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Dynamics of a Raman coupled model interacting with two quantized cavity fields
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We describe the dynamics of an exactly solvable Raman coupled model interacting with two
modes of a quantized cavity electromagnetic field. The model consists of a three-level atom in the A

configuration whose excited state is considered to be far off resonance and is adiabatically eliminat-
ed. The effective Hamiltonian for this system contains products of the transition operators between
the two ground-state levels and a field annihilation operator from one mode and a creation operator
from the other. This Hamiltonian provides an example of a zero-photon process. We study the
atomic inversion and investigate the production of nonclassical effects such as antibunched light,
violations of the Cauchy-Schwartz inequality, and squeezing.

I. INTRODUCTION

Over the last decade there has been much activity in
the theoretical' and experimental study of simple non-
trivial models of quantum-optical interactions involving
one atom with a few energy levels and one or more near
resonant modes of the quantized electromagnetic field.
The prototype of such systems is the well-known Jaynes-
Cummings model in which a single-mode field interacts
with a two-level atom. When the rotating-wave approxi-
mation is used this model is exactly solvable. A number
of quantum effects having no classical analog have been
discovered in the dynamics of this model even when the
field is assumed to be initially in a coherent state. These
include the collapse and revival of the Rabi oscillation of
the atomic inversion and of the atomic dipole moment,
vacuum-field Rabi oscillations, and the production of
novel states of radiation. Multiphoton versions of the
Jaynes-Cummings models have also been much stud-
ied " and micromasers operating on one-photon and
two-photon transitions have been realized in the laborato-
ry. ' Jaynes-Cummings-like models having three or more
levels interacting with one or more modes of the cavity
field have also been extensively studied, " where phe-
nomena similar to that seen in the two-level, one-mode
case are also observed.

In most studies of the Jaynes-Cummings model, the
basic processes involve either a net loss or gain of pho-
tons. In the present work we study, as an extension of
the few-level systems in unusual environments already al-
luded to above, a model system for which the net gain or
loss of photons is zero —a zero-photon process. The par-
ticular model we have in mind consists of a three-level
atom in the A configuration interacting with two modes
of the field under the assumption of exact two-photon
resonance, as shown in Fig. 1. Level 2 is assumed to be
far off resonance and will be adiabatically removed so
that this excited level acts only as a virtual state in transi-
tions between levels 1 and 3. The resulting model there-
fore consists of two nondegenerate "ground" states con-
nected by a zero-photon process where a photon ab-
sorbed in one mode is emitted in the other, with the atom

making transitions through the virtual state. The essen-
tial difference between the discussions of the three-level
system of Fig. 1 by Yoo and Eberly' and in this paper is
that in the former, the second level participates
significantly in the population dynamics. In the present
case the model may be interpreted as a cavity version of
Raman scattering in which mode 1 is the pump field,
mode 2 is the Stokes field, and no anti-Stokes field is
present (due to lack of a cavity resonance}. For this
reason we refer to our model as the two-mode Raman
coupled model. After the adiabatic elimination of the
second level, the effective interaction Hamiltonian has
the form of the usual Jaynes-Cummings model but with
the single-mode field operators replaced by products of
an annihilation operator of one mode and a creation
operator of the other. The techniques normally used to
solve the Jaynes-Cummings model" may also be used in
the present case.

We should note here that a one-mode Raman coupled
model involving a zero-photon process has already been
discussed by Knight' and Phoenix and Knight' in con-
nection with the collapse and revival of the Rabi oscilla-
tions. In their model, two degenerate atomic states are
connected by a single-mode two-photon coupling. Unlike
the usual Jaynes-Cummings model, in that case the atom-
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FIG. 1. Energy-level diagram of the three-level atom in the A
configuration. The detuning 5 is large compared to E3 El.
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ic inversion can be summed in closed form and exhibits
regular and complete revivals. Obviously, the Knight-
Phoenix model is closely related to Ref. 1 and to the
model presently under investigation, but many results are
strikingly different.

This paper is organized as follows. In Sec. II we identi-
fy the important parameters of our model and give its
effective Hamiltonian. Expressions for the density matrix
elements for the field and atomic dynamics are derived.
In Sec. III we discuss the atomic dynamics, in particular
the atomic inversion between the first and third levels, as-
suming both modes initially in coherent states or with the
pump mode in a coherent state and the Stokes mode in
the vacuum. We take the atom to be initially in the state
~1)„.The dynamical evolution is essentially symmetric,
as we show, with respect to the states ~1)„and ~3) „. In
Sec. IV we study the dynamics of the field, paying partic-
ular attention to the possibility that nonclassical states
might be generated by the interaction. Specifically we in-
vestigate the possible appearance of sub-Poisson statistics
(actually photon antibunching) in each mode, anticorrela-
tions between the modes, violation of the Cauchy-
Schwartz inequality, and the appearance of squeezing.
Section V concludes the paper with a brief summary and
some discussion. An Appendix is included wherein the
effective Hamiltonian of our system is derived by adiabat-
ic elimination of the state ~2) „.

II. MODEL AND SYSTEM DYNAMICS

The energy-level configuration of our model is given in
Fig. 1 where EI, E2, and E3 are the energies of levels 1,
2, and 3, respectively. We assume that E3)E, and that
E2 &)E&,E3. The Hamiltonian describing this system is
given by

Ho+Br (2.1)

where

H11 =E1cr11+Ezcrzz+E3cr33+Rcoia 1a, +ficoza zaz (2 2a)

is the free atom plus free field Hamiltonian and

HI ~g12(a 1 +21+~lza 1 )+~g23(aza23+~32Q 2 } (2.2b)

is the interaction Hamiltonian. The symbols a; (i =1,2)
represent the field operators of modes 1 and 2 while the
o;1 (ij =1,2, 3) are operators in the atom subspace, o;;
being the level occupation numbers and cr, (i' ) be"ing
the transition operators from levels j to i. We shall desig-
nate mode 1 of frequency co& as the pump mode and mode
2 of frequency co2 as the Stokes mode, and we assume
coz&co1. The interaction Hamiltonian (2.2b) couples the
pump mode to the first and second levels while the Stokes
mode is coupled only between the second and third where
g&2 and g23 are the respective dipole coupling constants
and are assumed real. We assume that the cavity is tuned
consistent with two-photon energy conservation
(E3 E, =fico, ficoz) so —that there is only o—ne detuning
parameter, namely 6, defined by

which we shall assume to be large, i.e., ftb »E3 E—1.
The adiabatic removal of the second level, as described in
the Appendix, results in the effective interaction Hamil-
tonian

Ht s= AA(cr+Q 1a2+ cr Q iaz) (2.4)

where o.+=a.
3& and o =o.

&3 are the effective atomic
raising and lowering operators between levels 1 and 3 and

is the efFective coupling constant given by
k =2g i2g23/h. Since we are assuming the second level to
be very far off resonance, we set the occupation of that
state to zero, i.e., o z2=0. Thus we have o»+ ~33 1 and
we can rewrite the free Hamiltonian is

[Hp, Ht, s]=0 . (2.6}

Another constant of the motion is the total photon num-
ber N=a, ai+a2a2, which is constant as a direct conse-
quence of the fact that we are dealing with a zero-photon
process.

The bare states of our system will be denoted as
~i;n, nz)—:~i )„ ~n, , nz)~, where i =1,3 is the atomic
label and ~ti »nz )F—:~n, ) ~nz ) is a direct product field
state for modes 1 and 2.

To obtain the system dynamics we use the density
operator formalism. The density operator for the atom-
field system is p(t), and it evolves according to

p(t) = U(t)p(0) U (t) . (2.7)

But because of Eq. (2.6), the evolution operator factors as

U(t) = U, (t) U, (t)

where

(2.8)

and

Up(t) =exp( iHpt lf't)— (2.9a)

Ut(t) =exp( iHt, ttt Ift) —.
Thus we may write

p(t) = Up( t)p (tt) Up(t)

where

(2.9b)

(2.10)

p, (t)=U, (t)p(0)U, (t) . (2.11)

Here pt(t) is, of course, just the density operator in the
interaction picture where the system is driven by Hi ff
which contains all the essential dynamics. The operator
Up(t) merely contributes a phase factor in each atomic
subspace. For any Schrodinger operator O„we have

(O(t)) =Tr[p(t}O, ]

Hp = coper p+ftcoia 1a1+ftcoza zaz + (E1 +E3 )I (2.5)
2

where ftcop: E3 —E, =f—i(co, coz) an—d crp=o 33 cT11

Since the energy is conserved during the transition, Ho
itself is a constant of the motion and therefore

fih=E —E —Aco =E —E —Ac@2 1 1 2 3 2 7 (2.3) =Tr[p, (t)O, (t)] (2.12)
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where

0,(t)= U, (t)O, U, (t) . (2.13)

atomic density matrix elements will be calculated. We
assume that at time t =0 the density operator factors into
its atomic and field parts

In what follows, all field quantities will be evaluated in
the interaction picture.

In order to explore the dynamics of the atom and of
the field we introduce reduced atomic and field density
operators, p "(t) and p (t), respectively, whose matrix ele-
ments are given by

p(0)=p"(0)ep (0) . (2.16)

We further assume that initially, the field modes are in
coherent states la„a2) given by

p,",(t)= y g (i;n, n, lp(t)lj;n, n, ),
nl n2

(2.14)

where

nl =On2=0
(2.17)

m& n& 3

p
' '(t)= g (i;m, m2pl(t) li;n, n 2) .
m2 n2 i=1

l%2

(2.15)
nl n2

C. „=exp[—
—,'(la)l'+ la2I'}]

Qn, !n2!
(2.18)

For the atomic system only the inversion W(t}
=pt" (t) pt"—(t) will be investigated. Since

pt" (t)+pt" (t) =1, this may be written as W(t}
=2pt" (t) —1 or W(t)=1 —2pt" (t}. Only the necessary

so that p (0)=la, ,az)(a, ,azl. Now further assuming
the atom to be initially in the ground state ll) 4, then
p"(0)=ll)4 4(ll. Using standard procedures, " the
following necessary matrix elements, in the interaction
picture, may be obtained:

pt (t)= g g lC„„ l cos tkt[n, (n2+1)]'~2j,
n =On =0

1 2

(2.19a)

m& n&

p,
' „'( )=C„„C' c so[At[n, ( n+21)]j'~ c so[At[m, (m +21)]'~ j

+C„+&„,C~ +& &sinIAt[nz(n&+1)]'~ jsinIAt[m2(m, +1)]'

On the other hand if the atom is initially in state l 3 ) „,with p (0)= l3 ) 4 4 ( 3
l we then have

(2.19b)

pt" (t)= g g lC„„ l
cos IAt[n2(n, +1)]'~ j,

n =On =0
1 2

(2.20a)

m& n&

pf
' '( )=C„„C' cos[At[n2(n, +1)]' jcos[kt[m2(m, +1)]'

+C„,„+,C*, +, sinIAt[n, (n2+1)]' jsinIAt[ m(m&+1)]' (2.20b)

As we have said before, we shall be interested only in the
case when the atom is initially in state l 1 ) „.There is no
loss of generality here since the formulas in Eqs. (2.19)
and (2.20) are symmetric under the double interchange
I~ 2 and m r~m2'

III. ATOMIC INVERSION

We study the dynamics of the atomic inversion as a
first example of nontrivial nonclassical behavior in this
model. As discussed above, we need study only the case
when the atom is deexcited initially. The atomic inver-
sion is therefore, from Eq. (2.19a), given by

W(t)=1 2pi4 (t}—
=1—2 g g lC„„ l

cos IAt[n, (nz+1)]'~ j
n

l
=0 n2 =0

= —g lC„„ l cos(tQ„„) (3.1)
nln2

where

Q„„=2A[n,(n +21}]' (3.2}

lc„„ l
=P„(n, )P„(n ) (3.3)

are quantum electrodynamic Rabi frequencies for our
model. Also from Eq. (2.18) we have
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where

n
I

P„(n, }=e.

t

(3.4}
0.6

and where n; = la; l
is the initial average photon number

in the ith mode.
Let us now consider the special case when n2 =0. We

then have lC„„ l =P„(nt )5„0. The expression for the
1 2 1 2I

inversion therefore reduces to

W(t}

-0.2
PYA

W(t) = —g P(n, )cos(tQ„O)
n&

(3.5)
I

10
I

15
I

20
I

25 30

[Q(n I + n I
~

)
—Q(n I n I~ —)]t, -1 (3.6)

where Q(nt )=2}I,(nt )'~ . For n I &&nt, we obtain
t, -A, '. On the other hand, the interval between re-
vivals TR may be estimated as the time when two neigh-

where Q„o=2A(nt )'~ . This is the series obtained for
the inversion in the usual Jaynes-Cummings model, with
zero detuning, driven by an initial coherent state and we
expect to see the usual collapse and revival phenomena in
the time record of the inversion. For later use we briefly
review the standard analysis (see Ref. 4) that predicts the
collapse time and the revival times. The collapse time t,
is estimated from the spread of Rabi frequencies that
make significant contributions to the sum in Eq. (3.5).
For n, &) 1, and with An, =n &, t, is estimated by

FIG. 2. Atomic inversion 8'(t) vs the scaled time A, t for
n& =10, n2=0.

boring terms in Eq. (3.5) for n -n and n n+-1 difFer in
phase by a factor of 2m. That is, TR is estimated by

[Q(nt+1) —Q(nt )]Ttt =-2tr

from which we obtain

T =2%X nR 1

(3.7)

(3.8}

As a specific example, in Fig. 2, we plot the inversion
W(t) versus A, t for nt =10 and n2=0. As expected, we

see a time record resembling that for the usual Jaynes-
Cummings model. The first revival occurs at A, t =20 as
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FIG. 3. Atomic inversions 8'(t) vs the scaled time A, t for various n&, n2. (a) n, =10, n, =1.5; (b) n& =10, n2=5; (c) nl =20.5,
n2=12. 33; (d) nl =30, n, =30.
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predicted from Eq. (3.8).
For cases when n2&0, the revival patterns are quite

di8'erent. They even present something of a puzzle which
is not fully understood. In Fig. 3 we display several ex-
amples of the evolution of the atomic inversion for vari-
ous n, and n 2. We immediately notice, in contrast to the
usual case and in very strong contrast to the related
zero-photon (but one-mode) case studied by Knight and
Phoenix, ' ' that the positions in time of the revivals are
essentially independent of n, and n2. This observation
can be partially explained as follows. First we write Eq.
(3.1) as

W(t)= —Re g g P„(n, )P„(n, )

nl =0 n& =0

Xe
2ikt[n (n +1)]

(3.9)

The rapid oscillation in the time record is just the dom-
inant Rabi oscillation which occurs for n, =n, and
nz=n2, i.e., Q(n„n 2)=2A[n, (n 2+1)]' . We now Tay-
lor expand the frequencies 2A[n&(nz+1)]' about n&

and n2 to obtain

' 1/2

2A[n, (nz+1)]'~ =2A[n&(nz+I)]' +A,
n1

(n& n—, ) +A,
n2+1

' 1/2

(nz n2)—
' 1/2

(n, n, )—+
n1

n1

(n2+1)
(n~ n, )'—

—[n, (n2+1)] '~ (n, n, )(—n2 n2)+— (3.10)

Retaining terms up to first order we have

n]

2iA+[n&(n +1)]W(t)= Re .— ' ' g g P„(n, )P„(n2)exp iAt.
n( =0 n2=0

1/2

(n, n, )—

X exp &'kt
n,

n2+1

' 1/2

(n~ n2)— (3.11}

n,

1/2

=2mk, k =0, 1,2, . . . ,

n1

n2+1

1/2

=2~l, 1=0,1,2, . . . .

(3.12)

By multiplying these two equations together we obtain
simply (A,t„}=4m kl, or

kttt =2m/m, m =kl=0, 1,2, . . . . (3.13)

On the other hand, by dividing the two Eqs. (3.12}we ar-
rive at

(3.14)

Now Eq. (3.13) alone, for m = 1,2, 3, etc., predicts a se-

The initial factor gives the rapid Rabi oscillation at
Q( n „n2 ) and the oscillating exponential terms in the
sum determine the revivals. These will occur at times
when the two oscillations are in phase, which happens
when the following conditions are satisfied:

quence of revivals at 2m, 8.89, 10.88, 4m. , 14.05, etc. ,
which in fact does agree well with the observed locations
of revivals in Fig. 3. Interestingly, the graphs do not al-
ways show revivals at the times predicted by Eq. (3.13),
but when a revival occurs, it occurs at one of those times.
The puzzle is that Eq. (3.14) should also be satisfied,
which is clearly not possible for all the various k and l
used to generate the revival times in Eq. (3.13). It should
also be pointed out that these predictions are also valid
for a Jaynes-Cummings model involving the related two-
photon two-mode interaction of the form o.+a, a2+H. c.
recently studied by Gou. ' Indeed, the positions of re-
vivals exhibited (without comment) by Gou show the
same behavior.

IV. FIELD STATISTICS

We now study the dynamics of the field statistics of our
system, paying particular attention to the production of
states of the field exhibiting nonclassical properties. In
particular, we examine the possible production of anti-
bunched light, anticorrelations between the two modes,
violations of the Cauchy-Schwartz inequality, and the ap-
pearance of squeezing in each mode.

But first, let us consider the time evolution of the aver-
age photon number in each of the modes. From Eq.
(2.21b), the two-mode photon number distribution func-
tion P„„(n„n2,t) is

I 2
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n) nl
P„„(n&, n 2, t) =pl ' '(t)

n2 n2

=P„(n, )P„(nz)cos t)jt[n, (nz+1)]' ]+P„+,(n, )P„,(n2)sin tkt[n2(n&+ I))' (4.1)

n, (t)= g g n, P„„(n„nz,t),
n =On =0

1 2

(4.2a}

from which the average photon numbers n&(t), n2(t} are
obtained as

00 00 1

g P„+,(nl)=n, g P„(n&)
n) =0 n)+1

1

1
7f ( (4.4)

(4.2b)

n, (t)= —n, + g n, P„(n, )cos[2At(n, )'~ ], (4.3a)
1

n) =0

1 1n~(t)= —n, ni+1

1
n, —g P„(n)ni+1

1

Xcos[2At(n&+I)'~ ] (4.3b)

where it should be noted that n, =g„" p n, P„(n, ),
1 1

n 2 g —p ll 2P„(n 2 ), and that"2 "2

n2(t)= g g n2P„„(n„n2,t),
n =On =0

1 2

and where n, (0)—:n, , nz(0)—:n2. In the special case
when n

&
%0, n 2 =0, these become

The oscillations of the average photon numbers are clear-
ly related to the Rabi oscillations as seen in the atomic in-
version. The dominant frequency of the Rabi oscillations
is Q(n, )=2k,(n, )'~ . In the second term of Eq. (4.3b),
the function P„+,(n, ) peaks at about n, + 1 =n, so that

I

both n&(t) and n2(t) also oscillate at this frequency. In
Fig. 4 we plot n&(t) and n2(t) versus the scaled time At,
where it is clear that, as expected, these quantities exhibit
the same pattern of collapse and revival as the atomic in-
version.

In Fig. 5 we plot n, (t) and nz(t) for the case when
n&=10, n2=5 and it is quite clear that in this case we
also obtain the same pattern as for the atomic inversion.

We now turn to the problem of obtaining evidence of
nonclassical properties of the light beams. We should
paint out that Bogolubov et al. ' ' have studied the sta-
tistical properties of a three-level system in the
configuration of Fig. 1, but without the adiabatic removal
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FIG. 4. For n, =10 and n2 =0, (a) n, (t) vs kt and (b) n2(t) vs
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FIG. 5. For nl =10 and n2=5, (a) ni(t) vs A.t and (b) n2(t) vs
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(4.5)

of the second level. In their work, evidence of strong
nonclassical properties was found and similar behavior is
expected in the present study.

To characterize the statistical properties of the light
beams, we introduce the function

(a;a.a a, )

Here y';; ' defines the degrees of second-order coherence
in the modes and y'&z' describes the degree of intermode
correlation.

We first consider the second-order coherence of the
modes. The function y';; ' can be written in terms of the
normally ordered photon number variance (:(b,N; ):) as

(:(~N, )':)
y(2) —1+ (4.6)

(N, )'

where N; =a,- a,- and

( (bN ):)= (ata, a;a; ) —(N, ) (4.7)

(4.8)

The light is nonclassical, exhibiting the sub-Poisson
statistics, whenever y', ,

' ( 1 or equivalently whenever
(:(b,N; ):) (0. Since we are actually calculating the zero
time delay coherence function, states satisfying these con-
ditions are more properly referred to as antibunched.
The expectation values (N,.(t) ) =n;(t) are just those
given by Eq. (4.2) while the first term of the right of Eq.
(4.7) is given by

(a; (t)a; (t)a, (t)a, (t))

n, (n, —1)P„„(n,, n2, t) .
n& =0 n&=0

For the special case n i %0, n z
=0 we obtain

(ai(t)a, (t)ai(t)ai(t))= —n, + g n, (n, —1)P„(n 1)c os[2At(n, )' ]
1

n] =0

(a&(t)a, (t)a2(t)az(t) ) =0
where n i is just the expectation value of (a,a,a, a, ) with the coherent state iai) at t =0. Thus we have

(:[bNi(t)]:)=— g n, (n, —1)P„(ni )cos[2At(n, )'i ] n, (t—)
n] =0

J

(:[bN, (t)]':)= n,'(t—) .

(4.9)

(4.10)

(4.11)

(4.12)

(a,aza2ai )
712 (a iai ) (a,a, )

(4.13)

We actually calculate the cross-correlation function (or
the covariance of the product of the photon number
operators) between the two modes as defined by

It appears that for this special case, sub-Poisson statistics
will always be present in the second mode. This result
agrees with the prediction of Bogolubov et al. ,

' ob-
tained by retaining the excited state. In Fig. 6 we plot
the normally ordered variances for both modes with

n, =10, n2 =0. We notice that mode 1 shows antibunch-
ing only for short time periods. The collapse and revival
patterns of course are the same as for the atomic inver-
sion.

In Fig. 7, we plot the normally ordered variances of the
photon number operators for the case when n, =10,
n 2

=5. No antibunching is observed in the first mode but
dominates the second mode.

Also of interest is the degree of interbeam second-order
coherence determined by
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which is proportional to the excess coincidence counting
rate for a Hanbury-Brown-Twiss-type experiment with

FIG. 6. For n, =10 and n2 =0, (a} (:[bX,(t)]'. ) vs iLt, (b)

(:[bX,(t}]':)vs At.
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FIG. 7. For n, =10 and n2=5, (a} (:[AN, (t}]'.) vs gt, (b)
(:[AN, (t}]~:)vs A.t.

FIG. 8. Cross-correlation function C(t) vs A.t for (a) n] =10,
n2 =0, (b) n, =10, n2 =5.

two beams, ' where ( (2))2 ( (2) (2)
~12 —3 11 V22 (4.16)

(a, (t)az(t)a2(t)a, (t)) = g g n, nzP„„(n, , nz, t) .
n, =on, =o

(4.15)

For C(t)=0 the beams are uncorrelated (yIz'=0), for
C(t)&0 they are correlated (yI2'&0), and for C(t)(0
they are anticorrelated (yI2'(0). Because of the nature
of the interaction in our model, where one photon is sub-
tracted from one mode and added to the other, we ex-
pect the two modes to be predominantly anticorrelated.
This is evident in Figs. 8(a) and 8(b) where we plot C(t)
versus A, t for the cases n, =10, n2=0, and n, =10 and

nz =5, respectively.
Finally in this vein, we consider the Cauchy-Schwartz

inequality

V (t)= (a, (t)a, (t)a, (t)a, (t) )'
—( a, (t)a, (t)a, (t)a, (t))

X(a, (t)a, (t)a, (t)a, (t)) . (4.17)

Whenever V(t) is positive, the inequality in Eq. (4.16) is
violated For th. e special case when n, %0, n2=0, ac-
cording to Eq. (4.10},V (t) reduces to

V(t}=(a, (t)at~(t}a, (t)a, (t))'&0, (4.18)

where

which is violated by nonclassical states, indicating a non-
classical correlation between the beams. %e actually cal-
culate the quantity

(a &( ) tea( ) ta( 2) ta(t)) = ,'n, —n)

n)+1 P„(n, )cos[2A, t(n, +1)' ]n]+1
]

(4.19)

so that apparently the inequality of Eq. (4.16) is always
violated in this case. V(t) versus At for n, =10, n2=0 is
plotted in Fig. 9(a). For n2%0, the inequality tends to be
satisfied. For example, with n& =10, n2=5 [Fig. 9(b)], jt

is violated only for short time intervals and for n, = 10,
n2 = 10 [Fig. 9(c)] it appears not to be violated at all.

Finally in this section we consider the possible produc-
tion of squeezed light in each of the two cavity modes.
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First we introduce the field quadrature operators. The
field in the Schrodinger picture has the form

troduced by writing the field as

2

A(z}=—,
' g v;(z)(a;+a; ) (4.20)

2

8(z)= g A, (z)[X", (t)cos(co;r)+X~'(t)sin(co, t)] . (4.21)

By comparing Eqs. (4.20}and (4.21) we obtain

where 8;(z) depends only on the cavity dimensions and
mode frequencies and z is the direction of propagation.
(The one-half factor is for convenience). The time-
dependent quadrature operators X", (i) and X2"(t) are in-

X"(r)= ,'(a, e-' ''+ate ' ' ),

(4.22)
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These operators satisfy the commutation relations

[X',"(t),X'j'(t)] = —'5,, (4.23)

which implies the uncertainty relations

((~")'&((6X,")') (4.24)

Squeezing is said to exist whenever ((~") ) (—,
'

(i,j =1,2).
In calculating the expectation values of the X,"(t}and

their squares, the rapid time oscillations at frequencies co&

and co2 are removed by the transformation of Eq. (2.13) so
that in the interaction picture, the quadrature operators
are just those of Eq. (4.22) but with t =0. In our calcula-
tions, we find it convenient to characterize the squeezing
through the use of the Q parameter of Mandel given by

80 ((b,Xi~') ) —0.25

0.25
(4.25)

V(t)

0—

-80—

-120
10

-40

(c)

V(t}

-80

-120

10

FIG. 9. V(t) vs A,t for (a) n& =10, n2=0, (b) n, =10, n2=5,
(c) n& =10, n2=10.

where —1 & Q
~' & 0 for squeezing.

We have found that this model does not give rise to
significant squeezing. We shall display only two exam-
ples of squeezing, both occurring in the quadrature X', '

and with the assumption that a& and a2 are real. In Fig.
10(a) we plot QP'(t) versus At for n&=10 and n2=5,
where a small amount of squeezing is observed; about
20% below the vacuum noise level. For much higher ini-
tial average photon numbers n, =100 and n2 =50, we see
in Fig. 10(b) that QP'(t) does dip to about 10% below the
vacuum level, after some initial rapid oscillations con-
taining only miniscule squeezing.

The magnitude of the squeezing obtained in these cases
is about the same as obtained in the usual one-photon
Jaynes-Cummings model for low values of initial photon
number. In that model, increasing the initial photon
number apparently also increases the degree of squeezing
obtained, contrary to the findings in the present case. The
physical reason for the rather weak squeezing produced
by this model is the fact that only one photon is absorbed
or emitted from each mode. Squeezing is more eSciently
produced in multiphoton processes such as degenerate or
nondegenerate parametric amplification. In fact, it has
been demonstrated that the single-mode two-photon
Jaynes-Cummings model can produce a greater degree of
squeezing than the one-photon model. ' '" Furthermore,
recently Gou' has shown in the two-mode Jaynes-
Cummings model that squeezing to about 40% below the
vacuum level can be obtained in the superposition mode
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2.5

0.5

-0.5

(a) pie, if the Stokes mode is initially in the vacuum state, the
light field generated in that mode is always antibunched,
and the Cauchy-Schwartz inequality is always violated.
We also find a strong tendency for the two modes to be
anticorrelated, which is expected given the form of the
interaction. Also, again on the basis of the form of the
interaction, we do not expect this system to produce
squeezed light effectively, and the numerical calculations
apparently confirm this even at higher proton number.

Possible extensions of the present work are to study,
for example, the effects of cavity damping on the quan-
tum dynamics and the analog of the vacuum-field Rabi
oscillations and time-dependent spectra. It would also be
of interest to study the effects of driving the system with
initially nonclassical fields, for example, squeezed states
in one or both modes, or by field states containing corre-
lations (or anticorrelations) between the modes. These
matters are currently under consideration and results will
be reported later.
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APPENDIX

FIG. 10. Qp'(t) vs At for (a) n1=10, n2=5, (b) n, =100,
n& =50.

quadratures of Caves and Schumaker. We have studied
these superposition mode quadratures for the present
model and have not found squeezing even to the degree
shown in Fig. 9.

V. SUMMARY AND DISCUSSION

In this paper, we have studied the quantum dynamics
of a three-level atom in the A configuration interacting
with two modes of the quantized electromagnetic field,
with the upper level of the atom being effectively re-
moved because it is far off resonance with both field
modes. This two-mode Raman coupled system consti-
tutes a cavity QED model of Raman scattering involving
only the pump and Stokes modes (or only the pump and
anti-Stokes) and as such is an example of a zero-photon
process. It is another Jaynes-Cummings-like model that
is fully quantized and exactly solvable.

As we have shown, it also admits many of the features
of the usual Jaynes-Cummings model such as the collapse
and revival of the Rabi oscillations and the production of
nonclassical light. However, an unexpected feature is
that the locations of the revivals in the time record of the
coherent-state Rabi oscillations can be independent of the
initial average photon numbers n, and n2. This is still
imperfectly explained.

The model has been shown to be effective in the pro-
duction of some forms of nonclassical light. For exam-

~23 g
( 2 ~3)~23 g12 1~13+g23 2(~22 ~33)

(A2)

We now introduce the "slow" variables (denoted with the
tilde)

1
ltd t llew t2O1z=01ze ~ ~z3=023e

l CO) t t c02t
a, =i e ', a2=a2e

Also we introduce

1 2
—t(co —co )t

+13 + 12+23 + 12+23e
—i(co —co )t

1 2
13

(A3)

(A4)

where o,3=a,2cr23. Substituting Eqs. (A3) and (A4) into
Eqs. (Al) and (A2) we obtain

~12 ~+12+g12 1(trll t722)+g23 2tr13

~23 ~23 g12a 1~13+g23a 2(~22 ~33)

(A5)

(A6)

which b, is defined in Eq. (2.3). The "adiabatic" solu-
tions, obtained in the limit when 5 is sufficiently large,
are

In this Appendix we derive the effective interaction
Hamiltonian Eq. (2.1) for the Raman coupled model of
Fig. 1 under the assumption of large detuning.

Using the Hamiltonian of Eq. (2.4), the Heisenberg
equations for the transition operators o12 and o.

23 are

1
+12 g

(E2 1)~12+g12 1(+11 ~22)+g23+13
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1
O12 g [g12 l(Oll O22) g23 2 13) (A7)

to Stark shifts which we shall assume to be small. By
dropping these terms we obtain

o23 g l g12 lo13+g23 2(o22 o33)~

After restoring the rapidly oscillating time dependence
we have

l
~i2=

&
g23a20 i3 ~

1~»= girja i&i3 ~

(A11)

(A12)

l
o12 g Ig12 1(o 11 o22)+g23o2o13l (A9) Upon inserting these results in Eq. (2.2b) we arrive at the

effective interaction Hamiltonian

o23 g l g12 1 o 13+g23 2(o22 o33 (A10) HI ff fl)1.( o +o 1 o 2 +o a la 2 ) (A13)

Now the terms diagonal in the atomic variables will lead
where A, =2(g12g23)/b„and where we have set o+=o31
and 0 =0')3.
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