELS

If it were possible to switch off both the transverse-
photon interaction and the annihilation interaction in a
positronium atom, the energy of the n 2S*!L; state due
to the Coulomb interaction alone would be!®

ma2

E-=2m—
¢ 4n?

ma* | 3 801 (L-S)

+
8n3 |81 2L +1  L(L+1)2L+1)
+0(a®) , 61)

where the O(a*) term has been calculated from perturba-
tion theory using Schrodinger wave functions. (It is un-
derstood that the third term in the brackets is zero for
L =0.) The fourth-order term in the expansion of the en-
ergy E, derived in Sec. III,

E.= 2m
O [1+4a/(n =)'
=2m — ma’ _,_L"_gi £—48
4n?  8n’ | 8n
2 4 2
—ma | S 388 482 | £o(at), (62)
16n” | 32n

agrees with the perturbation calculation, Eq. (61).

The Breit-Coulomb energy for the n, =0 states, as well
as for the non-S n !L; states, can be calculated to O(a®)
from first-order perturbation theory using the wave func-
tions found in Sec. III as the unperturbed functions. We
define the perturbation operator 8 U by

SUY,=—ia-V¥,—iV¥ a

+m(BY,—V,B)— E0+% v, . (63)

Then the sixth-order contribution to the Coulomb energy
is

AE=AE,+AE, , (64)
where
6 38 382
AE,=—12%_ __-Ls__g “D4s, |,
32n 16n 2n 2n
R . (65)
a a
5= B+ 1651+ ’
and
_ (Wl8UY,)  (WoldU W) 66
T AN 2E,

is the first-order (in 8U) correction to E,. As noted pre-
viously, Egs. (5a) and (5b), (6a) and (6b), and (11a) and
(11b) are satisfied by our approximate solutions. As a
consequence, the 4 and D components of §U Y are zero:



43 SOME APPROXIMATE POSITRONIUM SOLUTIONS TO THE BREIT-. .. 1241

0 (8UY,)p The B and C components of §UV,, along with the details
SUVY,= (SUW,) 0 (67) of the calculation of AE |, are given in Appendix D, and
o’e we will just give the results:
J
1 _..ma6 27 + 1,2
3 ma6 2 77'2
AE(1 Sl):T %-l—yE—Hn(%a )+'1’2— s
1079
AE(23P))=———"— 6
(2P0 = G436 ™%
6 2
_ ma 5 3 3 2 9n*—3L(L +1)
AE(n]LL)L>0—_—_—3 23 2 + 2 37 9 _ ’
64n° | 8n n“(2L+1) n(2L+1) (2L +1) n“L(2L +3)(L +1)Y2L +1)(2L —1)
(68)
6 1 *—L—1
AE(L+1)%L, , )=~ ma g 5 2L(L )3_ 3L . L+1 —+ 12 ,
64(L+1) |8 L+1 (L+1)2L+1)° (2L+1)> L(2L+1)> L(Q2L +1)X2L +3)
6 2 2 2
ma 5 3(L+1) L—1 (L°+L+1)  (BL+5)L*+L +1)
AE(L+1)°Ly)=———"—0 | = — —1y 73 - 2 3 ’
64(L +1)¢ |8 L(2L +1)2L —1) L3Q2L +1) L(2L +1) L-(2L +1)
6 2 2
m 5 1 3(L°—L—1) | 2(L+1)L*"+4L+2)
AE(L +1)°Ly _))=— < 418 2 a2 2 2 3
64(L +1)* | 8 (L +1) L*2L+1) L*(2L +1)
1 1 4L
- |L -3+ — L>1),
LA4L>—1) LQL+1) (L+1)(2L—1)} (L>1)

where y is the Euler constant. Note that these results
disagree with those in a recent paper by Papp, where he
calculates the energy to O(a®) for the n 'L, the n3L,,
and the n 3P states. In particular, there is no In(a) term
in Papp’s results, and his expression for the energy of the
n 'L, state has a different dependence on n.'3

V. CONCLUSION

We have constructed a set of approximate, orthogonal
solutions to the Breit-Coulomb equation in coordinate
space, which may be useful in perturbative positronium
calculations, as well as in giving insight into the structure
and behavior of the exact solutions. We have also found
an expression for the energy eigenvalue of this equation
which is accurate up through O(a*) for all quantum
states.

We summarize our approximations.

(1) For the 1S state, the 2 *P,, state, the singlet n, >0,
L >0 states, and the triplet n, =0, L =J states, we made
one approximation, that of replacing the coefficients 2
and (L-S) in Eq. (7) by A and u (although A=2 for both
the 'S, and the 3L, ., states).

(2) For the triplet n, =0, L =J=*1 states, we made two
approximations: the one above, and that of neglecting
the mixing of the L =J —1 and the L =J + 1 states in the
large-large component of W.

(3) Finally, with one more approximation, that of re-
placing v(p) by vy(p) in Eq. (56), we obtain approximate
wave functions for all n 1'*L; states.

[

The Breit equation is an “‘equal-time” equation, in that
it does not depend on the relative time separation
t=t_—t, of the two particles. The full wave function
¥(r,t) (i.e., the solution to the Bethe-Salpeter equation)
does depend upon t. As pointed out by Salpeter,!* in
Dirac hole theory, the Bethe-Salpeter (BS) equation
reduces to the Salpeter equation when the interaction
kernel is instantaneous, while in single electron theory
the BS equation reduces to the Breit equation. In order
to use the approximate functions above in actual calcula-
tions, where there are usually noninstantaneous interac-
tion kernels, it is necessary to continue Wy(r) off of the
t=0 hyperplane, and to incorporate the difference be-
tween the Breit and the Salpeter equations in an addition-
al perturbation kernel. We will not discuss the second
point here, but the first point was addressed in Ref. 11,
where an equation relating y¥(r,z) to the Fourier trans-
form

®(p)= [ W(r)e PTdr (69)

of ¥(r) was found. In momentum space, Eq. (18) in Ref.
11is

iA™(p) iA' " (p)
= @
é(p) Po+iEq—E,+ic  potiEo+E,+ic (p)
iANT(—p) iAN 7 (—p)

—®(p) {

po—%EO—EP—ie po—%EO—FEP—ie

(70)
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or
¢(p)=[iSp(p +1P)B+278(p,+LE;+E,) A" (p)]®(p)
—O(p)[iBSp(p —4P)

—2m8(py—L+E,—E,) A" (—p)], (71
with
- 1 )y LpEl@ptmpB)
Sp(p)=———, AT (p)=——7——. (72)
Fp p—m+tie P 2E,
and P=(E,0).

For a typical radial wave function F(r), we can do the
integration over the angular variables in the Fourier
transform integral in Eq. (69), with the result,

f F;r) QLSJM(,I\')e _ip'rdr
=47(— i) Qo (P) warF(r)jL(pr)dr ,  (73)
where j; (x) is a spherical Bessel function,

L .
sin(x)
X

1d
x dx

L

Jr(x)=(—x) (74)

As we saw in Sec. III, the R, L =J—1 approximate
function, Eq. (43), is quite complicated. With F=R ,,
we can use the recurrence formulas for j}°

;LX[XLHJ'L(X)]ZXLHJ'LAI(X) )

(75)
d |Jjc | Jo+i(x)
prl bl el

together with Eq. (12b) to express this integral, after in-
tegrating by parts, in terms of the much simpler R _
function, Eq. (42),

R+(r)

=

s +1un(Fle P rdr
=—8m(—i) TWIT+1DQ, 4 1m(P)
X [“rR_(r)j,_\(pr)dr . (76
SRy priar . (76)
Similarly, for L =J +1, F=R _ [Eq. (48)], we get

R _(r)

=

Jflle(/f)e_ip.rdI'
=87(—i) "WIT+1)Q; 1 (D)
Xfo rR  (r)j;(pridr . (77)

Therefore, the momentum-space wave function may be
more convenient to use in a perturbation calculation; it
allows the perturbation kernels to be expressed in terms
of Feynman diagrams, and it results in a considerable
simplification in the “small-small” component. It has the
disadvantage, however, that the integral on the right-
hand side of Eq. (73) does not appear to be expressible in
elementary form.
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APPENDIX A: ORBITAL-SPIN MATRICES

The 2X2 matrices in Egs. (2a) and (2b) are defined as

~ 1 10 Moa
QLOLM(r):\/——i o 1|Y2®),
(A1)
o o€,
Q@)= 3 (LM—mim|L1M) =2 Y} (@),
m=—1
with
~ ﬁ“’"l/\ A A ~ i—l/\
e == 5 &=z, e.=" 2. (A2)

We use the phase convention of Condon and Shortley for
the Clebsch-Gordan coefficients and the spherical har-
monic functions.'® These matrices are eigenstates of the
operators L? S? J? and J,, and are normalized accord-
ing to

[ TrQ] s e Qpsipg SN0 dOdG =811 8558118 prps -
(A3)

Further properties of these matrices are given in Ref. 10.

APPENDIX B: ALTERNATE EXPRESSIONS
FOR THE FUNCTIONS X, Y, AND Z

Expression (44) for X(p) in the region p<a® was
analytically continued into p>a? by first absorbing the
exponential factor into the confluent hypergeometric
functions using the identity'’

e IF(a,y;z)=F |y —a,y;—2z) (B1)
and then using the series expansions
< (a,n) z"
Fla,y;2)= 3 ————,
ulay ,Z’o (y,n) n!
(B2)

& (k) Bk)
ZFI(Q)BrV’Z) kgo ('}/,k) k1 .

Summing over the index k, we get

- © k .
X(p)= x—L Ze_Kopz _p Fri(lLk+x+1;k00)
a? =0 a? k+x
—px—L—Z © (_KO/))"
a? &, nln+x)
X,Fy |1,n +x,n +x +1;———%l ,
a

(B3)
with x =2L +3—38. The hypergeometric functions were
then continued into the region p/a?>1 by using the
identity

&Fila,B,v;z)
_ITWrB—a),
rATy—a)

X,F, oz,ot-i—1—')/,oc-i—1—/.7’;i +(ap), (B4
z
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expressing the hypergeometric functions as power series,
and then summing over n. The result is the expression
for X(p) in Eq. (44). If, however, we use the identity

Fila,By;2)=(1—2z)"%F, a,y—B,%ﬁ‘ B
in Eq. (B3), we get

x—L—2 (—Kd))n
X(p)=p

pt+a? Eonln+x)

X, Fy ) (B6)

L1,n+14+x;—2—
P

Thus sum converges for all p in the range 0<p < 0.
Equation (44) is more useful for expanding X(p) in
powers of a’/p, but the expression above has the advan-
tage of being a single power-series expansion for X, as
well as all terms remaining finite as 6 —0.

Similarly, we get the alternative series expansions for Y
and Z, which converge in the region p > a?,

—5 kP 2 ! 2L +1
Y(p)=pk 1% KoP S Lk
27 | w 2L
Fi(1,3—=8—k;kep)
2—8—k
L—1
—L _ro—s),F, |-2LFL 145
K(z)_s ( )1 1 2L > a’a KO >
(B7)
© 2 kl 1
Z(p)=pL_8e_K°p2 =
= o | k| e
Fi(1,2—=8—k;Kkep)
1—-86—k
P r—8)F, |- L 52
K(l)_a ( )1 1 2L, yA"Kq

These three functions can be expressed more compact-
ly in integral form. We will use the integral expression
for the confluent hypergeometric function

oy 1 T(y)T(1—a)
ey == —a)

X e (—) (1=~ dr,  (B8)
where C is a contour that starts at 1+ie above the real
axis, passes around the origin counterclockwise, and ends
at 1—ie below the real axis. Substituting this into Eq.
(B3) , we get

TRt AL +1)—8

— L+1-8 [le
Xlp)=p fO pt+a?

while from Egs. (B7) for Y and Z we have

dt , (B9)

1243
(2L+1)/(2L)
Y(p)=—pLt1-8 [* ““"d‘"tlvs 4+ &
(p) P f1 e 1 of de ,
(B10)
1/(2L)
Z(p)y=—pt [ Te b 1+ L t.
(p) P fl e ot d

APPENDIX C: ORTHOGONALITY OF ¥,

The set of wave functions W0(1’3LJ=L,Li1) are all mu-
tually orthogonal under the inner product (3). That
Wo('L, ) and ¥,(’L, ) are orthogonal to each other and to
Wo(3L; ;) is apparent from the orthogonality of the
Qg matrices. It is not so apparent that Wy(°L; ;) is
orthogonal to Wy(*L; _,), since these are eigenfunctions
of different Hamiltonians. In this section we will distin-
guish the radial J =L +1 functions from the J=L —1
functions by a superscript. We have for their inner prod-
uct

(Wo*Ly + DIWCLL - )

N(+)N(—) © _ _
=g,y 22672 +0iT i)
+R PR+ RIIR T dp.  (C1)
But
0b706 7 +0170i =040 7 +0 8 =0,
(C2)

which leaves only the terms containing the R functions.
We can write the term with the R | functions as

fo Rf)R(J:’dp:—

T fo (pJ+1R(++))(pJ+1R(+—))

d

dp

1

2J+1
P

dp .

(C3)

By integrating by parts a couple of times and using the
relations (12b) and (13b) to eliminate the R | functions in
favor of the R _ ones, we get

fO”R (R dp=— fo‘”R (HRTdp (C4)

which proves the orthogonality of two wave functions.

APPENDIX D: EVALUATION OF FIRST-ORDER
ENERGY PERTURBATIONS

We wish to evaluate (¥o|8UW¥,) to leading order. To
this order we can, after factoring out of the integral an
a®, set a to zero in the integrand as long as the resulting
integral does not diverge at p=0. We have

(Wol8UWo)= [ Tr[(We)}(8UW,) 5+ (W) E(8U )¢ Jdr

1
(aE,)?

[ Tr[(W)}(8U W),

+(W)L(8UY,)1dp .  (D1)
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Consider, for example, the S =0, L =J states. The B Then,
component of 8UVY, is equal to the left-hand side of Eq.

(5¢) multiplied by (2iN /r)Qos- This would equal zero  AE (1 150)—

if we had not made the approximation in Sec. III. We 1

6 [1+7/E+1n( a®)],

define 8 A (A, u) as AE (n'L;)
32 6 2_
_ 4@ 2 (L-S)—p _ ma 9n*—3L(L +1) D6
dA = T pprary - PP 6an’ LQL+3)(L+D2L+D2L—1) > P9
Then, in general, the B component of 8U Y, is AE,((L+1)3L;)
uo(p) ma’ 3
(8UW,) 3 =4Na’E38 A (A, pu)———==0Q . (D3) =
0B 0 Volp+a) M 64L(L +1)52L+1) | 2L —1
The normalization constant N2 is, to leading order, 1 2(L +2)
2
2 _2m’a {n £ LN +0(®) . (D4 Lo rersy
2n )L+ (n —L —DI(2L +1)17? ) Adding these expressions to AE,, we get the results in

Egs. (68).

The integrals for the L =J —1, (L=J+1) states are
more complicated due to the R ,, (R_) functions. For
(BUW)c=(—1)58U¥)p . (D5) L =J —1, the C component of §UWY¥,, is

The evaluation of the integrals for the L =J states is
straightforward, because, for these wave functions,

(8UW¥y)p aEGN 2m | a? 4iaVIT ¥ |401  J+1 A
Uv,).=— — +=m L2 R .
(8UY¥)c 27 +1 0 1 E, 0 + 7 27 +1 dp P BRI EST Y (D7)
Then,
N2 ro R_ L+2-8 _,
Po)=_ - 2 3 e oP
(WolaU o)== fo HP T | |4 A mE e
4iaVI(JT+1) A0, J+1
42m o R2 4 - .
Rl L 27 +1 dp o Q1| |dr (D8)

This integral can be simplified considerably by using the same trick as in Appendix C to eliminate all but one of the
R, terms. Integrating by parts and using Eq. (12b), we have

“p2 — Cp2
J Ridp=47U+1) [ "R2dp, (D9)
“ d0, J+1 d0,  J
—~——Q dp=2VT(JT+1) R +20, |dp, (D10)
and
f"’Rz‘*d —4J2f°°R2‘d +2 f°°R Re g (D11)
o p P o p 4 J+1
Then,
- 2L+1-28 o J R+
(WolsUWo)=4aN? [ © [2a2((L-S) —p) e P +LR_|R_— D12
ol8U¥o)=daN? [ 7 |2a%(L-S) Py 2WIT+D (D12)

So far, no approximations have been made in the 1ntegrand To leading order (for non-S states), we can use the ap-
proximation (45) for R . , as well as approximating the (p+a?) 2 factors in the integrand by p 2. Then we get

ma® 1

64 L(L+1)*2L+1)?

1

3 -
AE(LAD Ly ) T T FDeL+3)

(L>0). (D13)

For the 135, state, we have to be more careful about making approximations in Eq. (D12); otherwise, the integral
will diverge logarithmically at p=0, which indicates an a®lna term in AE,. Since this integration is more involved
than the ones above, we will give some of the details of the calculation. We have
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AE | (13S))
aN? ro_p se P2 2e P 2m 2m | pe P74 2m
=— + 1———+— 1—— ,4:;p/4)+ d
EO 0 p+a2 a p+a2 3 EO o Eo 3 lFl(l p/ ) p
(D14)
We can write this as
AE,(138))=I,+1,+1I, , (D15)
where
fw pe —p/2
0o (p+a?)?
=—[1+7/E+ln )]+ 0(madna) , (D16)
L=—2N" |y 2m | peplelPP N 2m @t b g ey
2 9E0 0 p+a Eo p 141 > ’p P
=%[41n(2)—;]+0(ma81na) , (D17)
and
__4ma’N? rew _ 2m | pX(p) X(p)
I,= pra | |1 — =0 | P2P) 4 2 2P gy D18
3T 3B fo H E, | p+a? p+a’ P (D18)
For the 13S, wave function it is more convenient to use expression (B6) for X(p),
1 P
X(p)=—L—_'S 12 F 11n+4—L ~Lle P F\(1,3;p/4) (for p>>a?) (D19)
P P+a2 _0n|( _|_3)2 1 p a 1L, 350 P .
In the first term in (D18) we can set a? in the denominator to zero and use the approximation above for X (p):
[ e —P/“P—&dp~ f e P2 F\(1,3;p/4)dp=4[1—In(2)] . (D20)
0 p+a?
For the second integral we have
[Feert <2) d (=3 [ ~p" et o L,L,n+4—L— |d
n
pta PT Eon'n+3) o (pta?? 7! ra |7P
e P/4 d o —l n ( . /4
~1 —LF 1,1,4;——L + 7F 1,1,n+4;1) ""leTPd
o (p+a???! p+a? P ,,21 (n+3)2 f p P
© o k+1 —p/4 © (_l)n
_ e
_2120 k+3 f k+2dp+"§1 prpar (D21)
We have for the second summation
o0 (_l)n _
2 Sty T (D22)

n=1

By integrating by parts k + 1 times,
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fw Pkt e p/4d 1 w 1 gk+
0 (ptat)+? = (k+11 o pta? dpF !

k+1 (— l)m(k+1 w o —P/4,m
; J = Eap
mao (mDy(k+1—m)! p+a
w P/t k41 (—H)™(k+1) w

~ do+ —p/4 m—ld

J, PR L Y p— J e e ap

k+1 1

~—[ygthnia®)]— 3 polt (D23)

m=1

(pk+1e-p/4)dp

where we have used the identity!®

N m+1 N
(—Dm N 1
E_'Im(N m)im! z: m (D24)
in the second term. Then,
© 00pk+1e*p/4 1 © © k+1 1
+ —_
§ k+3 0 (p+a2)k+2 ~lyptin 2 (k+3) 2 (k+3 zz m
—ilye+In(; 2)]—EJr‘ (D25)
I, is therefore
ma6 77'2
===~ %—F%ln(Z)—%yE-—%ln(—;-az)—H +0(matna) (D26)
and AE, is
6 77.2
AE(135)="2% |5 4y +In(tad)+ = | . (D27)
12 12
For L =J +1, we have
(8U¥,)p  aEGN 2m | «a 4iavVTT+1) | 990 L5
= - 1+==+—=— |R_+ = Q,_ ) (D28)
YRS p E, »p 2J +1 dp pQ S 1M

Again we can simplify the resulting integral for (W,|8UW,), this time by using Eq. (13b) to eliminate the function R _ as
much as possible. The result is

N? o 2m |« d0y  J+1
(\P0|8U\P0):—-a—fo [PL+(2J+1)R ] ‘I—E—O-i——— P, —2i 4 _T 0
+1 _
+4a%(1—8 ) R, |R,*+————|1d
a oJ P + + X IES) P
, JLH+D/L , T4 R
=4 N2 * 1+a_ 2L +2—-28 ‘KOPSA()\., )+(1_8 )——R - do .
a fo o P e u LA T T P
(D29)
Approximating R _ by expression (51) and making other approximations in the integrand, the energy perturbation is
6 1 4L
AE,((L+1)3L, _))= ma L—3+ — L>1
1 VL) 64LAL +1)%4L%>—1) L(2L+1) (L+1)2L —1) ( )
p (D30)

Sma
18432 °

AE,(23P,)=
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