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Screening effects in pair production by 10 and 15 m,c? photons
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With a partial-wave interpolation method we calculated the positron energy spectra of pair pro-
duction in the field of atoms with atomic number Z= 82 for photons of energies k=10 and 15 m,c?.
Our results show that the screening effect is less than about 2%. Our results also indicate that the
approximate treatment of screening through energy-shift screening theory becomes inadequate for

photons of energy k 2 10m,c>.

Recently"? there has been interest in the calculation of
accurate cross sections of electron-positron pair produc-
tion by intermediate-energy photons in the field of atomic
nucleus. There is a need for an accurate calculation of
pair-production cross sections for intermediate-energy
photons in the field of atoms. We report here a prelimi-
nary study of this problem. We wish to present results on
the positron energy spectra of pair production by pho-
tons of energies k =10 and 15 mecz, obtained with an ex-
tension of our previous numerical partial-wave calcula-
tion techniques that utilizes interpolation in partial-wave
cross sections.>

We use the same formalism we used for the atomic-
field bremsstrahlung calculation.* Following our previ-
ous bremsstrahlung work,* we write the pair-production
cross section, differential with respect to positron energy
E | and to positron and electron angles, as

do _s ,
_ do  _ —
dE.da.da_ 2™ P-E-p E. M| (1

Here the pair-production matrix element is
M, =Qma/k)!"?
X [dxulp .t Jaed(—p,rgletT . @)

The photons are specified by momentum k, energy k, and
photon polarization vector € such that
€k=0. (3)

*

€*-e=1,

Here, ,(p_,r,§_) is the electron wave function asymp-
totically normalized to a unit-amplitude plane wave (or
distorted plane wave in the point Coulomb case) of four-
momentum (E _,p_) and four-polarization (0,§{_) in its
rest frame plus an incoming spherical wave; and the posi-
tron wave function contains asymptotically spherical in-
coming waves, as the substitutions E,—»—E,,
pi——p+ (but |p|—Ipi]), and §—E=6,
—2p (P, -€.) change outgoing into incoming spherical
waves, namely

i72[¢i—?(p+’r’§+)]*:d’(lym(—p+’rr§,) ’ 4)

where 1 is the positron wave function. That is,’

Yi(p.n6) toa | (£)id
byip,r,8) | T4 2 [Pen BIX(D)]ie T (1) (5)
where
. g.(r)®,,, (T)
Yo (T)="r i @) (6)
and
q’Km(?): C(l%j;m-s,s))’lym_s(’f-)xs 7

s==+1/2

is an eigenstate of J2 J,, and L2 The angular-
momentum operator is J=L+8S, the quantity
C(l}j;m—s,s) is the Clebsch-Gordan coefficient, and
the quantum number k= F(j +3) as j=I/+. The radial
wave functions g, and f, satisfy the radial Dirac equa-
tions

dg,(r)
T=(po+1— Vf (r)—kg r)/r,
(8)
df, (r)
——d—r—~~= —(po—1=V)g (r)+&f (r)/r,

with po=—E , for ¢, and p,=FE _ for y,, where Vis the
central potential described by the target atom. The tar-
get atom is assumed to be unpolarized. We use the spi-
nor representation for Dirac electron and positron wave
functions. In this representation any matrix element be-
tween four-component states may be reduced to matrix
elements between two-component spinors:

x=cypx'+d, " ""? 9
with
1 0
¥\ 2= lO oy 2= s (10)
and
xTx=1. (11

Choosing a coordinate system centered at the atomic
nucleus with the z axis along k, § along kXp_, and X in
the (k,p, ) plane, and inserting Egs. (5) into Eq. (2), we
obtain
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M, =16r"Qra/k)? 3 [®3p ] Tel(—poxl(—D"e

Klm‘szz
where
R.(m,)=R., (m;)d -
* 2 KoKy 2 m,,m2+1 ’

2
Re,(m)= 3 Q. (m) 3 'Pr(im)s, .

n=1 1

i(5, +8, )
*le_R . (m,)+€e R _(m,)], (12)

(13)

The index I runs from |I, —1,| to 15 +1, in steps of 2 for n =1, and from |/, —1}| to I, +1 in steps of 2 for n =2. Here,

€+=¢€,tie, ,
I'=l+n, n.=—«/lkl,
Qf‘L(m)———nkz(—1)’"11/2[(21'2-{-1)(2114_1)]1/2Ci

Q5 (m)=—nq (=" 2L+ D@l +D]'*C, ,,C

Pli(m):(__1)(12+11’I)/2T(I,2’ll,l;m:F%),
PEm) == T, 1 m F L)
L1 1 Lo 11

Tl 5m)=QI+D g o oll=m m ol
Cl,=CUljmFi£L),

and
sy= [ “drjj(kr)gy fo, >

w (20

szzfo dr],(kr)g,(zf,‘l .

To calculate the pair-production cross section

do/dE . dQ,dQ_ from Eq. (1), we need |Mf,-|2, which
can be obtained from Eq. (12). To obtain the unpolarized
pair-production cross section (do/dE_ dQ,.dQ_),q
we average the do/dE . dQ.dQ_ over the initial-
photon polarizations and sum over the final electron and
positron spins. Integrating the unpolarized pair-
production cross section (do/dE  dQ,dQ ), over
the positron and electron angles dQ0, and dQ_, we ob-
tain the unpolarized pair-production positron energy
spectrum

_, do
0'(E+)E Z 2 ==
dE+ unpol
=k 3 AR (mPH[R, (m)T],
Kz,Kl,m=[m2l
21
where
_ 32a
A= szva_p+E+ (22)

and R ,‘fz,(l (m ) are given by Egs. (13).

The problem of calculating the unpolarized pair-
production positron energy spectrum has been reduced to
computing the szkz(m ). We used the same numerical

Clns
—Kym K1’m+1 ’

i -
—Kl,m+1 ’

(17)

r

method that we used for our relativistic bremsstrahlung
calculations.* The Q.F(m) and P (m) factors present no
great problem. Electron and positron wave functions are
obtained in partial-wave series by numerically solving the
radial Dirac equation. The radial integrals s, are calcu-
lated numerically to the point where the continuum wave
functions of electrons and positrons can be approximately
considered as the modified phase-shifted free-field wave
functions and an integration by parts method can be
used. Then the rest of the radial integrals were calculat-
ed by the integration by parts method analytically.

The unpolarized pair-production positron energy spec-
trum has the form

o(E )= o, ((EL)=S0(EL), (23)
+ 11’212 1,0, Bt 121‘, ey
where /, and [, are the orbital angular-momentum quan-
tum numbers of the positron and the electron, respective-
ly. The brute-force application of this partial-wave
method is feasible for obtaining rather accurate theoreti-
cal predictions for the cross sections of pair production
by low-energy photons.

It is well known that many partial waves are needed
for obtaining accurate positron energy spectra of pair
production by intermediate-energy photons with the
partial-wave method. In Fig. 1 we show the variation of
the pair-production partial cross section O'II(E +)as a
function of I, for the cases Z=82, k=10m,c?, and
y=0.1, 0.3, 0.5, 0.7, and 0.9, where y=(E, —1)/
(k—2). Here the pair-production partial cross sections
are calculated numerically both with the Hartree-Fock-
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FIG. 1. The variation of the partial cross section 0’1(E +)of

the positron energy spectrum as a function of the orbital
angular-momentum quantum number /, of the positron for the
cases Z=82, k=10m,c?, and y=(E, —1)/(k—2)=0.1, 0.3,
0.5, 0.7, and 0.9. Coul. and HFN refer to the point Coulomb
potential and the Hartree-Fock-Slater potential with the ex-
change term omitted, respectively.

Slater potential with the exchange term omitted® (HFN
potential, solid line) and with the point Coulomb poten-
tial (dashed line). Our results show that the partial cross
section 0,1(E 4+ ) is a smoothly varying function of /, as

1, >10. A modified partial-wave method is therefore pos-
sible, which directly calculated a finite set of / value on a
grid in / whose spacing increases with /, and then interpo-

TABLE I. Comparisons of unpolarized pair production cross
section o c(E ) by photons of energy k =10m,c? in the field of
atomic nucleus with atomic number Z =82 between the results
of @verbg, Mork, and Olsen (@MO) for the point Coulomb po-
tential, and our results calculated with the partial-wave interpo-
lation method also for the point Coulomb potential. Here,
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TABLE II. Comparisons of unpolarized pair production
cross section o-(E ) by photons of energy k =10m,c? in the
field of atoms with Z =82 between our results calculated with
the partial-wave interpolation method for the point Coulomb
potential (o), and for Hartree-Fock-Slater potential with the
exchange term omitted (oypy), and the results calculated with
the  energy-shift  screening  theory  (ogsy). Here,
y=(E;,—1)/(k—2); 0¢, oupn> and oOgst are in units of
ub/m,c’.

y Oc OHFN ourNn/0¢ Ogst/0c¢
0.1 90.16 91.31 1.103 1.030
0.3 159.4 156.4 0.981 1.004
0.5 170.7 166.9 0.978 1.000
0.7 169.1 165.5 0.979 0.999
0.9 142.3 139.1 0.978 0.992

lates the intermediate terms. Figure 1 also indicates that
for a given photon energy k, the larger the value for y the
higher the positron energy, and more partial waves are
needed for positron wave functions, as expected.

With this partial-wave interpolation method we have
obtained the positron energy spectra of pair production
o(E ) for incident photons of energy k=10 and 15
m,c?, for the elements of atomic number Z=82. In
Table I, we show comparisons of unpolarized pair-
production cross section o-(E . ) by photons of energy
k =10m,c? in the field of atomic nucleus with Z =82 be-
tween the results’ of @verbg, Mork, and Olsen (@MO)
for the point Coulomb potential and our results calculat-
ed with the partial-wave interpolation method also for
the point Coulomb potential. The agreement is very
good. This provides a check of our calculation.

In Tables II and III, we give our results o(E , ) calcu-
lated with the partial-wave interpolation method for the
cases Z=82 and k=10 and 15 m,c?, with the point
Coulomb potential (o) and with the HFN potential
(0ygen)- Our results show that the screening effect is less
than about 2%. In Tables II and III, we show compar-
isons of our results o gy With the results calculated with
the energy-shift screening theory’ (oggr). Our results in-
dicate that the approximate treatment of screening
through energy-shift screening theory becomes inade-
quate for photons of energy k 2 10m,c>.

This work was supported, in part, by National Science
Council, Republic of China, under Grant No. NSC 78-
0208-M008-13.

y=(E,—1)/(k—2). TABLE III. Same as Table II, except for Z=82 and
5 k=15m,c>.
oc(E L) (ub/m,c?)

y oOMO This work y gc OHFN OuEN/O ¢ Ogst/0c
*0.1 91.0 90.16 0.1 91.71 91.02 0.992 1.012

0.3 159.0 159.4 0.3 136.4 132.4 0.971 1.002

0.5 171.0 170.7 0.5 142.8 138.2 0.968 1.000

0.7 169.0 169.1 0.7 143.1 139.0 0.971 1.000

0.9 142.0 142.3 0.9 122.7 119.9 0.977 0.995
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