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The fluctuation-dissipation theorem (FDT) in its kinetic form is generalized to anisotropic none-
quilibrium states with more than one temperature. In a pseudoequilibrium, expressions for the gen-
eralized response functions and for the generalized correlation functions can be defined that

preserve the form of a FDT in the classical limit.

The fluctuation-dissipation theorem (FDT) relates the
macroscopic response of a system to its microscopic fluc-
tuations. The original formulations by Nyquist and by
Callen and Welton' use the canonical ensemble and apply
therefore only to systems in thermal equilibrium. Later
Kubo derived the FDT in the framework of a linear-
response theory,”? and this treatment has been generalized
by Salpeter and Akhiezer et al. to certain nonequilibrium
states like plasmas with different temperatures T; and T,
for the ions and electrons, respectively.

In this Brief Report we want to show a further exten-
sion to classical nonequilibrium systems which can be de-
scribed in terms of nonisotropic temperature distribu-
tions. For this purpose we first examine the very general
approach of Klimontovich towards a kinetic form of the
FDT (Ref. 4) and rederive the earlier results for the two-
temperature plasma.® This procedure illuminates the
possibility of formulating the FDT for nonisotropic sys-
tems.

We consider an ensemble of N-particle systems with
Hamiltonians H + 84 (t), where 8H (t) is small and fluc-
tuates with vanishing mean value. One might think of a
plasma where the fluctuating part accounts for the cou-
pling of the microscopic current to the local field while
the principal system H describes the particles and the
nonfluctuating interactions.* The density operator f of
the total system obeys a Liouville—von Neumann equa-
tion with H+8H. Its time-dependent matrix elements
with the eigenstates |n ) and |m ) of H are similarly di-
vided into their ensemble mean values and into a small
fluctuating part

Fam =S o (D) 8 (1)=8,1 f 1 (D +8 (1) . (1)

Here the angular brackets denote an ensemble average
with respect to the density matrix of the total system. We
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assume that the relaxation of f,,(¢) towards equilibrium
is slow compared to other time scales in the system like
the inverse widths of the transitions n —m so that the as-
sumption { f,,,(t))=8§,,,f» holds, independent of time.
In the energy representation the linearized Liouville—von
Neumann equation in the small quantities § 7 and 8H
then reads

i
#
with @,,, =(E,—E, ) and H|n)=E,|n). The solution
of this inhomogeneous equation will give the matrix 4 of
the linear response of the total system to its internal fluc-

tuations 8H. The Fourier components of these induced
fluctuations denoted by the superscript “ind” are

6fr(11r:11d)(0)): - 2 Anmn’m'(w)BHn’m'(w) : &)

n'm'

(3, +i,, )8 = ——8H,, (fr —Fa) » 2)

Since 4 is diagonal, the sum collapses and one finds for
the imaginary, dissipative part

ImAnmn’m’(w):(W/h)a(w_wnm )Bnn’amm’(fm —fn ). @

As usual one may add a solution of the homogeneous
part of Eq. (2) to the solution (3). As we are only aiming
towards the average two-point correlator of the fluctua-
tions 8§f, it is advantageous to multiply by &f,,,(t') be-
fore averaging. The homogeneous part of Eq. (2) then
yields the equation

(D, i@ )8 F pn OF o Yt —2")=0 (5)

for the so-called source correlation, which depends in a
quasistationary state only on the relative time ¢ —¢'. It
has been argued* that the initial condition at equal times
can be obtained from the quantum analog of the classical
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formula for a fluctuation §f =f — (f ),
(8f(X,)8f*(X',t' )L, =8(X —X"){f(X,1))
—f( X f(Xt)) . (6)

This relation is obvious if f(X,T)=8(X —Y(¢)) is the
]

microscopic N-particle phase-space density in X =(R, k)
with the 6N-dimensional solution Y (H,¢) of Hamilton’s
equations of motion and will be used here also for the ex-
tended system. In quantum mechanics, however, the set
of coordinates R and set of momenta k in X=(R,k) do
not commute. One employs the Wigner transform,

(f(X)f*(X'))Zfdrdr’exp[—i(rk—r’k’)]<f R—}—L,R—% fTIR +%,,R’—%I]>
= [ drdriexpl —i(rk —r'k" ) K (r) )P BT DB 7)

with r, , =R *tr/2, etc., the N-particle density operator f and the N-tuple creation and annihilation operators {Lr\lr and 9,
respectively. The time arguments ¢ have been suppressed for simplicity. With the (anti) commutation relation

[Br), P )1 =8(r — 1)) (8)
at equal times, one obtains
(FXF* XY= [drdrexp—itrk —r'k ) F XD )P DB By
+fdrdr exp—i(rk —r'k’)8( —r1)<t//(r2 Yh(ry))
=0+ fdr drexp—i(rk —r'k’) 2 (n'|r )P n )8, 2 (mlr ) Frm ) {r5lm?) . 9)
|
Here the first term vanishes as the angular brackets refer 50— S TS
to an ensemble of N-particle systems while the operator (0=w,,) Fon—fn
¥(r,)(r}) annihilates 2N particles. The remaining term
yields after symmetrization the desired quantum initial —8(0—o exp(—PBE,, ) +exp(—BE,)
condition """ exp(—BE,, )—exp(—BE,)
(8 f umOf o Y2 =1)
S mm®f —8(w—aw,, Jcoth gﬁw , (13)
% nn' mm (f +fn Snm Sn'm’fnfm ’ (10)
where it has been assumed again that {f,, }=8§,, f, is  2nd thus
diagonal. The right-hand sides of the correlators (6) and B
(10) may be regarded as a measure of incompleteness of {88/, ) (@)=%icoth > fio (Tm Ayppy(@) - (14)
the description of the total system in terms of the distri-

bution f They vanish for 8H =0, because the density
operators become idempotent in pure states. The
Fourier-transformed solution of Eq. (5) for n#m, i.e.,
w70, is

<8fnm8f:m > s) )= )Snn’smm’(fm +fn) ’

(1

(W —w,,

and a comparison with Eq. (4) shows for o =w,,, the ki-

netic form of the FDT:

ﬁf +/n

* s)
(8 um S o V@)= 7 —f

mA,, o). (12)

One may insert the equilibrium distribution
S, <exp(—pBE,). This yields a prefactor on the right-
hand side of Eq. (12) which is independent of the quan-
tum states |n ) and |m ) since

We note that the proportionality factor is independent of
the states. Equation (12) is also valid in nonequilibrium
situations, provided that the relaxation of f, towards the
equilibrium temperature T is slow compared to the other
time scales in the system, as was already assumed above.
Obviously this can be generalized to a quasiequilibrium
situation where the system consists of several components
a, each characterized by a different inverse temperature
Ba:

S (8 fumdf m
a

, )(s),(a)(w)

B.
—~ﬁw ImA.2, (@) . (15)

=#3 coth

An example is the FDT between the local source current
fluctuations,

8w, k)= zjnm(k)ﬁfm (16)
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and the imaginary part of the dielectric tensor in a two-
component plasma with different temperatures for the
electrons (a =e) and the ions (a =i),

<8j8j1‘)(s)(w’k)= S (8'583-‘1')(.@),(0)(&),1()

a=e,i
2 B
=%°T— S coth —-2iﬁw]1mg‘“’(w,k)

(17)

where k is the wave number of the perturbation. Here
the usual electromagnetic coupling has been taken for 4
and the j,,, (k) in Eq. (16) are the matrix elements of the
current. We note that the dielectric tensor is additive in
the particle components in the mean-field approxima-
tion.

Another interesting nonequilibrium situation occurs in
the electron cooling of ions beams in storage rings.® The
electrons emerge with an isotropic velocity distribution
from the cathode. During the acceleration to the mean
velocity of the circulating ions this distribution is
quenched along the direction of the beam. More general-
ly, we assume that the principal system A [but not neces-
sarily the fluctuating coupling 8H(?)] is separable along
the axes defining the anisotropy. The distribution of the
principal system is parametrized according to

fn<exp(—pB-E,)=exp [—ZB,-(E,- In, ] (18)
with the vectors

B=(ri., 17,4, T7 1),

En:((El )nl’(EZ)nz’(ES )"J) ’

(19)

and n=(n,n,,n3). Here (E; ),,j is the eigenvalue of the

Hamiltonian A ; in the direction j. For such an aniso-
tropic distribution an FDT cannot be derived, as Eq. (13)
does not hold except for the trivial case of an isotropic
distribution in two or even one dimensions, e.g., T;=0
and T,=T, or T;=T,=0, respectively. One can, how-
ever, formulate a generalized FDT, which applies for an
anisotropic system in the classical limit fiw <<min(T;).
We transform with n=v+x/2, m=v—k/2 to new clas-
sical continuous variables v and k. As the energy
transfer is small, one may replace in Egs. (4) and (11)
differences with differentials, which yields

ImAd,, . (o)
=—(mw/#%)8,,5,,6 {w—% K,avjE, /# ] ; K,.avifv ,
(20)

<8fxv8f:'v’ )(s)(w)
=278,,5,,0 [w—z xjavjEj /# ]fv . 2D
j

Now for the anisotropic distribution (18) the differen-

tiation yields

av‘.fv = _(BiaviEi )fv . (22)
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In contrast to this, the argument of the 8 function only
involves the unweighted sum of the derivatives of the
components of the energy. This suggests a decomposi-
tion of Eq. (20) into its additive components i =1,2,3.
We define

Im[ Ax,vx'v’(w)]i
=(m/%)8, 0,,8 [0—3, KjavjEj /% |Bik;d, E.f,
J

(23)
and
<6fxv8f:’v' >§'”(w)
KiaviE,»
=278,,:6,,8 [0— ? KjavjEj /% o [y
(24)
and obtain the decomposed FDT:
2T;
<8fxv8f:’v' >$'S)(a))= T Im[ Axw(’v’(w)]i . 25)

The relation between the source current fluctuations
and the electronic dielectric tensor in the classical limit
#—0 is now

(818 ) Npk)= 3 (8)8) )¢ (w,k)
i=1,2,3

S T{“Ime “(w,k), (26)
i=1,2,3

3le

where i sums over the three spatial directions and a =e,i
denotes the component. Here the decomposed permit-
tivity tensor is

2 N, e?
Imgﬁ.“>(w,k)=i"’735">z —a;—vvf;,“’S(m—k-v)k,-v,- :
@ P

(27)

Here ¥V is the volume of the system, N, the number of
particles, and e their charge. Naturally, the additivity
(17) in respect to the components holds also in the
present case. It must be realized, however, that the three
components of the FDT [(25) and (26)] cannot be mea-
sured independently because both the correlator and the
response function involve the full anisotropic distribution
function f,. The existence of a decomposed FDT for
classical anisotropic systems has nevertheless been shown
to be useful in a calculation of the recombination rate
during electron cooling.®
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