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The electron-correlation energies, calculated with the wave functions constrained to the Hartree-
Fock density, are computed for the helium series and are compared with the exact (unconstrained)
correlation energies. Imposition of the density constraints increases the energies by a surprisingly
small amount. Both the / =0 (s) and / =1 (p) limit differences between the constrained and exact
energies are demonstrated to scale like the reciprocal of the square of the atomic numbers. The
computational results are rationalized by introducing rigorous definitions of the dynamical and non-

dynamical correlation energies.

INTRODUCTION

Due to the fact that, except for trivial cases, the exact
ground-state solutions of the electronic Hamiltonian can-
not be obtained by analytical methods, the Hartree-Fock
(HF) approximation dominates modern electronic struc-
ture calculations. Solving the self-consistent-field equa-
tions yields the Hartree-Fock energy Eyp together with
the Hartree-Fock spin orbitals that can be used for com-
puting the HF electron density pgyr=pyg(r). The exact
ground-state energy Egc; and the corresponding electron
density prci=prci(r) may be obtained, in principle!
within the full-configuration-interaction (FCI) method,?
provided a complete (infinite) set of one-electron basis
functions is used.

The celebrated theorem of Hohenberg and Kohn,? to-
gether with the constrained-search technique of Levy,*
demonstrate existence (for a given external potential) of a
density functional Egcy[p], such that

Ercilprci]l=Erc1 = Egralp] » (1)

for any non-negative density p that integrates to the same
number of electrons, N, as pgcp. The functional Epq[p]
is defined as follows: Given a set of one-electron func-
tions (spin orbitals), a Hilbert space #; is defined. Let
F£x be the Hilbert space spanned by all N-electron an-
tisymmetrized products of the one-electron functions and
P be the subset of #, consisting of those functions that
yield p. Then Egrc([p] is the minimum of the expectation
value of the Hamiltonian for functions in 2. One should
note that, for a finite-dimensional %, which is used in
practical calculations, care must be taken to guarantee
that # is not empty. For an infinite-dimensional #£,,
Egclp] coincides with the exact functional for the
ground-state energy. Similarly, the existence of the den-
sity functional for the HF energy Eyr[p], with the prop-
erty

Eyrlpur]=Eyr < Eyrlp] (2)

for any non-negative density p that integrates to the same
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number of electrons as pyp, can be demonstrated®> and
the functional can be written in an algebraic form.®

The difference between the HF and the FCI energy is
traditionally called the electron-correlation energy.” It
can be proven that the exact correlation energy is a func-
tional of the HF density.® The same is true for the corre-
lation energies calculated within various approximate
methods.” One quickly realizes that properties of these
functionals are closely related to those of Eyg[p] and
Egcilp)-

In this paper we attempt to shed more light on the
structure of the density functional for the exact energy
Egci[p]. Due to its complexity, this cannot be accom-
plished by analytical methods even for simplest Coulom-
bic systems. For this reason, one has to resort to numeri-
cal methods to compute the values of Egq[p] for
different densities. The values of Erc[p] coming from
the exact density of the ground state, pgc;, and from the
Hartree-Fock density pyg are of particular interest. The
former one is easily calculated using the standard FCI ap-
proach. To compute the latter one, we propose a
density-constrained full-configuration-interaction pro-
cedure (DCFCI). This enables us to evaluate the
electron-correlation energy at the HF electron density,
which is defined as

epcrcr =Epcrar ~Eurlpurl,  Epcroi = Erclpur] »
(3a)
whereas the exact correlation energy is given, as usual, by

erct =Ercilprc1]l — Enrlpnr] - (3b)

As we demonstrate in the Discussion section of this pa-
per, the values of epcpe; and epc; make rigorous
definitions of the dynamical and nondynamical correla-
tion energies possible. To illustrate our method, we re-
port the results of FCI and DCFCI calculations on the
correlation energies in the helium series. Analogous cal-
culations for more complicated systems are feasible, al-
though they would be computationally more expensive.
The same is true about calculations without the “frozen
density” approximation (see below).
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DENSITY-CONSTRAINED
FULL-CONFIGURATION-INTERACTION METHOD

The exact energy of any system that is described by an
electronic Hamiltonian can be in principle obtained
through the FCI method and is given by

Exci= 2 Fij<¢i|?+ f/\'h/;j)
iLJj

+14 3 T et ey 4)
iy k1

where T and ¥ are the kinetic-energy and the nuclear at-
traction operators, and ¢; =,(r) are orthonormal basis
functions. These functions may or may not be identical
with the Hartree-Fock spin orbitals. The first- and
second-order density matrices I';; and Iy, result from
diagonalization of the FCI Hamiltonian matrix. The ex-
act electron density is given by

pra(r)= 3 Fij‘/’f(f)lﬁj(r) (5)

lY
and is, in generlal, different from the HF density, pyg(r).
In this and the following equations we assume that the
summation over the spin variable is carried out.
It is possible to define a new set of orthonormal basis
functions, ¢; =¢;(r), such that

pur(n=3, T;$1(r),(r) . ®)
i’j

The new functions are related to the old set by a non-
linear transformation'®

¢.(0)=[pup(r)/B(r)]"2 (ST 2)5,(r) (7
J
where
Br)=3 (S* 1208* 172) yF(r)y,(1) . ®)

ij

The Hermitian generalized overlap matrix, S, 1 is a solu-
tion of the equation

Sy = [ lpup(r) /B ¥ (09 (r)dr . 9)

This equation has to be solved iteratively.
The energy

Epcra =2 Fij<¢i|7\1+ f}|¢j>
i’j

+1 3 Tyuleis;lry' o) (10)

i, j,k,1

corresponds to a wave function which is constrained to
the HF density. If the density matrices I';; and T, are
kept frozen from the FCI calculation, Eq. (10) yields the
upper bound to the functional Egc[pygr]. Alternatively,
one could recalculate the density matrices by diagonaliz-
ing an effective Hamiltonian which has terms related to
derivatives of S. Such an approach, which requires itera-
tions of the FCI procedure, would result in exact (within
the basis set used) values of Egci[purl-
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NUMERICAL METHODS

Calculations were carried out for the He atom, and the
Lit, Be’", B*", and C** cations. The HF densities were
calculated using a quadratic grid

=Liti+1)s , (11)

where the step s is determined by the number of grid
points (equal to 50000 in all calculations) and the cutoff.
We found a proper choice of the cutoff to be crucial for
obtaining an optimal numerical stability. Too small
values of the cutoff yielded poor HF energies, while too
large values caused difficulties with convergence in the
DCFCI procedure. The cutoffs and the calculated HF
energies are shown in Table I. The Laplace operator was
discretized by a three-point approximation.

The basis sets used in the FCI and DCFCI calculations
consisted of the s and p functions with their radial com-
ponents obtained through Schmidt orthonormalization of
the series

s; (P =piE(rriTl i=1,2,... (12a)
pi(P=piE(rr, i=1,2,.... (12b)

The FCI Hamiltonians were diagonalized in the basis set
of Slater determinants. All singly and doubly excited
determinants were included. The necessary two-electron
integrals were calculated by trapezoidal quadratures on a
50000 point quadratic grid.

Density matrices frozen from the FCI wave functions
were used in the DCFCI calculations. Therefore, our
DCEFCI results can be regarded as upper bounds to true
DCFCI energies. However, we believe that, in the case of
the helium series, relaxation of the density matrices
would result in marginally improved energies (see the
Discussion), while requiring an excessive amount of com-
putational effort. Also, the density-constrained basis
functions were computed using an approach slightly
different from the one described in the previous section.
The series, Egs. (12a)-(12b), were Schmidt orthogonal-
ized with the weight function

w(r)=pyp(r) (3 T;dF(r)g;(r) |7 . (13)
i’j

The process was iterated until the resulting electron den-
sity differed from the HF density by less than 1072 in
average,

TABLE 1. Values of the cutoffs used and the calculated HF
energies in the helium series.

Number of Cutoff Eyr
VA grid points (a.u.) (a.u.)
2 50000 10.0 —2.861 680
3 50 000 5.0 —17.236415
4 50000 3.0 —13.611291
5 50000 2.0 —21.986 048
6 50000 2.0 —32.361185
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TABLE II. Convergence of the / =0 correlation energies of
the helium atom.

N*® €FcI €DCFCI €FC1 — €DCFClI
2 —14032.5 —13923.8 —108.7
3 —15703.5 —15495.4 —208.1
4 —16299.7 —16055.7 —244.1
5 —16802.6 —16546.3 —256.3
6 —17069.1 —16778.4 —290.6
7 —17192.4 —16878.4 —314.0
8 —17252.6 —16928.2 —3244
9 —17285.9 —16956.3 —329.5
10 —17306.2 —16973.5 —332.7
11 —17319.2 —16984.9 —3344
12 —17327.8 —16992.5 —335.3
oo® —17344.612.1 —17008.2+0.6 —336.4+1.5
Literature = —17 348.7°¢

“Number of the s-type basis functions. All energies are in phar-
trees.

®See text for explanation of extrapolation and error estimates.
‘Reference 13.

f ‘pHF(r)—E Tt (r)¢;(r) |dr <1078 . (14)
iJ

In a typical run, it took between 10 and 20 iterations to
attain this level of convergence. We found such a pro-
cedure, while completely equivalent to Egs. (7)-(9), to be
numerically more stable.

The FCI and DCFCI energies at the / =0 (s) limit
were obtained with the aid of Aitken extrapolation'? us-
ing the results of calculations involving basis sets of 10,
11, and 12 s functions (10s-12s). The extrapolation errors
were estimated as a difference between the extrapolated
energies for the 10s-12s and 9s-11s calculations. The / =1
(p) limit results were obtained by first extrapolating the
1259p-12s11p results to the 125 cop limit and then adding
corrections to account for the finite number of s func-

tions. The corrections were estimated as the differences
between the extrapolated energies for the / =0 (s) limit
and the 12s results.

A typical 12s11p calculation (FCI and DCFCI) re-
quired about 700 s of CPU time on a CRAY Y-MP
supercomputer. Most of the time was spent on numerical
evaluation of the two-electron integrals. Since these in-
tegrals have to be recomputed in the DCFCI calcula-
tions, the FCI and DCFCI parts require approximately
the same amount of computational effort.

RESULTS

The data on convergence of the FCI and DCFCI corre-
lation energies of the helium atom to the / =0 (s) limit
are presented in Table II. The extrapolated FCI correla-
tion energy is within approximately 4 phartree
from the recently published value.!> The difference
egc1 —epcrcr converges substantially faster than the indi-
vidual energies. This can be attributed to cancellation of
the basis-set truncation errors. The extrapolated epcpcy
correlation energy constitutes approximately 98% of the
exact / =0 (s) limit correlation energy.

The I =1 (p) limit convergence, displayed in Table III,
is as fast as the / =0 one. The extrapolated FCI correla-
tion energy is within approximately 10 phartree from the
published data.!* Quite surprisingly, inclusion of the p
functions reduces the egpc; —epcpey difference substantial-
ly. The extrapolated epcpc; accounts for more than
99.7% of the unconstrained / =1 (p) limit correlation en-
ergy.

The extrapolated / =0 and / =1 limit correlation ener-
gies are presented in Tables IV and V, respectively. The
differences between the FCI and DCFCI energies de-
crease quadratically with the increasing atomic numbers
Z. In fact, a plot of reciprocals of the square roots of the
differences versus Z (Fig. 1) reveals that the approximate
relations

TABLE III. Convergence of the / =1 correlation energies of the helium atom.

N® €FCI €DCFCI €Fc1 — €DpcFCI
1 —28931.9 —29009.6 77.7
2 —35723.9 —35702.9 —20.9
3 —37436.2 —37392.2 —44.0
4 —38019.6 —37974.8 —44.8
5 —38324.9 —38279.6 —454
6 —38506.2 —38451.3 —54.9
7 —38615.8 —38549.2 —66.6
8 —38682.9 —38608.2 —74.7
9 —38725.2 —38645.9 —179.3
10 . —38752.6 —38670.4 —82.2
11 —38771.1 —38687.2 —83.9

125 0 p® —38809.3£5.6 —38723.8+7.9 —85.5+2.3

0§ 00p —38826.0£7.7 —38739.4+8.6 —86.6+3.6

Literature —38836.2°

#12sNp basis sets. All energies are in phartrees.

"See text for explanation of extrapolation and error estimates.

‘Reference 13.
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TABLE IV. The I =0 correlation energies in the helium series. All extrapolated energies are in

phartrees.

Z €FCI €DCFCI €FCc1 — €DCFCI
2 —17344.6+2.1 —17008.2+0.6 366.4+1.5
3 —16073.0+1.5 —15968.9+2.4 104.1+1.0
4 —15556.5+1.3 —15505.6t1.1 —50.91+0.2
5 —15270.6+0.2 —15240.7+0.0 —29.94+0.2
6 —15098.4+0.1 —15079.1+0.4 —19.3+0.3

Epcrer — Ercr =€pcrer T ercr
=541.9(Z —0.7301) 2 phartree ,

(15a)
for the / =0 limit, and
Epcrcr — Erci =epcrcr —ercr
=113.3(Z —0.8519) "2 phartree ,
(15b)

for the [ =1 limit, are satisfied to a high degree of accura-
cy. The shifts in denominators of Egs. (15a)—(15b) can be
compared with the radius of convergence of the Z !
series for the [ = o limit FCI energy, which is 0.91 103.14
Our conjecture is that the convergence radii of the Z !
series for the / = oo limit of both Egc; and Egcy — Epcger
are the same.

The presence of the Z ~2? leading term in the difference
between the FCI and DCFCI energies can be explained as
follows: The Z ~! perturbation in the Z ~2 scaled Hamil-
tonian

H=—1(Vi+V)—(r ' +ryH+Z 70! (16)

that originates from the electron-electron repulsion re-
sults in a difference between the HF and FCI densities
which is the order of Z ~2.!3 The two-electron integrals
evaluated in the density-constrained basis set, Egs.
(7)-(9), differ from the original ones by the same order in
Z. The resulting overall difference in the second-order
term for the correlation energy (which is the leading term
in this case) is of the order of Z? (from scaling of the
Hamiltonian) multiplied by Z ~? (the second-order term)
multiplied by Z ~? (the difference in integrals) equals
Z 2, as observed.

DISCUSSION: DYNAMICAL
AND NONDYNAMICAL CORRELATION ENERGY

Although it is widely recognized that the electron-
correlation energy is a sum of contributions from the
dynamical and nondynamical correlation effects, a
rigorous definition of these terms has not yet been pro-
posed. Using the terminology of the independent particle
theory, the dynamical correlation energy is vaguely de-
scribed as the one originating from the interaction of the
HF reference state with a large number of exited deter-
minants. The coupling between the reference state and
these determinants is assumed to be small. Systems in
which only the dynamical electron correlation is impor-
tant are easily described by a Hartree-Fock single-
determinantal wave function with low-order perturba-
tional corrections. The dynamical electron correlation
originates from the Coulombic repulsion of the electrons
and is sometimes termed the short-range correlation.'®

On the other hand, the nondynamical correlation ener-
gy is a consequence of the existence of one, or a few, ex-
cited determinants that interact strongly with the HF
reference state, usually due to pseudodegeneracy. Sys-
tems with significant amount of nondynamical, or long-
range,'® correlation energy usually cannot be correctly
described within single-reference Hartree-Fock approxi-
mation. The nondynamical correlation energy plays im-
portant role in spin-polarized and metallic systems.
Effort has been made to identify simple indices that
would describe the relative importance of the two kinds
of correlation energy.!’

We propose that the correlation energy evaluated at
the HF density, epcpcr, Eq. (3a), be regarded as the
dynamical correlation energy, while the difference egc;
—epcrer  (Which is always nonpositive) constitutes a
definition of the nondynamical correlation energy. Both
the correlation energies are supposed to be evaluated
with respect to the lowest energy solution of the HF equa-

TABLE V. The I =1 correlation energies in the helium series. All extrapolated energies are in phar-

trees.

z €FcI €DCFCI €Fc1 — €DCFCl
2 —38826.0+7.7 —38739.4+8.6 —86.6+3.6
3 —39468.3£5.5 —39446.2+7.9 —22.2+2.5
4 —39806.91+4.5 —39795.2+4.4 —11.7+0.3
5 —40007.4+1.3 —40000.9+1.7 —6.5+0.8
6 —40141.6t1.1 —40137.4+1.2 —4.2+0.4
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FIG. 1. Dependence of the nondynamical correlation energy
on the nuclear charge in the helium series.

tions, even if it breaks the spatial and/or spin symmetry.
This allows one to treat the dissociation limits of mole-
cules in a consistent manner. The arguments supporting
our definition are as follows:

(1) In systems in which there are no excited deter-
minants strongly interacting with the HF reference state,
the difference between the HF and FCI electron densities
is expected to be small. This means that the difference
erc1 —epcrcr 18 expected to be close to zero. This can be
quantified using a model of N isolated Coulombic sys-
tems, each possessing n excited determinants separated
by energy of A from the HF reference state and interact-
ing through the Hamiltonian matrix element of V. From
the second-order perturbation theory, the total correla-
tion energy egc; is expected to be proportional to
—nNV2A~'. The difference between the HF and FCI
densities is proportional to NV2A ™2, This results in the
difference epc; —epcpcy proportional to —nN2V*A™3, or
—e%c; /NA. One can therefore expect our definition of
the nondynamical correlation energy to yield values in-
versely proportional to the energy gap A, which is exactly
what one tries to describe by invoking the concept of
pseudodegeneracy.

(2) A simple model of coupled harmonic oscillators is
often invoked to illuminate the properties of theoretical
techniques dealing with electron correlation.'® The mod-
el is described by the Hamiltonian

H=— 1V +V)+Lri+r3)+1krd, (17)

where the coupling constant k is the ‘‘correlation
strength.”
Using a trial function

VU=Adexp[—a(r}+r3)—br},], (18)

one arrives at (by setting b =0 and optimizing a) the
“HF energy” of

100

l
T T T T
| 10 102 103 10%

il

Unrecovered Correlation Energy (%)
o

03 102 107
Correlation Strength K

FIG. 2. Dependence of the unrecovered correlation energy
on the correlation strength in a coupled harmonic-oscillator
model, Eq. (17).

Fyur=3(1+x)"? (19)
and (by optimizing both a and b) the “FCI energy” of
Epci=3[1+(1+2x)'?] . (20)

One can also constrain the parameter b in such a way
that the resulting particle density is identical with the HF
one, which yields the “DCFCI energy.” In Fig. 2 we
display the unrecovered correlation energy defined as
(egct —epcrcr)/epcr- For small values of k, this fraction
is proportional to k%, while for large «’s it reaches a con-
stant limit. These two limiting behaviors reflect the
“dynamical” and “nondynamical” correlation regimes.

The results of the calculations on the helium series
clearly indicate that in this case the nondynamical effects
are very small. The helium atoms and the corresponding
cations are typical examples of the systems for which the
HF wave function constitutes a good zeroth-order ap-
proximation. On the other hand, in the beryllium series
one may expect the nondynamical correlation energy to
be proportional to the nuclear charge Z, as is the total
correlation energy.

We believe that our partitioning of the correlation en-
ergy into the dynamical and nondynamical parts will con-
tribute to a better understanding of the advantages and
limitations of the HF electron density functionals for the
correlation energy. In particular, one is tempted to
speculate that the current parametrizations of these func-
tionals!® recover only the nondynamical portion of the
correlation energy.
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