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With a partial-wave interpolation method we calculated the positron energy spectra of pair pro-
duction in the field of atoms with atomic number Z=82 for photons of energies k=10 and 15 m, c .
Our results show that the screening effect is less than about 2%%uo. Our results also indicate that the
approximate treatment of screening through energy-shift screening theory becomes inadequate for
photons of energy k ~ 10m, c'.

Recently' there has been interest in the calculation of
accurate cross sections of electron-positron pair produc-
tion by intermediate-energy photons in the field of atomic
nucleus. There is a need for an accurate calculation of
pair-production cross sections for intermediate-energy
photons in the field of atoms. We report here a prelimi-
nary study of this problem. We wish to present results on
the positron energy spectra of pair production by pho-
tons of energies k =10 and 15 m, c, obtained with an ex-
tension of our previous numerical partial-wave calcula-
tion techniques that utilizes interpolation in partial-wave
cross sections.

We use the same formalism we used for the atomic-
field bremsstrahlung calculation. Following our previ-
ous bremsstrahlung work, we write the pair-production
cross section, differential with respect to positron energy
E+ and to positron and electron angles, as

=(2n ) 'p E p+E+ IMf, IdE+ d 0+d 0

Here the pair-production matrix element is

Mf; =(2ma/k)'

X f d xgz(p, r, g )a @1'&( p+, r, g—')e'"'. (2)

The photons are specified by momentum k, energy k, and
photon polarization vector e such that

e* @=1, e k=0 .

0 (p r 0)
'=4|r g [4„(p)y(g)]i'e "g„(r),

ti'2 piro&

where

g„(r}4„(r}—
1

if„(r)4 „(r)
and

(r) = g C(l—,
' j;m —s, s )1'i, (r)y'

s =+]/2
(7)

df„(r)
- = —(po —1 —V)g„(r )+ttf„(r )/r,

with Po= E+ for 1b, an—dP&&=E for 1bz, where V is the
central potential described by the target atom. The tar-
get atom is assumed to be unpolarized. We use the spi-
nor representation for Dirac electron and positron wave
functions. In this representation any matrix element be-
tween four-component states may be reduced to matrix
elements between two-component spinors:

is an eigenstate of J, J„and L . The angular-
momentum operator is J=L+S, the quantity
C(l—,'j;m —s,s) is the Clebsch-Gordan coefficient, and

the quantum number a = + (j+—,
'

) as j=I+—,'. The radial
wave functions g, and f„satisfy the radial Dirac equa-
tions

dg„(r ) = (pe+ 1 —V )f,( r ) kg, ( r )/r, —

Here, $2(p, r, g ) is the electron wave function asymp-
totically normalized to a unit-amplitude plane wave (or
distorted plane wave in the point Coulomb case) of four-
momentum (E,p ) and four-polarization (O, g ) in its
rest frame plus an incoming spherical wave; and the posi-
tron wave function contains asymptotically spherical in-
coming waves, as the substitutions E1~—E+,
pi~ —p+ (b« Ipil ~ Ip+ I ),
—2p+(p+ g+) change outgoing into incoming spherical
waves, namely

X1/2
1 0—1/2
0 & X

and

X X—1.

X X1/2+ d X
1/2

with

(10)

ir'[0'+(p+ r, 0+)]*=4&"'( p+, r, f},—

where 1b+ is the positron wave function. That is,

(4)
Choosing a coordinate system centered at the atomic

nucleus with the z axis along k, y along k X p+, and I in
the (k, p+) plane, and inserting Eqs. (5) into Eq. (2), we
obtain
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M/; =16m. (2@a/k)'~

where

lclP7l 1K2m 2

(6 +6„j
[@z(p )X2] [4,( —p+ )X,]( —1) 'e ' ' [e R+ (m2)+e+R (m2)], (12)

R+(m2)=R „—„(m2)5
2

R „+—, ( m ) = g Q„—+(m ) g 'P„(m—)s„.
n =1

(13)

The index I runs from
~
I z

—I, ~

to 12+1, in steps of 2 for n = 1, and from
~
I ~

—I',
~

to 1~+ I'& in steps of 2 for n =2. Here,

E'+ =6'z+l Ey

Q& (m )=g„(—1) +' [(2lz+1)(21&+1)]'~C*, C+ +, ,
7

Q2 (m)= —g, ( —1) +' [(2lz+1}(21',+1)]' C„—+ C „+&,
r

P , (m)=(——1) ' ' T(Iz, l~, l;m+ —,'),
I

P2 (m)=( —1) ' ' T(12,1'„I;m+ —,'),
I2 l, l 12 l, I

T(12,1, , 1;m ) =(21+1)

(14)

(15)

(16)

(19)

and

s, =f dr j&(kr)g„ f„
s2= dr j& kr g,

(20)

a(E+ )
—= Z

dE + unpol

[[R,+„(rn }]+[R„,(m)] j,
]C2, I~.l, m = ~m2 ~

(21)

where

32cxko= P E P ~E+
Z k

(22)

and R „—„(rn ) are given by Eqs. (13).
2 l

The problem of calculating the unpolarized pair-
production positron energy spectrum has been reduced to
computing the R,+— (m). We used the same numerical

2"2

To calculate the pair-production cross section
do/dE+dQ+dQ from Eq. (1), we need ~M&, ~, which

can be obtained from Eq. (12). To obtain the unpolarized
pair-production cross section (der/dE+dQ+dQ }„„„
we average the d o /dE+ d Q+d Q over the initial-

photon polarizations and sum over the final electron and
positron spins. Integrating the unpolarized pair-
production cross section (do /dE+dQ+dQ }„„,~

over
the positron and electron angles d 0+ and d0, we ob-

tain the unpolarized pair-production positron energy
spectrum

method that we used for our relativistic bremsstrahlung
calculations. The Q„+—(m ) and P„(m ) factor—s present no

great problem. Electron and positron wave functions are
obtained in partial-wave series by numerically solving the
radial Dirac equation. The radial integrals s„are calcu-
lated numerically to the point where the continuum wave

functions of electrons and positrons can be approximately
considered as the modified phase-shifted free-field wave

functions and an integration by parts method can be
used. Then the rest of the radial integrals were calculat-
ed by the integration by parts method analytically.

The unpolarized pair-production positron energy spec-
trum has the form

o'(E+ ) = g 0'(, (,(E+ ) = g ~ ((E+ ),
Il, l2 ll

(23)

where l, and I2 are the orbital angular-momentum quan-
tum numbers of the positron and the electron, respective-
ly. The brute-force application of this partial-wave
method is feasible for obtaining rather accurate theoreti-
cal predictions for the cross sections of pair production
by low-energy photons.

It is well known that many partial waves are needed
for obtaining accurate positron energy spectra of pair
production by intermediate-energy photons with the
partial-wave method. In Fig. 1 we show the variation of
the pair-production partial cross section a& (E+) as a

1

function of l, for the cases Z=82, k=10m, c, and

y =0.1, 0.3, O.S, 0.7, and 0.9, where y =(E+ —1)/
(k —2). Here the pair-production partial cross sections
are calculated numerically both with the Hartree-Fock-
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