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We present the nonlinear theory for lasing without population inversion in the degenerate A-type
quantum-beam laser by using the density-operator method. The master equation for the degenerate
quantum-beat laser is derived, from which the equation of motion for the mean photon number is
obtained. The conditions for lasing without population inversion are discussed, which are the same
for linear and nonlinear theories. The corresponding Fokker-Planck equation is obtained, and the
possibility of diffusion coefficient reduction is discussed.

I. INTRODUCTION

Lasing is usually accompanied by population inversion.
The requirement of the population inversion is due to the
stimulated absorption.

Lasing without population inversion was suggested
some time ago by utilizing the splitting of emission and
absorption spectra caused by atomic recoil."> The recoil
splitting will be large enough to have practical usage only
for very high-frequency light, e.g., x rays. A most in-
teresting possibility of obtaining noninversion lasing or
amplification has recently been proposed by Harris® and
studied by him and others.*”’ Harris analyzes the
difference between the emission and absorption spectra of
a three-level atom due to Fano interferences.® The
quantum-beat laser'®”!? concept was originally advanced
as a means of quenching spontaneous-emission noise.
The lasing medium in such a device consists of three-level
atoms with the upper two (closely spaced) levels driven
by a coherent microwave field. It has been shown in re-
cent papers that lasing without population inversion can
be reached in the degenerate A-type quantum-beat laser
system!*!* with two lower levels instead of two upper lev-
els. The A-type degenerate quantum-beat laser (Fig. 1)
can display gain even when only a small fraction of the
atoms are in the upper level |a ). However, in that pa-
per'? we used the perturbation method (keeping to the
second order of the coupling constant) and only worked
out a linear theory for lasing without population inver-
sion in the A-type degenerate quantum-beat laser. In this
paper, we present the nonlinear theory for the lasing
without population inversion using a density-operator
method.

II. THE MODEL AND SOLUTION

Consider a three-level atom, as shown in Fig. 1, inside
a cavity with frequency v. The atom has three levels, the
upper level |a) and two lower levels |b) and |c¢). The
transitions between |@) and |c) and between |a) and
|b) are induced by the light field (cavity mode), while the
two lower levels, |b) and |c ), are strongly coupled by an
external microwave of frequency v, and the correspond-
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ing Rabi factor is Qe ~'® where ( is the Rabi frequency
and ¢ is the phase of the microwave. The Hamiltonian
for the system is'"" !

H=#va'a+ S w0,V (1)

a,b,c

i(vul+¢)

V=t#g,a'c,+#g,a 0,+ Qe o,+He., Q)

where a’ (a) is the creation (annihilation) operator for
the light field, o,=|a){(al (a@=a,b,c), o,=]|c)(al,
o,=|b){al, and o,=[c)(b|, g, and g, are atom-field
coupling constants.

First we transform into the interaction picture. The
interaction Hamiltonian in the interaction picture is

vi=vi+vi, 3)
Vi=tg a'oe 4 +#g,a’oe’®+H.c. , (3a)
Vi=1#Qe'%c, ,tH.c. , (3b)

where o, T, =2v and @, =v, (0,z=0,~wp) have
been assumed and A= lw,.. The equations of motion for
the state vector and density operator in the interaction

la>

Ib> —_—L

lc>

FIG. 1. Energy-level
quantum-beat laser.

diagram for degenerate A-type
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picture are

d iy 1y

dt|¢> ﬁV|¢>, )
d-lz_i 1.1__ Iyl

ar ﬁ(Vp pV. (5)

_ Second, we make the following unitary transformation
U, transforming into a second interaction picture!! from
the interaction picture:

(7=exp[—(i/2)Q(e‘¢a#+e'i¢aL)t]
=|a)(ai+(16)(c|+|b)(bl)cos%t

~i(ei¢au+e“i¢ol)sin%t . (6)

The equations of motion for the state vector and density
operator become

g;|¢>=—ﬁv|¢>, (M
d._ I 5. _5
0 5 (Vp—pV), (8)

with [§) =0 "|¢/) and p=U "p'T. Here the interaction
Hamiltonian V'is

v=0'vio
=#g,a'e 8 alcos%t+i02e_i¢sin%t
+g,aTed azcos%t+ialei¢sin—gt +H.c. (9a)

We adjust the Rabi frequency (2 so that Q=w, =24,
and consequently ¥ becomes

V=a'G,0,+G,0,)+H.c. , (9b)

where G, and G, are effective coupling constants
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and high-frequency terms, going as e'?!, have been
dropped. This interaction Hamiltonian Eq. (9b) is our
basic starting point for further deduction.

First, we investigate the deterministic time evolution of
the coupled three-level atom and one mode system which
is controlled by the interaction Hamiltonian Eq. (9b).
The state vector can be written as

l9())= S a,(t)la,n)+b,  (t)|b,n +1)

+ey41(Dlen +1) . (11

From the equation of motion Eq. (7) and the interaction
Hamiltonian Eq. (9b), we find'®

a,()=—La (1)—i[G3Vn F1b, (1)

2

+Gf\/n+lcn+l(t)], (123)
5n+1(t)=—g—b,,+,(t)—iG2\/n Fla, (),  (12b)
T p—
C,,+1(t)—“—0,,+1(t)—lG]\/n +la,,(t) N (IZC)

2

where we have included the atomic decay and, for simpli-
city, taken the same decay rate I for the three levels. As-
sume that the atom is in a mixed state at initial time ¢,
i.e.,

[Waom(to)) =a,la) +a,lb)+a.lc) . (13)

The initial state vector for the system at time ¢ is

[9(26)) =18,(20)) ® [Yyeom(to))
=3 a,F,(ty)la,n ) +a,F,(ty)|b,n)

' +a,F,(ty)le,n) . (14)
G,=1(g,—g,e", (10a) o »
‘ With the initial condition Eq. (14), we solve Egs. (12) and
G,=3(g,tg1e "), (10b)  obtain
J
—(C /2t —1) i(Gia.+Giay) .
a,(t)=e ° @, F,cosx (t —ty)— (16112;|G2|2)1,2smx(t—to> F,to) |, (15a)
—cn-1 | UG Pay +G1G,a,)F, 1(to)
bn+|(t)=e 0 |Gl|2+gG:|2 nt COSx(t—to)
iGya,F,(ty) (1G,1*a, —G,Gta.)F,(t,)
_ (|Gl|2+le|2)l/2 sinx (1 —ty)+ G P+1G, P , (15b)
o ()= T (1G,\Pa, +G G5 a,)F, 1(to) t—t)
= cosx (t —
" G, 12+1G,|? °
iG,a,F,(t,) (1G,1*a, —G,G3 a,)F,(t,)
- sinx (¢t —tg) , (15¢)
(1G,1*+1G,|»)'” 0 1G,1>+1G, |
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where where ps=(a|plB) (a,=a,b,c). This is the contribu-
[(G,G*+G,G¥)n+1)]"/2 tion of one atom, which is pumped into the cavity at time
x = 101 20 Nn .

ty, on the light field. To find the total change of the light
field due to many atoms, which is pumped into the cavity

III. MASTER EQUATION regularly, we sum the contributions of all atoms which
are pumped into the cavity at times ¢, <¢ with a rate
The density operator of the system satisfies the equa-  r.!1® Then we find the equation of motion for the densi-

tion of motion Eq. (8). The reduced density operator for  ty operator of the light field,
the light field p / is obtained by tracing over atomic vari- , )
ables, pl=r .’: eodtop“f+.,£pf

pI=Tr,mp= 3 (alpla), 162)  =—i [ dtyr([a,G}pe+G3py,]
a=a,b,c ®

~ t ~ ~ f
where |@)=U0U T|la). Using Eq. (6), it is easy to prove +la',G1Pac +Gopu N +Lp” (18)

that
b (alpla)= b (alpla) (16b) where we have used an integral to replace the sum. Here

ot e Lp’ stands for the cavity loss, which has the usual form'?
a=a,o,c - 40

Using the interaction Hamiltonian Eq. (9b) and the

14
equation of motion Eq. (8) and carrying out the trace, we Lpf=— —Zi(a‘*apf—i-pfa ta —2apfaT) . (19)
find the equation of motion for §

p/=—i(Gt[apeltGilappl+Gla’p.] Here 7 is the cavity loss rate. '
+ The equation of motion of the elements of the density
+G,la pa 1) (17) operator of the light field pﬁ'm is

|

ph o (t)= —if: dtor[G¥Vn +1ak(t)e, . (1) +G3Vn +1ak(1)b, . ()— G, Vm +1a,(t)ck (1)
—G,V'm +1a,(bk . (1)+G,V'na,_[()bX(1)+G Vna,_ (t)ck(t)
—G;‘\/;a,:_lb,,(t)—Gf\/r—n_a,f_l(t)c,,(t)]—%(n A+ +¥ V(1) m +1)py 4 sy -

(20)

Before making a further deduction, let us consider the atomic phases, i.e., the phases of a,, a,, and @,. We assume
that a, and a, have a fixed phase relation between themselves, while they have no fixed phase relation with a,. There-
fore terms contain a,a},a,a} or their Hermitian conjugates will be zero after performing the integral. Now, we substi-
tute Eqgs. (15) into Eq. (20) and carry out the integral over time ¢, and find the master equation,

rG2la, '[T(n +m +2)+G*n —m)] | 2r|G a* +G,at’TV (n +1)(m +1)
TG n A m 12464 = P T T G 0 4 m 4201 G —m)? Prtmi!)
2rG¥a, |*V'nm I'? r|Ga¥+ G af [ Tn +m)+Gin —m)?]

T +202G4n +m)+Gn —m)zp'{“""“(t)— 4420264 n +m)+G*n —m)?

phm(D=

Phm (1)

——yzi(n +mpl () +y V(n+D(m +Dph 4y 10 @1

where G2=|G,|*+|G,|?, and r is the pumping rate. In the deduction we have made the approximate p/(t,)=p/(¢),
since the dynamics of the light field is governed by the cavity lifetime !, which is much longer than the atomic life-
time I' !, and thus within the main integration time (z —2/T to ) p/ does not change appreciably, while the value of
the integration from — oo to t —2 /T is negligible due to the exponential decay factor. For the detail of the deduction
see the Appendix. Letting

2
a=26" (22a)
FZ
B _ 4G?
== (22b)
A rz’
acb:é( Yo +Glay), (22¢)

then the master equation becomes
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LAla,’[n +m +2+(B/44)(n —m)*]

— S+ f
1+ (B/24)n +m +2)+(B2/16 451 —mP2 ™™ 14 (B/2A4)n +m +2)+(B2/16 A2)(n —m)2 P rHm*1

pﬁﬁ,m_

Ala,|*V'nm

+ _ _ —
1+(B/2A)n +m)+(32/16A2)(n __m)zpn 1,m—1

Ye —
_‘_(n +m)pn,m +7/c\/(n +1)(m +1)pn+1,m +1

2

This master equation is the basic equation of our follow-
ing discussion, which is similar to the master equation of
an original single-mode laser except terms containing
la,|2. The role of |a,|* is a gain, which corresponds to
the spontaneous and stimulated emission due to the pop-
ulation in the upper level. The role of |, |* is similar to
the loss, which corresponds to the stimulated absorption
due to the populations in the two lower levels. It is from
these terms that we can find the possibility of lasing
without population inversion.

IV. LASING WITHOUT POPULATION INVERSION

The equation of motion for the diagonal elements can
be obtained from Eq. (21’) by putting m =n

2 2
A(n+1la,l ; An+1ag,l ;

'f = —

pn,n pn,n pn+1,n+1
1+ 2+ 1) 1+ 2+ 1)
Anla, |, _ Anlag®
B pnfl.n—l B Pn,n
1+7n 1+7n
—YCnpﬁ,n+‘}/c(n+l)p‘r€+l,n+l . (23)

On the right-hand side of Eq. (23) there are six terms,
and they can be interpreted as probability flows which
can be expressed by arrows in a probability flow diagram,
as shown in Fig. 2. The number attached to each arrow
indicates which term in Eq. (23) it represents. The first
and third terms stand for the spontaneous and stimulated
emission; the second and fourth terms for stimulated ab-
sorption, and the final two terms for the cavity loss. Us-
ing the principle of detailed balance, we find the steady-

n+l

|
2 15 n

3
4 16 -1

FIG. 2. Diagram of probability flow for the degenerate A-
type quantum-beat laser.
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Alay 2V (n+1)(m +1)

LAlay,’[n +m+(B/44)(n —m)]
14+(B/24)n +m)+(B2/1642)(n —m)2 """

(217

[
state photon statistics'®

A’la,|?
_ v.B
" ZIn+(A/B)(1+y, Alay|?)]

n+A/B1+y, Al ?)

n ’

where Z is a normalization constant.
Consider the average photon number (n) which
satisfies the following equation of motion:

d _ .
4 (n)y=5np,,

n

_ Ala,*(n+1) _ Ala,|Xn)

—yAn),

B B
1+ =(n+1)  14+=
A(n ) A(n)

(24)

where Eq. (23) has been used. In steady state, the average
photon number is

A(Ala,*— Ala,*—7v,)

(n)= VB ,

(25)

where (n)>>1 has been assumed, and {n +1)=~(n)
used.

It is quite clear from Egs. (24) and (25) that lasing
without population inversion is reached when the follow-
ing two conditions are met:

la, 1*> lag,l?, (26a)

)aa|2<|abi271ac}2 3 (26b)

for lasing and noninversion, respectively. From the
definition of a,, Eq. (22¢), we have

1
iacblzzz,jHGlaClz%—]Gzablz

+2|G,G,a,a,lcos(6+6,.)1, 2N

where G,G%=|G,G,le'? and a:‘ab=1acab|e'6”‘. The
last term in the right-hand side of Eq. (27) is the interfer-
ence term. Assuming la.| <|a,|, we find that when the
following condition:

a 2
b
G,—

c

1G,1*+1G,1*>1G, 1>+

+2 cos(6+6,,.) (28)

ap
N

c




is valid, we may have lasing without population inver-
sion. It is very clear that this condition can be met if and
only if there is coherence between the two lower levels,
i.e., 0, is fixed.

Furthermore, if |a./a,|=1G,/G,|, we have a_, =0.
In this case (a,, =0), any small amount of population in
the upper level, which can be much smaller than the pop-
ulations in the two lower levels, will lead to lasing if the
cavity loss is small.

Noting the definitions of a,, G,, and G,, we have
a., =0 when

ay 8;9-“#“8?
@ gt tgte i (29)
c 82 7T81€

In Table I we list four groups of values for the ratios
8,/8, a, /a,. and the phase of the microwave as exam-
ples where o, =0. Let us have a close look at the fourth
example. The phase of the external microwave makes the
effective coupling constants the same, G, =G,. The two
lower levels have the same population and a phase
difference 7. Because of the interference the total proba-
bility of the absorptive transition becomes zero. Thus
any small amount of population in the upper level will re-
sult in lasing without population inversion.

Physically, lasing without population inversion is a
phenomena of quantum interference. When an atom
makes a transition from the upper level to the two lower
levels, the total transition probability is the sum of the
a — b and a —c probabilities. However, transition proba-
bilities from the two lower levels to the single upper level
are obtained by squaring the sum of the two probability
amplitudes. When there is coherence between the two
lower levels this can lead to interference terms yielding a
null in the transition probability corresponding to photon
absorption. From Eq. (23), we see that the contribution
of the transition from the upper level to the two lower
levels comes from the first and third terms on the right-
hand side; and the vice versa transition comes from the
second and fourth terms. In the first and third terms
there is the factor G?|a,|*=|G} a,|*+|G% a,|? which is
J

d — A 1 2, |9 a
EP(a,a*,t)— { —’7(%10\ la,,|?) a—a+ o
B, .. |8 @
__8-(|aa| +la,[?) 3% 3
where
= _B_ 2_._B; _a_ a *
M(a) 1+ Aia| 4 | 3a +aa*a
B* [ @ 3 -
—a— * 32
1642 |da” da* " (32

Equation (31) contains all orders of derivatives with
respect to a or a* because of the inverse operators M (a).
Expanding Eq. (31) up to second-order derivatives, which
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TABLE I. Four groups of values that lead to a ., =0.

8./8) a,/a. ¢
2 % 0
2 -3 T
% +3 T
1 —1 /2

just the statement that the total transition probability
from the upper to the lower levels is the sum of the indi-
vidual transition probabilities. In the second and fourth
terms, the corresponding factor is |G}, + G35 a,|* This
is just the statement that the total transition probability
from the two lower levels to the upper one is the square
of the sum of the two individual probability amplitudes.
Therefore there are interference terms for the absorption.
The interference terms lead to reduction, and even can-
cellation of the stimulated absorption due to the two
lower levels and consequently lead to lasing without pop-
ulation inversion.

V. FOKKER-PLANCK EQUATION

In this section, we transform the master equation (21')
into a Fokker-Planck equation for the Glauber P function
by expanding the field density operator p/ in terms of the
diagonal P representation. For the density-matrix ele-
ments p{;m, the expansion is

;o= g2 ~lap @™
Prn fd aP(a,a*,t)e”'“ el (30)

where P(a,a*,t) is the Glauber P function. Neglecting 1
compared with |a|? as large mean photon number is as-
sumed, we obtain the following Fokker-Planck equation
for Glauber P function:!'”!3

—i—Alaal2

da da™

Ve
=
M(a)+=

8 .0

P(a,a*,t), (31)
da da*

a*

r
is enough for a discussion on laser intensity and fluctua-
tions, the Fokker-Planck equation becomes

d d d &
= P(a,a*,0)= | = —-d,——— .
S Plaat i 3% g%t 250 3 P
3 3
o Daa T 5 a7 Dar e |Plasa®t),

(33)



Ao, 2= la )

- , 34a
1+%aa‘ . o
B(la,|*—la.|*)aa

"~ 4[1+(B/ A)aa* P
B(|aal2+|acb12)aa

 8[1+(B/A)aa*]
_ 44la,*+B(la,|*+|a,l?)aa*

aa® 8[1+(B/A)aa*]
B(la,|*—|a,})aa*

4[1+(B/ A)aa*]?
Next, we express the Fokker-Planck equation in terms
of intensity and phase, I and ¢, through the relation

a=VTe',

) (34b)

(34c)

= I - Y- I P o
a0 a1 1™ ag e Pt gz Des
XP(I’¢’I) ’ (35)
where
A, 2—lay|?)
4= 1+(B/ A Ve’ (36a)
=0, (36b)
Al
Dy=————[la,I’+(B/4 2
1 s g% B/ Dllag ], 6o
A
D.=—__ A4
®  4I[1+(B/A)]
X[la, 2+(B/2AI (la,*+]a, )] . (36d)

From Eq. (36b), it is clear that the phase of the laser field
is not locked. This is because we only have atomic coher-
ence between the two lower levels but no atomic coher-
ence between the upper level and the two lower levels.

The steady-state laser intensity can be found from Eq.
(36a) by I =d;=0

- A(Ala,|?— Ala,)*—7v.)

VB

This is the same as Eq. (25). We can see from Egs. (36¢)
and (36d) that the phase and intensity diffusion
coefficients will be reduced, when the laser operates
without population inversion, compared with the situa-
tion of no atomic coherence.

Let us consider the ratio of two diffusion coefficients in
noncoherent pumping (|a,,|>=1la, [+ 1]a.|?) and per-

(37
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fect coherent pumping (|a,,| =0) situations,
T=DY, /DY) , (38)

where D) and D} are the diffusion coefficients for non-
coherent pumping and perfect coherent pumping, respec-
tively. For a given intensity, we have

A, *—=lay M=y [1+(B/4AI], (39)
_ vella, P+(B 2401 (o, 2+, )]

41( laa |2'_ |acb |2)
In order to have the same intensity in the two situations,
the pumping rate or the atomic populations must be
different. We can easily obtain the ratio

Dy (40)

2
1 [|as a, }
1___ R
2 a, a,
T 2 2 y (41)
a a
1+ BL 1% ¢ /1+——B1
44 a, a 24

where |a,|?, |a,|% and |a.|* are the populations needed
to obtain the given intensity in the noncoherence pump-
ing situation. The ratio is the same no matter what is
changed, the pumping rate or the atomic populations.
From Eq. (41), we see that the ratio can be very small,
when |a,|? and |a,|? are very near |a,|% i.e., the phase
coefficient is reduced greatly. It is due to the depression
of the stimulated absorption, which leads to the reduc-
tion of the population of the upper level, and consequent-
ly, the reduction of the spontaneous emission. However,
the reduction is not large enough to reach noise quench-
ing.
VI. CONCLUSION

In this paper, we use the density-operator method to
present the nonlinear theory for the degenerate
quantum-beat laser which can be operated without popu-
lated inversion. From Egs. (24), (25), and (28), we can
conclude that the lasing without population inversion is
independent of the intensity of the laser field. In other
words, the conditions for lasing without population in-
version are the same in the linear and nonlinear theories.
We also worked out the Fokker-Plank equation in the
Glauber P representation and pointed out the reduction
of diffusion coefficients when the laser operates in the sit-
uation of no population inversion. The lasing without in-
version is due to the atomic coherence between the two
lower levels. For perfect coherent pumping we can have
perfect lasing without inversion.
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APPENDIX

We write Eq. (20) in the following form:

phm(O=r[G}Vn+1,(mn)+G3Vn+1,(m,n)—G Vm+1I}(n,m)—G,Vm + 115 (n,m)
+GVaIt(n—1,m —1)+G,Vnln—1,m —1)—G{VmI(m —1,n —1)—G3VmI,(m —1,n—1)],

(A1)
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Limm=—i[' dteak (b, (1) .
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First we calculate I,(m,n). Substituting Eqgs. (15a) and (15¢) into (A2), and letting 7=t —t,, we obtain

- Gla,|?
I,(m,n)=—f0 dre Tr| | ——2—

cosGVm +17sinGVn + 17

B [(Gla:+G2a;)(IG,|2a6+G,G§‘a,,)

G3

(Gla:+G2a; )(|G2I2ac—G1G;ab)

G3

(A2)
(A3)
phm(D)
sinGV'm +17cosGV'n +17 |pf 1| +1()
sinGVm +17 |pl 11 msa(D) | (A4)

where the approximation p{,m(t0)=p{,m(t) has been used. Here, we have noted the fact that the terms containing
a*a,, a*a, and their Hermitian conjugates are equal to zero because of no coherence between |a ) and [b) (or [c)).

Performing the integration we obtain
G,la, |1V n +1[I?+G*n —m))
T T 2026 +m +2)+ G —mp
(G,a*+G,a} )G, |’a,—G,GEa,)Vm +1
[T*+G*m +1)]1G?
Similarly, I,(m,n) is calculated

G,la,|*Vn +1[T*+G*n —m)]

I,(m,n)=

|G a*+G,a}|*G,Vn +1[T?+GXn —m)]

[T*4+2I%G%n +m +2)+ G4 n —m)?

Pr+1,m+1(2) .

]Gz Pn+1,m +1(t)

(AS)

|G a*+G,a}|*G,V'n +1[T?+G*(n —m)]

I,(m,n)=—

T4 +2I2Gn +m +2)+GHn —m)2 ™"
(G at+G,a})|G,*a,—G,Gta, )Vm +1

[T2+GYm +1)]G?
Substituting Eq. (AS5) into (A1) it is easy to obtain Eq. (21).

n+1,m+1(8)
[T*+2T2G%n +m +2)+ G4 n —m)?]1G? Pn+1,m+1

Ph im0 . (A6)
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