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We present a theoretical study of doubly resonant three-photon ionization with radiation of
sufticiently broad bandwidth to overlap all hyperfine levels of the resonant intermediate states. We
demonstrate that isotopic selectivity in ionization is apt to occur under a variety of circumstances,
although the degree may vary from negligible to quite significant, depending on the relative values

of atomic and radiation parameters. Our theory provides a satisfactory quantitative interpretation
of recent experimental data in Sn.

INTRODUCTION

In a recent paper' by two of us (P.L. and A.L.) we pro-
vided a theory of resonant two-photon ionization with
broad-band radiation, pertaining to applications of this
process in the determination of isotopic abundances.
Specifically, we demonstrated that isotopic selectivity is
apt to result more often than not, even when the band-
width of the radiation is sufficiently large to overlap the
resonant transitions of all isotopes present in the sample.
Our results, which provided the explanation for the rath-
er unexpected experimental data of Fairbanks et al. ,
suggested that the phenomenon is to be expected in other
schemes of resonance ionization as was also apparent in
related experimental data.

The purpose of this paper is to extend our theory to
doubly resonant three-photon ionization in an attempt to
provide an explanation for observations in Sn. As will be
seen below, the analysis of this process is considerably
more complex than that of resonant two-photon ioniza-
tion. The number of levels and consequently of the
density-matrix equations is here significantly larger. It
represents a process with a complicated set of interac-
tions not lending itself to simple physical pictures; except
in one very special case (involving a transition from one
J=O to another J=O state for even isotopes) where the
transition is totally forbidden, thereby precluding ioniza-
tion of even isotopes. Clearly, we have 100%%uo selectivity
in that case. In general, however, the selectivity wi11 de-
pend on an intricate interplay between atomic and radia-
tion parameters —such as strength of transitions between
discrete states as well as between discrete and continuum,
hyperfine structure splittings, laser intensity, bandwidth,
pulse duration, and frequency. Because of such interplay
only detailed analysis can provide a guide as to the suita-

bility and efficiency of a particular process in a particular
atom.

As we show in this paper, doubly resonant three-
photon ionization exhibits some features that resemble
those of resonant two-photon ionization. ' In particular a
range of intensities exists over which the amount of ion-
ization for even isotopes differs from that for odd, but the
ratio remains practically constant over that range of in-
tensity. This has the advantage that the outcome of an
experiment can thus be predicted without the necessity
for knowledge of the laser intensity or bandwidth with
extremely demanding accuracy. Typically, that range of
intensities extends from about 10 W/cm to about 10
W/cm .

Recall that the initial motivation for the measurements
in Refs. 2 —6 was the determination of isotopic abun-
dances through resonance ionization; which presupposes
that all isotopes of the same atom ionize to the same de-
gree. Our calculations in Ref. 1 and herein have shown
why this is not necessarily the case, explaining thus the
anomalous ratios of Fairbanks et al. As we have point-
ed out, ' the method can still be employed in the deter-
mination of isotopic abundances, provided one has
a priori knowledge (presumably through theory or relat-
ed experiment) of the expected ratios which can be used
to calibrate the results. Having, however, shown that
selectivity will occur even with broad-band radiation, we
can also turn the motivation around. Since selectivity
can be adjusted to some degree by varying externally con-
trolled laser parameters, we may now view the process
also as a way of separating isotopes without the necessity
of extremely narrow-band radiation. Obviously, only a
limited degree of selectivity can in general be expected;
except in very special cases such as the one mentioned
above, where even 100%%u~ is feasible.
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This is not the place nor do we feel qualified to assess
the merits of this scheme as a possible technique of iso-
tope separation in comparison with the more established
technique ' based on narrow-band lasers resolving the
excitation of one isotope. Its only obvious merit has to be
the minimal requirement on laser bandwidth. Whether
that in itself makes it an interesting candidate deserving
further consideration remains to be seen.

THEORETICAL FORMULATION

Our formulation is quite general and follows the lines
presented in detail in earlier publication. ' To avoid
confusing the reader with unnecessary generalities we
will limit our presentation of the formalism to the specific
example in Sn.

First we describe the atomic system. The isotopes of
Sn fall into two classes: the even ones, with zero nuclear
spin, and the odd ones, with nonzero nuclear spin, I&=

—,'.
The even ones can be described in a fine-structure basis

~
JMJLS ) while the odd ones exhibit hyperfine structure

(HFS} described in a ~FMFJI ) representation. This
difference in the atomic structure was found to be the
cause for the anomalous response of the two types of iso-
topes in singly-resonant cases studied before. ' For the
even isotopes the initial state is ~0) =~5@ Pp), the first
resonant state is ~1) =~5p6s P;), excited by a 268-nm

laser, and the second resonant state is ~2) = ~5s71 Dz),
excited by a 615-nm laser. Both frequencies are
sufficiently high to ionize the atom above its second fine-
structure ionization threshold and no other bound or au-
toionizing state is directly involved in the process. For
the odd isotopes, the situation is more involved. The
ground state is (the magnetic sublevel degeneracy not
taken into account) characterized by total angular
momentum F=

—,'. However, the resonantly excited inter-
mediate states are now hyperfine multiplets. Specifically,
the first resonant state is a doublet with two states
characterized by F=—,

' and F=—,', which we denote by
~1') and ~1"), respectively. It is excited with the uv laser
as well. The second resonant state is also a doublet with
total angular momenta F= ,' and F—=,' for th—e states ~2')
and ~2" ), respectively. The visible laser induces the reso-
nant excitation to this doublet. It is assumed that both
lasers are sufficiently broad so as to overlap the hyperfine
multiplets they excite. This means that all hyperfine lev-
els in both resonant states are excited coherently.
Whether this coherence will be destroyed before ioniza-
tion has occurred depends on the relation between the
laser pulse duration and the ionization efficiency on one
hand and the hyperfine coupling time (-b,HF's) on the
other. '

The full set of density matrix equations for the odd iso-
topes has the following form:

d
d

opp= —2+1m(Qkpopk) (k=1', 1"),

d
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—i(b, ,
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k k

(9)

To obtain this compact form of the system of 15 equa-
tions we have separated the excited states in two groups,
one, labeled by k, k', containing the energetically lower
excited doublet and the other, labeled by l, l', comprised
of the members of the energetically higher hyperfine dou-
blet. The proper values of the indices are indicated next
to the equations. In the above equations, we denote by
0 „ the Rabi frequency between states

~
m ) and

~
n ), and

by I the ionization width of state ~m ). All Rabi fre-
quencies and ionization widths are single-photon process-
es in the case under study. The Rabi frequencies between
the ground state and the first excited doublet are propor-
tional to (I„„)'~,while the ones connecting the first and
second excited doublets are proportional to (I„)',where
I„„and I„are the intensities of the uv and visible laser,
respectively. The ionization from the first doublet is due
to the uv laser, while the upper doublet is ionized by both
lasers. Therefore, I ~ and I z are obtained by summing

up two terms, one proportional to I„„and the other pro-
portional to I„. The Kronecker delta symbols 5;J (5;j =1
if i =j, otherwise 5; =0) are used to ensure that within
the compact and symmetric, with respect to the states,
notation employed no terms representing transitions be-
tween 1') and ~2" ) have survived. This transition is for-
bidden by angular momentum selection rules. The detun-
ings, appearing in the equations, are defined as follows:

b, g =co„,—(cog —coo), k =1', 1"

b (
=co, —(co( —cog ), 1=2', 2"; k = 1"

6( =co, —(co( —co„), 1=2',2"; k =1'

where cu„„and ~„are the photon frequencies of the uv
and visible laser, respectively.

The role of the laser bandwidth is significant. The
model employed to account for the origin of the laser
bandwidth is based on phase fluctuations of the laser
field. This model does not take into account possible in-
tensity fluctuations due, for example, to multimode struc-
ture. But the consistency of the experimental results ob-
tained under conditions that would expose the influence
of the above-mentioned laser characteristics on the mea-
surements obtained seems to suggest that they have not
played any significant role if at all. The bandwidths (full
width at half maximum) of the two lasers are denoted by
2y~' and 2yz, for the uv and the visible laser, respective-
ly. The bandwidth as shown in the equations is Lorentzi-
an. This is clearly not realistic and a cutoff parameter Pt
could be introduced' to ensure that the laser line shape
falls off in the wings faster than the Lorentzian. Given
that both excited hyperfine doublets are assumed to be to-
tally overlapped by the laser bandwidths and that the
separation of the two doublets is enormous compared to
the widths of the laser line shapes, the inclusion of Pt
does not change anything and was omitted from the
equations. Finally, omitted were also the two-photon

processes that connect one member of the doublet with
the other through both the bound and the continuum
part of the spectrum,

" since they were estimated to be of
no importance.

The total ionization is calculated by

P(t) =1—cr o(ot) g—0 (t), j =1', 1",2', 2"
J

where t is the appropriate interaction time, which in our
case is the longest pulse duration vz, because both lasers
contribute to ionization.

The density-matrix equations for the even isotopes are
only nine since now the intermediate excited states are
only two, ~1) and ~2). They can be obtained from the
above system of equations by allowing only the values 1

and 2 for the subscripts k and l, respectively.
From the equations for the off-diagonal density-matrix

elements (often called coherences in the literature) it is
easy to see that they precess at the rate of their energy
separation.

l( (0 co jf
cr „(t)-e

For members of the same hyperfine doublet, which are
coherently excited, the precession time can be much fas-
ter than the laser pulse duration. Therefore the initially
established coherence is quickly altered by the hyperfine
structure precession. At the same time removal of the
system from the states of the hyperfine doublets caused
by ionization induces a decay in the same off-diagonal
density-matrix elements destroying (and not altering) the
coherence. If this happens on a time scale shorter than
the hyperfine precession period the measured ionization
signal will not be affected by the dephasing effects of the
hyperfine precession. Otherwise the ionization signal will
monitor the effects of the hyperfine structure although
the latter is not energetically resolved.

The above summarize the description of the dynamic
part of the calculation. The other very important part of
the calculation is the evaluation of the atomic parameters
entering Eqs. (1)—(9). The calculation of these parame-
ters for the even isotopes is rather straightforward, since
the bound states can be expressed in the representation

~
JMJLS ) which is convenient for the calculation of both

the Rabi frequencies and the ionization widths. For the
odd isotopes the angular momentum algebra is more in-
volved. For the calculation of the Rabi frequencies the
bound states are expressed in the representation
~FM~IJ ). For the ground state F= —,

' and Mz=+ —,'. The
two magnetic substates are equally populated. The first
excited doublet would consist of two states with F =

—,
'

and —,', respectively, and the second one would have F=—',
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and —,~ Since linearly polarized light is used, the excita-
tion proceeds through the population of the M~=+ —,

'

substates of each resonantly excited state. Thus the prob-
lem is completely symmetric with respect to these two

substates and they need not be considered separately.
Formally a single-photon electric dipole matrix ele-

ment for linearly polarized light in the ~FM&IJ ) repre-
sentation is given by

1 I" I'" 1 I" J 1 J
(IJFMpl&0 I'J'F'M~) =( —1) 51 q 5ss''olr M 0

C C F F

L 1 L'
X 1, L 1

[F,F', J,J', L,L']' (1) )' R„"I'
C

where X=I+5+L, + I & + 1 —Mz. The symbol

[a P. . .v]' —= [a(a+1)P(P+1). . .v(v+ 1 )]'

and 1& ——min(1, 1'), 1) ——max(1, 1'). The rest of the symbols are the usual 6-j and 3-j symbols. Finally R„"I"is the radial
matrix element between the one-electron wave functions characterized by the quantum numbers (n, I) and (n', 1'), re-
spectively. The assumption behind this formula is that the atomic system consists of a core (whose quantum numbers
we denote with the subscript c) that does not participate in the excitation and an electron (whose quantum numbers we
denote with lowercase latin characters) that responds to the action of the electromagnetic field. No doubly excited or
inner-subshell excited states are involved in the processes discussed here.

The calculation of the ionization widths for the odd isotopes is quite involved. A series of transformations from the
)FM~IJ ) representation to other representations, suitable for describing the continuum states of the system, is needed.
At first a transformation to the

~
JMJSL ) representation is performed,

IFM~IJ ) = g ( IJFMp I I,M~ MJ, JM—J ~ I IM, ~ I JMJ LS ),

followed by a transformation to the
~ jJ,JMJ ) representation,

~JMJLS) = g (sS,(S),lL, (L),J~sl(j ),S,L, (J, ),J))JMJjJ, ) .

The transformation coefficient are complicated expres-
sions involving 3-j, 6-j, and 9-j symbols. ' Then it is
straightforward to write the ionization width of the
~FM~IJ ) state as

where K represents the energy of the outgoing electron,
m, the projection of its spin on the polarization axis, and
J„and MJ are the quantum numbers of the core

C

(equivalently the ion) left behind by the ejected electron.
Since the spin of the outgoing electron is not resolved an
incoherent summation over m, must be performed. At
the same time the ion could be left in any of the two fine-
structure components of its ground state with J, =

—,
' or —,'.

A second incoherent summation is needed to properly
take into account this additional multiplicity of the final,
noninterfering states. Needless to say, an enormous
amount of angular momentum algebra is involved in per-
forming the above transformations and summations and
the separation of the angular from the radial parts of the
atomic parameters.

For the purposes of this paper, the radial parts of the
matrix elements have been calculated on the basis of
single-channel quantum defect theory. ' For an atom
like Sn, with two ionization thresholds due to the fine

structure of the ionic core, multichannel quantum defect
theory (MQDT) would be more appropriate, especially in
regions of the spectrum where channel coupling is impor-
tant. We did not attempt such an elaborate analysis for a
number of reasons. First, we did not expect major
channel-coupling effects because the energy of the ejected
photoelectron lies well above the second fine-structure
ionization threshold where the one-electron continuum is
smooth without autoionizing resonances. Second, the un-
certainty we expect from single-channel quantum defect
theory is not disproportionately large compared to the
experimental uncertainties of the data at our disposal, as
discussed in some detail in the next section. Third, a
MQDT analysis sufficiently extensive to accommodate
three-photon transitions —such as the one performed re-
cently for the rare gases' —would require spectroscopic
data not available to us at the present time. If and when

experiments on Sn reach a higher level of accuracy, it
may become necessary to undertake a more elaborate cal-
culation of the atomic parameters. For the time being
the results and discussion presented in the following sec-
tion leave no doubt as to the interpretation of the
phenomenon under consideration.

RESULTS AND DISCUSSION

To proceed with the numerical solution of the systems
of density-matrix equations we must also specify the pa-
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FIG. 1. Fractional difference in ionization as a function of
the intensity of the visible laser, I, . The intensity of the uv laser
I„„=400W/cm . The laser pulse duration is ~L =5 nsec and
the laser bandwidths are yL =0.25 cm ' and yL"=0.4 cm
The experimental result, shown for comparison, is taken from
Ref. 2.

rameters of the laser. Following the experimental condi-
tions as described in Ref. 2, we employ an almost Gauss-
ian form for the temporal shape of both pulses and as-
sume 100% temporal overlap between them. For the
pulse duration, we have used the value ~L = 5 ns for both
lasers and the values y~"=0.4 cm ' and yL =0.25 cm
for their respective bandwidths, all corresponding to the
experimental conditions. The hyperfine splittings for the
two doublets are AHFs=0. 25 cm ' and 5&Fs=0.025
cm ', for the first and second excited doublet. The cor-
responding coupling times are ~„"Fs=0.02 ns and

~HFs =0.2 ns, which satisfy the condition
(i= 1,2). In other words, the laser pulse duration is much
longer than the characteristic hyperfine coupling times.
This corresponds to the situation which, as discussed at
length in Ref. 1, is apt to lead to significant isotopic selec-
tivity.

Using the calculated atomic parameters and the pulse
characteristics described above, we calculate the ioniza-
tion P for the even isotopes and P' for the odd ones.
From these, we calculate the quantity P=(P' P)j—
,'(P'+ P)—(%),which we plot as a function of either I„„or
I„with the other intensity held at a constant value.

Let us begin the discussion of our results with Fig. 1, in
which the quantity P (%) is plotted as a function of I„
with I„„=400W/cm . Under these conditions almost all
ionization is produced by the visible laser, while the uv
laser simply excites atoms slowly to the first intermediate
resonant state. One can distinguish three different re-
gions in the plot as the intensity I, is increased from 10
all the way up to 10 W/cm . At low intensities
( & 5 X 10 W/cm ), P is negative and rising towards zero
and positive values. This means that, at these intensities,
the even isotopes ionize more than the odd. Experimen-
tal data from intensity-dependence studies" at
I„=2X 10 W/cm (with I„,=400 W/cm ) confirm these
predictions. This result, surprising to some extent, can be
understood as a consequence of an interplay between ex-

citation and ionization efficiencies of the two types of iso-
topes for this range of intensities. Somewhere around
I, =1.5 X 10 W/cm the quantity P reaches the zero
value (at which point the ionization faithfully reproduces
the natural isotopic abundances) but continues to in-

crease to higher positive values. For 5 X 10
W/cm & I„&10 W/cm there is a relatively fiat region
of values for P, whose variation is confined between 0.02
and 0.025. Similar regions of nearly constant value for P
were also found in our study' of singly resonant two-
photon ionization. It may well be that this behavior is
quite general, probably not depending on the particular
scheme.

For I„&10 W/cm, the values of P start decreasing,
and within an order of magnitude for the intensity, the
zero value for P is again approached. Because of the very
low intensity of the uv laser, the total ionization at the
end of the interaction is less than 1% and saturation can-
not be the cause for the gradual decrease of P with in-
creased intensity. It is rather solely due to the fact that
the rate of ionization is competing with the rate of
hyperfine coupling at the upper doublet (states 2') & and
~2") &) and in fact at I„=10 W/cm they are almost
comparable.

To compare with published experimental results, we
have to look for that point on the plot which corresponds
to I, =10 W/cm . The value of P we read off the plot,
P=0.023, agrees quite well with the experimental value,
given the experimental uncertainty. The agreement with
the mean experimental value, P=0.01 can be further im-

proved if two of the four bound-free radia1 matrix ele-
ments entering the expression for the ionization widths
are changed by about 30%. As a result, the widths
change only slightly but this is enough to give us
P=0.018 at the experimental value for I, . This agree-
ment can be further improved, but such an attempt is not
meaningful given the quoted experimental uncertainty
limits. The variations of the ionization widths are not ar-
bitrary. They satisfy certain constraints imposed by the
atomic structure of Sn and are well within the limits of
accuracy expected from quantum defect calculations for
atoms like Sn. ' The curve P versus I,, for I„„=400
W/cm, calculated with the altered widths has the same
general features as the one on Fig. 1. Therefore, the main
points of the discussion on Fig. 1 remain valid and their
generality is once more verified from another point of
view this time.

Another set of results is presented in Fig. 2. Now the
intensity of the visible laser in held constant at I, =10
W/cm and the intensity of the uv laser is varied between
400 and 10 W/cm . In this case the magnitude of the
effect is larger, except for the intensity range around
I„„=400W/cm that corresponds to the experimental
observations. As the I„„is further increased the magni-
tude of P reaches values almost one order of magnitude
larger than in Fig. 1. This means that the response of the
different isotopes, as monitored by the ionization, reflects
now the structure associated with the first intermediate
resonant state rather than the second.

To explain this qualitatively, we note that for
sufficiently large uv intensity singly resonant two-photon
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FIG. 2. Fractional difference in ionization as a function of
the intensity of the uv laser, I„„.The intensity of the visible

laser is fixed I, = 10' W/cm'. The laser parameters are the same
as in Fig. 1. The experimental result, shown for comparison, is

taken from Ref. 2.
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FIG. 3. Fractional difference in ionization as a function of
the intensity of the uv laser, I„„. The intensity of the visible

laser is fixed I, =400 W/cm'. The rest of the parameters are the
same as in Fig. 2.

ionization (involving the absorption of two uv photons)
competes with the doubly resonant three-photon ioniza-
tion (involving one uv and two visible photons). Increas-
ing, therefore, the intensity of the uv laser, the population
of the first resonant hyperfine doublet and the ionization
produced from it tend to dominate the process, minimiz-
ing thus the contribution of the second resonant
hyperfine doublet which in contrast dominates the pro-
cess in Fig. 1. But the most important factor for the
enhancement of the odd-even difference is the much
shorter hyperfine coupling time associated with the lower
hyperfine doublet. As the contribution from this doublet
to the total ionization signal is increased, the difference in
the odd-even response is dominated by its very fast (com-
pared to all other relevant time scales) hyperfine preces-
sion. A comparison with our earlier results' in two-
photon ionization, through the same resonant hyperfine
doublet, further supports the arguments given above, al-
though exact agreement is not expected since the effect of
the second resonant state is not negligible in the results
presented in Fig. 2. However, the general features of the
plot seem to agree with those found before. ' The most
obvious of these persistent features is the relatively Aat

portion of the curve, extending beyond I„„=10W/cm,
in which p is confined to values around 0.2.

The final figure, Fig. 3, essentially provides a consisten-
cy check for the calculations performed so far, connects
the present results with those of Ref. 1, and clarifies the
effect of the two different light intensities on the magni-
tude of the anomaly in the response of the different iso-
topes. By fixing I, =400 W/cm we minimize its
inAuence in the excitation and ionization processes. By
varying I„„we recover almost exactly the results ob-
tained before' in the singly resonant scheme with the
6s P

&
as the intermediate resonance. The presence of the

second resonance has become almost negligible. For very
low intensities, I„„(10 W/cm (a range of intensities
not investigated before') the quantity p becomes negative.

We have now a rather complete picture. For I„„«I„

the magnitude of the odd-even anomaly depends on the
structure and properties of the upper hyperfine doublet;
for I„„)&I,the structure of the lower doublet dominates
the effect. When I„„=I„bothresonant states contribute
to the anomalous response but one might dominate as is
the case in the present study.

In summary, we have demonstrated beyond any doubt
that broad smooth pulses will, as a rule, not ionize all iso-
topes exactly equally. Different resonance ionization
schemes could enhance or minimize the even-odd
differences, depending on the choice of the intermediate
resonances and the intensity and duration of the laser
pulses. For the doubly resonant scheme in Sn studied
here, conditions have been found under which the even-
odd difference is almost negligible or, alternatively,
enhanced to the maximum. One can therefore contem-
plate a potential application in which a resonance ioniza-
tion scheme, carefully chosen after proper theoretical
analysis, implemented and performed under well con-
trolled experimental conditions, can provide either accu-
rate measurements of isotopic abundances, or, by varying
an externally controllable parameter (e.g., laser intensity),
isotope separation as well. The nearly constant value
that p can have over a fairly broad range of intensities
(almost three orders of magnitude), can be useful in op-
timizing the separation of odd and even isotopes, without
severe demands on the accuracy with which the laser in-
tensity and bandwidth need to be known.

Finally, a brief comment on the agreement between
theory and experiment is perhaps useful before closing.
The error bars of the two experimental points shown in
Figs. 1 and 2 are relatively large. The reason of course is
that the experiments were designed to test the existence
of gross departures from zero and not to obtain very ac-
curate values of the parameter p. One may wonder there-
fore whether the agreement between theory and experi-
ment is the fortuitous result of the large error bars. First
we must note that, as for example Figs. 2 and 3 show, the
effect can rise to 25% which is almost one order of mag-
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nitude larger than the error bar of Fig. 1. And we know
that values of P as large as 30% have in fact been mea-
sured in other atoms. Second, theory shows that P is
sensitive to a number of atomic and laser parameters. In
fact, by changing some of these parameters, we were able
to produce effects as large as 80% in our earlier paper. '

Our study of the sensitivity of the theory to the parame-
ters of the problem has shown that agreement with data
is very unlikely to be fortuitous even if the error bars are
relatively large. Having now demonstrated the existence
of the effect and elucidated the physics of its origin, we

hope to have the opportunity in the near future to test
the theory against data of higher accuracy.
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