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Plasma-broadened visible spectra have long been used to infer plasma parameters. In this work
we examine the use of high Rydberg states in plasma spectroscopy for low-density plasmas. For low
densities the high Rydberg states may be very useful because of their large widths and the fact that
they are less susceptible to ion dynamical effects. We have calculated plasma-broadened spectra of
the neutral oxygen n =6-—n =5 transition in the 7.5 um region for a temperature around 10000 K
and electron densities 5X 10'°-10'® ¢ /cm® and found that these spectra can be a useful probe for
low-density plasmas. We also describe how selection rules can be used to greatly reduce the compu-

tational requirements.

I. INTRODUCTION

Pressure-broadened plasma spectra have long been
used as plasma diagnostics. It has recently been suggest-
ed! that for low densities (up to say 10'® e/cm?) plasma-
broadened spectra of transitions between high Rydberg
states, which will normally be in the infrared region (ir)
for neutral emitters, may be promising as a diagnostic
tool, because they are more sensitive (large widths) to the
plasma parameters (primarily the electron density) and
also because (in the case of emitters other than hydrogen)
the relevant dipole matrix elements are much better
known for the high Rydberg states that give rise to such
transitions. In addition, optical thickness is not likely to
be a problem for transitions between high-lying states.
Also, for hydrogenic emitters ion dynamics is the main
reason why quasistatic-dominated lines are preferred as
density diagnostics to impact-dominated ones. Here ion
dynamics will be less important, since the effective life-
time is shorter. Experimental work? on time-resolved in-
frared emission spectra of neutral oxygen in the 7.5-um
region confirms that large widths can occur for moderate
densities. Besides the fact that the high Rydberg states
involved are more polarizable (larger dipole matrix ele-
ments due to more extended wave functions), there are
other factors contributing to the sensitivity of these lines,
namely the Stark microfield is more effective in mixing
the states because of the higher dipole matrix elements
and the lower-energy separations between states of the
same level. Also, more collisional channels that contrib-
ute significantly to the broadening are available. The to-
tal width of the line is further enhanced because of the
many overlapping lines. The net result is that a rather
small perturbation can have a large effect. Basically all
these reasons have to do with the fact that each level sep-
arately is sensitive to perturbations. One could therefore
also get a sensitive spectrum by considering transitions
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between a highly excited level and a low-lying level, for
example, n =6—n =2, which would be more sensitive
and less susceptible to ion-dynamical effects than an n,
line, would be easier to model, and would normally be in
the visible part of the spectrum. In some cases this may
be a very good idea. However, the oscillator strength for
such transitions will be very small, and the upper state
will normally have very little population. This can raise
questions about the observability of such lines, particular-
ly if the plasma is not within the control of the experi-
menter. A further advantage of using lines in the ir re-
gion (rather than, say a high Balmer line) is that the
width scales as A% Oxygen was chosen in this work, not
because it is in any sense better than say, hydrogen, but
mainly because of the experimental work of Ref. 2. Our
interest here is in low-density plasmas, both because the
impact theory is a weak-coupling theory that breaks
down more for the highly excited states we are consider-
ing for smaller densities than the absolutely maximum
densities (10'8-10'° e /cm?) for which it is valid, and be-
cause at higher densities visible lines become sensitive
too, so that there is no need to use high Rydberg states.
Another region where the large widths associated with
ion lines of transitions between high Rydberg states
(which may still be visible) might be useful is that of high
temperatures, where for transitions between low-lying
levels Doppler broadening would normally dominate and
thus it would be difficult to infer the electron density
from the spectrum.

Because more states participate in the broadening of a
given line, the computations are more involved and the
matrix inversion [Eq. (3)] can be a problem, as it has to be
performed N, X N times, where N is the number of w
points and Ny the number of electric microfields. Nei-
ther Mozer’s” perturbation expansion nor assuming that
® is spherically symmetric* are satisfactory ways of deal-
ing with the inversion, so the matrix inversion is done
rigorously, after the matrix is reduced to block diagonal
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form. During the last few years very good line-shape
computer programs have appeared, as described by Lee’
and Woltz and Hooper.® Lee’s code is impressively
efficient, even for an upper state with very high principal
quantum number, but he only calculates Lyman lines (his
code has recently been extended so as to handle Balmer
lines, too). He can then neglect lower-state interactions,
and in any case he has a matrix of order n? to invert,
where n, is the principal quantum number of the upper
state; because he is interested in Lyman lines, he is able to
further simplify the problem by using m- and I-selection
rules so that he only has two matrix inversions of dimen-
sions n,—1 and n,—2, respectively, (24X24 and
23X23) at most, even for his largest n, (N, =25). Our
matrices are of the order n2n?, where n, is the principal
quantum number of the lower level. Therefore we cannot
neglect lower-state broadening, and thus our matrix in-
version is much more of a problem. Woltz and Hooper
have been able to reduce their matrix to block-diagonal
form ‘“‘at least in some approximations,” but it is not
clear how this is done. They have used the approxima-
tions of no lower-state broadening (and thus no interfer-
ence terms) in their calculations, which are done for tran-
sitions between principal quantum numbers n =4 and
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n =2 and for n =3 and n =2. In this paper we show that
even if we include all states of the upper and lower levels,
in which case we have a matrix n2n} to invert, this has a
block-diagonal form and can be reduced to the inversion
of two smaller matrices. This is basically an extension of
Lee’s m-selection rules. Furthermore, these smaller ma-
trices are block tridiagonal.

II. THEORY

In the dipole approximation, the total power (summed
over polarization and integrated over angles) is given
by4,7
_ 4ot
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where L(w) is the line shape:
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with Z the partition function and H the total Hamiltoni-
an.

In the impact approximation,*’ L(w) is given by
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a and a’ are states of the initial level and 8 and B’ states of the final level involved in the transition in question (in prin-
ciple they are complete sets of states), Re denotes the real part, W (E) is the ionic electric microfield distribution, whose
calculation has attracted quite a bit of attention since the work of Baranger and Mozer,? I is the unit matrix, d is the di-
pole operator, and ® is a collision operator with matrix elements*’
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with n the density, f(v) the Maxwell-Boltzman distribution, and with a’’ and 8’ denoting states of the upper and lower
levels, respectively, (in this representation all states are eigenstates of the Stark Hamiltonian). One usually does the cal-
culation in the unperturbed basis by letting «,(,... denote unperturbed states and by changing @ to
®+iE-(d} —d,)/#. This was not done here for the purpose of keeping the code more general, as the unperturbed basis
calculation is to first order in the Stark field and can only go up to second order (the same as ®), while diagonalizing the
Stark matrix can to up to all orders. Repeated indices u, a’’, and B’ are summed over. To this ®, the Lorentz-
Weisskopf strong collision estimate’ was added. Since this estimate has been criticized® as overestimating the strong
collisions, it was divided by 2 to bring it closer to Griem’s'® estimate. It was verified that the strong collision estimate is
not critical and does not have an appreciable effect on the line shape for the densities we are considering. In the hydro-
genic approximation, this gives a ® operator of
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where aq is the Bohr radius and the upper cutoff is taken
to be of the order of the Debye radius Aj, (p,,,,~0.7Ap).
Of course one can use a G function'! (basically a
Green’s function) in order to evaluate the electron
electric-field —electric-field correlation function instead of
our classical-path-based ®. However, the differences are
not significant until the frequency separation from the
line center is close to the plasma frequency, and then the
Lewis cutoff gives a very good approximation to the re-
laxation collision operators, as Smith!? has shown. As far
as the computer code is concerned, the main problem, the
structure of the matrix that will be inverted, is dealt with
here ( assuming dipole interactions), and with efficient im-
plementations of the G function® basically all one has to
change is to substitute G for ®. Note that the matrix
structure is the same for neutral and ion emitters.

III. DETAILS OF THE CALCULATIONS

The necessary radial matrix elements were calculated
from Chung et al.!* and are in very good agreement (4%
at worst) with hydrogenic calculations. |a),|B),... are
obtained as linear combinations of the unperturbed states
in an Im representation when the Stark matrix is diago-
nalized. It was confirmed that the Stark effect
significantly mixes only states having the same principal
quantum number. The mixing coefficients with states
with a different principal quantum number were less than
1% and were usually between 1073 and 10~° even for ion
microfields that were substantially higher than the Holtz-
mark normal field. Hence the definition of a level as the
set of states with the same quantum number is still valid
(up to densities of 10'*-10' e/cm?® in our case, even
though the s and p states do not mix with any other states
and might be considered as different levels. The high
Rydberg states with the same principal quantum number
(except for 5f and 5g at the lowest density), however, are
completely scrambled. The microfield distribution was
calculated using Hooper’s microfield program.'* For our
plasma parameters this microfield distribution is expected
to be quite accurate, and more general microfield distri-
butions such as the code APEX (Ref. 15) or density-
functional microfields!® are unnecessary; in fact, an
APEX calculation shows no difference from Hooper’s re-
sults. To avoid having to calculate the line shape for a
very large number of electric fields, an integration rule
with 15-20 adaptive Gaussian quadrature points was
used (i.e., the integration region was divided into subre-
gions which did not have the same number of points).

The transitions involved in the 7.5-um line are level
n=6—->n=5 at 7.448 uym (mainly 6f,g,h —5f,g) and
level n=8-—>n =6 at 7.49 um. Here, apart from the fact
that the 8 — 6 line is about 100 times less intense than the
6—5 line and can thus be neglected, the two transitions

7415

are not overlapping in the sense that the levels n =6, 8,
and 6, respectively, are not collisionally connected. In
other words, the ® matrix elements with, say, a in level
6, B in level 5, a’ in level 8, and ' in level 5 or 6 are
much smaller than the ones with « in level 6, B in level 5,
a' in level 6, and B’ in level 5, and thus the ® matrix is to
an excellent approximation block diagonal, with the two
blocks in question corresponding to a in level 6, 3 in level
5, and a in level 8, B in level 6, respectively, and the
blocks may therefore be inverted separately.

It is not enough to only consider states involved in the
transitions, because collisional channels can add to the
broadening. For example, the process: electron in level
n=6—n=7 (via a collision )—»>n=6 (via another
collision)—n =5 (via spontaneous emission) contributes
to the broadening. Normally, for low-lying levels such
out-of-level collisional transitions (i.e., where n changes)
are much less probable than collisional transitions be-
tween states of the same level and are thus neglected. In
our case this is no longer true; for example, the radial in-
tegral (n=6,I|rln=7,I4+1) is about equal to
{(n=6,l|rln=6,1+1) for the high-1 states and can even
be slightly larger. However, such collisions do not con-
tribute very much to the broadening because the energy
separations between states of different levels are larger,
and this means that such an out-of-level collisionally in-
duced transition occurs in a shorter time than the inter-
level collision. Therefore, the radiation is interrupted for
a shorter time, and this results in smaller widths.
Mathematically, the imaginary exponentials in ®, Eq. (4),
oscillate very rapidly, and this results in smaller collision
integrals. It was verified numerically that collision in-
tegrals for such out-of-level transitions are smaller than
10% of the interlevel collision integrals, and were
neglected. Interlevel collision integrals, on the other
hand, were found to be hydrogenic to a very good ap-
proximation and thus were evaluated analytically.

The matrix inversion implied in Eq. (3) is another prob-
lem, but can be done very efficiently if we exploit m-
selection rules. Since we chose the z axis to coincide with
the electric microfield, all Stark eigenstates |a),|B8),...
are definite m states. This is all that is required for the
following discussion. The m-selection rules thus imply

1
a Mg=mg—mg= 10 @)
—1.

m

The ® matrix is labeled according to m,mg blocks. The
m ,mg block contains all combinations of states a and 8
with magnetic quantum numbers m, and mg, respective-
ly. For example, row index 11 means « in block 1, B in
block 1 (i.e., m,=—5, mg=—4), index 12 means a in
block 1, B in block 2 (m,=—5, mg=—3), and so on.
This is a block-banded matrix, with zeros between the di-
agonal and the outermost block of the band. We can put
it in block-diagonal form by arranging the states in dis-
joint classes:
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Class 1: 11,22,33,44,...,N,N,,
Class 2: 12,23,34,45,...,(N,+1)(N,),
Class 3: 13,24,35,46, .. .,

Class N,: 1N,
Class N, +1: 21,32,43,.. .,
Class N, +2: 31,42,35,...,

Class N,+N,—1: N,1, where N,=2/%  +1=2n,—1
and N, =2} ., +1=2n,—1, with the superscripts b and
a denoting lower and upper levels, respectively. One may
think of these classes as representing a constant
Am=m,—mpg. Because of the selection rule, Eq. (7),
these classes are not connected and the matrix inversion
is thus broken into N, +N,—1 inversions. This is basi-
cally the same diagonalization done by Vidal, Cooper and
Smith."”

The reduction of the matrix inversion to the inversion
of N,+N,—1 smaller matrices is a significant
simplification, both for the speed of execution and
storage. Note that this breaking up of the ® matrix into
blocks is possible even if the upper or lower “levels” con-
sist of more than one n level. Furthermore, not all of
these classes are needed, since the dipole product,
dg, d,p must also obey m-selection rules. Thus the first
N, classes (11,...,(1)(N,)) are all redundant except (in
the case of n, lines) the 11 class, and since any class can
be specified by m , —m, there are only three classes that
are of interest (corresponding to m,—mg=0,%1). The
m,—mg=%1 classes contribute the same to the line
shape, as can be easily verified, and this leaves us with
two matrix inversions. Moreover, all classes have a band
tridiagonal structure, because each m,mg block is only
connected to itself and to its adjacent blocks (for exam-
ple, the 33 block in class 11 is only connected to 22, 33,
and 44). This fact is exploited to further cut down the ex-
ecution time for the matrix inversion: a two-stage Gauss-
ian elimination routine was implemented, where in the
first stage row operations are performed to reduce the
(current) diagonal block to a unit matrix, and in the
second stage this unit matrix is used to eliminate the
block below it until we are left with an upper triangular
matrix, for which the same method is used (i.e., the
current diagonal block is used to eliminate the block
above it). The actual times for the code depend rather
strongly on the specific computer used. For example,
with a Convex computer (which does not do “loop col-
lapse”) the above procedure is not quite as fast as the
highly optimized machine-language Convex veclib rou-
tines that take no advantage of the block tridiagonal
structure.

Some additional simplifications arise from /-selection
rules, in a variation of Lee’s’ method, and can be exploit-
ed using gather-scatter techniques, if we work in the un-
perturbed (field-independent) basis.

IV. VALIDITY OF THE QUASISTATIC
APPROXIMATION

The effects of ion dynamics should also be addressed,
since we are dealing with hydrogenic high Rydberg states
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and ion dynamics is known to be important for hydrogen
lines at the densities considered here. Here ion dynamics
is less important due to the large collision operator ma-
trix elements. Griem'® has investigated the validity of
the quasistatic approximation in high-n (n =90-170)n,,
lines in the radiofrequency range and has found that.the
ions as well as the electrons should be described by the
impact approximation. Even though the temperature in
his work is the same as here, the electron densities he was
dealing with were extremely low (10° e/cm® at most), so
this is hardly surprising.

Generally, speaking, ion dynamics will only be impor-
tant for long times, i.e., near the line center. One way of
checking the quasistatic approximation is to define an ion
Weisskopf radius:

— #fn?—n})

pr=12 ~2.45X107 " m (8)

mvion

for our transition and T=10000 K (m is the electron
mass). The quasistatic approximation is assumed to hold
if most ion collisions are strong, i.e., pean =(3/4mn )"
<pl, provided!® that all strong collisions lead to static
broadening. This is true if p,.,, <<pi, but there are also
dynamic strong collisions (p=p> ). As Table I shows,
ion-dynamic contributions are not expected to be a prob-
lem according to this criterion for n > 10" e/cm?®. How-
ever, the 5X 10'® and 5X 10'*-e/cm? results are somewhat
in doubt, according to this rough criterion.

Alternatively, we can use the more general condi-
tion!%20 that, for the quasistatic approximation to hold,
the typical ion-collision time must be much larger than
the times that are important in the Fourier transform

L(@)=~Re [ “C(ne ~"dt
T 0

=LRef0mdt exp[t(®P—iAw)], 9)
T

where Aw=w — g, that give us the line shape. The idea
is that if the “lifetime,” i.e., the “times of interruption of
the spontaneous radiation” in Lorentz theory terminolo-
gy, is much smaller than an ion-collision time, then ion
dynamics may be neglected. This assumes that the life-
time cannot be longer than what is allowed by electron
collisions alone, hence we compare the ionic collision
time with the important times for the integration of C(¢)
that gives the line shape. These important times are of
the order of Aw ™! in the wings, where Aw is the separa-
tion from the line center and (for isolated lines) they are
taken to be of the order of the width of the line in the

TABLE I. Ion dynamics (strong collision criterion).

Density Pmean
(e/cm?) (1077 m)
5.0x 10" 1.7
1.0X 10" 1.35
1.0X 10" 0.62
1.0Xx 10' 0.288
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TABLE II. Ion-dynamic effects (important time criterion).

-1

Density Tion D Width
(e/cm?) (10'° Hz) (10'° Hz) (10'° Hz) (10'° Hz)
5.0x10" 2.15 0.55 11.0
1.0X 10" 2.7 0.33 1.03 28.45
1.0x 10" 5.8 1.04 8.3 100

1.0 10 12.6 61.9 415

core. In our case, however, the width cannot be simply
related to @, and the determination of these times re-
quires diagonalizing the & matrix. This would be the
rigorous way in all cases, but for isolated lines the width
is of the same order of magnitude as the eigenvalues of ®.
In our case, with the hydrogenic approximation, ® is a
real symmetric matrix, and thus

ePt=perip1 (10)

where A is diagonal. The elements of A, the eigenvalues
of @ determine the “important times.” The (absolutely)
maximum and minimum eigenvalues may differ by an or-
der of magnitude or so. They were determined for a
microfield equal to about 1.5 times the Holtzmark normal
field. It was numerically confirmed that they are very in-
sensitive to the ionic microfield, as expected, since the ei-
genvalues of a matrix are independent of the representa-
tion used.

We can similarly check the validity of the impact ap-
proximation by comparing these times with a typical
electron-collision time. Therefore if we denote by & ;.
and ®_,, the minimum and maximum eigenvalues of &,
respectively, the following will certainly be sufficient,
though not absolutely necessary validity criteria.

For the quasistatic approximation,

-1 Prmean —1
min << ] = Tion < q)min ’ (11)
ion

P

and for the impact approximation,

i Ap

<I>max>>v—l='a>pyel>><l>max ) (12)
€

where w, . is the electron plasma frequency. It turns out

that the width is of the order of the plasma frequency, so

the Lewis cutoff was used.

The minimum important ion-collision time is of the or-
der of 7., the mean interionic radius over the ion veloci-
ty. A more typical ion-collision time is the inverse of the
ion plasma frequency @, ;. (The idea is that for a given
dp there is more phase space around the Debye radius
Ap, hence most collisions will be around A,.) Table II
lists the inverses of these two times as well as ® matrix
elements and full width at half maximum (FWHM). The
width is listed to show that ®_; can be much smaller
than the width, and thus application of the validity cri-
terion of Ref. 20 to a case of many overlapping lines can
lead to erroneous conclusions.

The conclusion is that ion dynamics is certainly not
important for 10> and 10'® e/cm® and even for 10

e/cm® and 5X 10'? no significant ion-dynamic effects are
expected. It is true that for high Rydberg states one will
have to start worrying about ion dynamics at lower densi-
ties than one would have to worry in the visible case.
The reason is that @ is larger for high Rydberg states;
hence the minimum eigenvalue ®_; will be larger than
the @, for low-lying states and thus would have a much
better chance of being >>7,!, where 7, , is a typical ionic
collision time.

V. RESULTS

Figures 1(a)-1(f) show model spectra for different plas-
ma parameters. Also shown are the spectra evaluated at
a microfield around the most probable one. The w* factor
from Eq. (1) as well as the Boltzmann factor were includ-
ed. Doppler broadening is negligible in our case. It is
clear that the spectra are completely impact dominated.
One can obtain a fairly good approximation to the spec-
trum by evaluating it around the most probable
microfield. The spectra are also rather insensitive to the
temperature, but they are quite sensitive to the electron
density. The sensitivity is not limited to the width: the
entire line shape changes rather dramatically from a
spectrum of essentially isolated lines (at our lowest densi-
ty) to a broad feature. In particular, the asymmetry of
the line [whose origin is clearly indicated by Fig. 1(a); the
peak to the blue is due to transitions from upper levels
that are a mixture of 6f, g, h to 5f, which does not mix at
our lowest density] could be useful for inferring upper
and lower bounds on the density without the need of a
full calculation. Fits to Lorentzian and Gaussian line
shapes show that for electron densities above 10" e/cm?
the line shape is rather well fitted by a Lorentzian.
Gaussian fits are much worse. However, for the lower
densities, Lorentzian fits are quite poor (as are Gaussian
fits). The insensitivity to temperature is not usually ex-
pected for impact-dominated lines?' and is one of the
reasons why lines that are dominated by quasistatic
broadening are usually preferred as density diagnostics.
In our case the width is not simply related to ®, and es-
timating the half-width from ® can lead to serious errors.
Figure 2 is a log-log plot of width versus electron density.
The relationship between width and electron density is
approximately linear (but with a slope quite different
from Fig. 1) except for the line-merging region at the
lower densities.

The main source of error in line-broadening calcula-
tions in cases where ion dynamics is not important and
the dipole matrix elements are known quite accurately is
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FIG. 1. Calculated spectra. Dashed line, T=10000 K, spectrum calculated at a microfield around the most probable one; solid
line, T=10000 K, integrated over all microfields; dashed-dotted line [for (b), (d), and ()], T=15000 K [for (b)] and T=30000 K [for
(d) and (D], integrated over all microfields. Electron density (e/cm?®): (a) SX10'3, (b) 10", (c) 5X 10", (d) 10'3, (e) 5X 10%, (f) 10'.
The spectra are scaled to the peak height of the solid line. For (d) and (f) the 7=15000-K spectrum overlaps the 7= 10000-K in-

tegrated one.
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FIG. 1. (Continued).

thought to arise from the strong collision estimate, and
this error will be more important at high densities. In
our case, at our highest density, doubling the strong col-
lision estimate made no change in the shape and in-
creased the width by about 5%. Using a strong collision
estimate of 0.1 made no change in the shape and also pro-
duced no discernible change in the width (less than 1%).
Therefore a reasonable estimate of the uncertainty in the
strong collision estimate is 4%. This is probably already
too high. Additional sources of uncertainty are the use of

0.100}— ¥
+
0.050
E +
E S +
£
©
= 0.0l10+
0.005 *
<+
] ] |
IOI4 lOIS IOIG

Electron density (e/cm3)

FIG. 2. Width (FWHM) vs electron density.

the dipole interaction between emitter and perturbers and
the no-quenching and hydrogenic approximations, and
their combined effect could raise the uncertainty in the
calculation to at most 8—10%. The present calculations
should be of accuracy no worse than the standard (visible
range) impact calculations, without the problems of ion
dynamics.

VI. CONCLUSIONS

The use of high Rydberg states in plasma spectroscopy
has been investigated for the n =6—n =35 transition in
neutral oxygen. We have described how the computa-
tional problems can be dealt with, and have suggested
that high Rydberg states can be a useful density diagnos-
tic for low-density plasmas. Precision experiments in this
region would be very helpful for accessing the diagnostic
use of these high Rydberg states.
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