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An approximation is derived for the amplitude for spontaneous emission of an arbitrary number

of low-frequency photons during the collision of a charged particle with a (short-range) center of
force. The result correctly reproduces the first four terms in an expansion of the amplitude in

powers of the frequency. The evaluation of the first two terms requires a knowledge of the physical
(on-shell) amplitude for radiationless scattering. At this level the approximation represents a gen-
eralization of Low's theorem, reducing to his result for the case of single-photon bremsstrahlung.
The next two terms involve as additional input the physical one-photon emission amplitude. The
calculation is based on the Bloch-Nordsieck method for summing those contributions arising from
the emission of soft photons in either the initial or final state of the scattering process. The deriva-
tion of the soft-photon approximation is facilitated by the introduction of a transformation to the
length gauge. The possibility of extending this approach to allow for a more general class of scatter-
ing systems is briefly discussed.

I. INTRODUCTION

It was shown some time ago by Low' that the ampli-
tude for the spontaneous emission of a single soft photon
during a scattering process can be determined from a
knowledge of the physical (on-shell) amplitude for radia-
tionless scattering, with an error of first order in the fre-
quency of the emitted photon. Low's derivation was
based on general invariance requirements, which gives
the result a universal character. He also provided a ver-
sion derived directly from the Schrodinger equation,
applicable to nonrelativistic potential scattering. A gen-
eralization of Low's theorem to the process of two-
photon emission during a collision of two relativistic par-
ticles was later obtained by Brown and Goble and the
nonrelativistic, potential-scattering version of that
theorem was derived more recently. Our purpose here is
to extend the theorem, in its nonrelativistic form, to the
general case in which an arbitrary number of soft pho-
tons are radiated during the collision. The method used
in the derivation is both simpler and more rigorous than
that of Ref. 3, and it provides a higher order of accuracy.

The present approach is rather similar to that used pre-
viously in a derivation of a low-frequency approximation
for scattering in an externa/ field. The dominant soft-
photon interaction takes place in initial and final states.
In the external-field problem these interactions are treat-
ed exactly through the use of Volkov functions serving as
modified plane waves, with intermediate-state interac-
tions accounted for perturbatively. An important feature
of the derivation given in Ref. 4, which ensures that a
well-defined expansion in ascending powers of frequency
is obtained, is the representation of the particle-field in-
teraction in intermediate states in terms of electric field
rather than the vector potential. This is accomplished by
a transformation from the momentum gauge to the
length gauge. The same strategy is followed in the

present treatment of the problem of spontaneous radia-
tion. Here, in place of the Volkov states, coherent states
of the type introduced by Bloch and Nordsieck are
adopted as modified plane waves to account for the
effectively strong initial- and final-state interactions of the
projectile (an electron, say) with the low-frequency radia-
tion field. Bloch and Nordsieck were concerned with a
solution of the infrared divergence problem and, accord-
ingly, modes of the field of arbitrarily low frequency were
retained in the coherent states employed in their theory.
It will be sufficient for our purposes to include only those
modes corresponding to observable photons. The utility
of these coherent states in the present context lies in the
fact that they sum up all radiative interactions which in-
troduce inverse powers of the frequency into the pertur-
bation expansion of the transition amplitude. Since, as
indicated above, the perturbation terms arising from
intermediate-state interactions do in fact enter with in-
creasing powers of the frequency, it is possible to be quite
definite in determining the power of the frequency associ-
ated with each term in the expansion. This is an impor-
tant consideration in extending the analysis from the case
of one-photon bremsstrahlung to the more complex mul-
tiphoton process.

The calculational procedure to be followed is defined in
Sec. II. In order to focus on the essential features of the
method we confine our attention here to the relatively
simple problem of scattering from a short-range poten-
tial. The one-photon emission amplitude is discussed, as
a first illustration, in Sec. III A. The amplitude is
represented as the sum of a low-frequency approximation
(in its familiar form') plus an error, correct to the second
power of the frequency. This analysis provides the back-
ground for treatment for the N-photon emission problem,
which follows along very similar lines. It is shown that
the first four terms in an expansion of the N-photon
bremsstrahlung amplitude in ascending powers of the fre-
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quency can be calculated from a knowledge of the physi-
cal (on-shell) amplitudes for radiationless scattering and
for scattering with the emission of a single photon.
(More precisely, it is the above-mentioned correction to
the low-frequency approximation to the one-photon am-
plitude which enters. ) For the sake of clarity the two-
photon process is treated separately, in Sec. IIIB, with
the general case taken up in Sec. III C.

While multiphoton spontaneous bremsstrahlung may
not be accessible to experimental study for some time, the
analysis of such processes is useful for the insight it gives
concerning the nature of the low-frequency approxima-
tion and the relationship which exists between spontane-
ous and stimulated bremsstrahlung. More specifically,
the external-field scattering problem may be treated, with
greater accuracy than achieved previously, by generaliz-
ing the present approach to the case where the initial
state of the field is not the vacuum but rather is one with
a high photon occupation number. (The Bloch-
Nordsieck coherent states are transformed into Volkov
states in that limit. ) In another very natural generaliza-
tion the method described here may be applied to the in-
frared divergence problem, for which the coherent states
were originally introduced, in order to obtain higher-
order corrections to the Bloch-Nordsieck sum rule for
the scattering cross section. We hope to elaborate fur-
ther on these matters in the future.

(
—iV —e A/c) e A

2- ' ' 2., (2.1)

(H V E)—~Q
—) =0, (2.3)

in which the scattering potential has been removed but
the particle-field interaction remains. The channel index
a specifies the momentum of the incident (or emergent)
particle along with the set of photon occupation numbers
n&, n2, . . ., which characterize the state of the field. The
solutions may be put in the form

iy. )=IV, lp)in. ,n, , . . . ) .

Here we have

(2.4)

The vector potential is represented, in the dipole approxi-
mation, as

1/2

A=+ A, (a, +a, ), (2.2)
M) L

where L is the quantization volume, the sum is over all
modes of the field, and a basis of linearly polarized states
has been adopted. In Eq. (2.1), V is the scattering poten-
tial, taken here for simplicity to be that associated with a
structureless target, and HF is the field Hamiltonian. In
constructing the modified plane waves we look for solu-
tions of the wave equation

II. MODIFIED PERTURBATION THEORY

with

IV& =exp g pj's(ai
—a )

. J
(2.5)

A. Bloch-Nordsieck states

At low frequencies the dominant radiative interactions
are those in which photons are emitted in either initial or
final states. To proceed systematically we sum all such
contributions at the outset; the remaining terms are then
guaranteed to be of higher order in the expansion in
powers of the frequency. One knows that in the dipole
approximation, which is adopted here, the sums of the
initial- and final-state interactions can be put in a very
simple product form. Equivalently, and more con-
veniently for our present purposes, one may employ the
Bloch-Nordsieck states as modified plane waves in the
formulation of the theory of the potential-scattering pro-
cess. Interactions are thereby included to all orders in
the electric charge. We confine our attention here to the
lowest nonvanishing order of perturbation theory and we
must ultimately expand in powers of the charge and
select the terms contributing to the appropriate order.
The amplitude obtained using the Bloch-Nordsieck states
thus plays the role of a generating function for the transi-
tion amplitudes of physical interest. The assumption of
the dipole approximation introduces a significant
simplification in the development of this program since
one may then omit the A contribution to the particle-
field interaction. The interaction is then linear in the
field operators, and this enables one to carry out the con-
struction of the Bloch-Nordsieck coherent states.

The Hamiltonian is taken to be of the form (in units
with A'= 1)

8 2'
~JP m L3

J

' i/2 p.g
(2.6)

The energy eigenvalue is

2
2E = +g n, o), —g co~pi

27Fl
(2.7)

F.',.=«q. l[V+VG(E )V]l@.&,

with E ~ =E and

(2.8)

G(E)=(E H)— (2.9)

(As usual, the energy in the denominator of the Green's

The second sum in Eq. (2.7) is a level-shift term,
representing the effect of absorption and reemission of
photons; it is ignored in the following since it contributes
to a higher order of perturbation theory than is being ac-
counted for here. The presence of the destruction opera-
tor in Eq. (2.5) will be ignored for the same reason. The
solution (2.4) corresponds to that given by Bloch and
Nordseick. There is a difference in interpretation, how-
ever, since here the photons are assumed to be of low fre-
quency, but not so low as to make them unobservable.

We are concerned with free-free transitions in which
no photons are present in the initial state and N distin-
guishable photons are emitted during the collision. A
generating function for the transition amplitude may be
defined as
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function is understood to contain an infinitesimal positive
imaginary part. )

B. Gauge transformation

G (E)=erG(E)e (2.10)

The derivation of the low-frequency approximation is
very much simplified by a transformation to the length
gauge, in which the interaction is of the E-r form, since
this interactions is of first order in the frequency. The
transformation is brought about by writing the Green's
function as

G(E)=GO(E)+Go(E) —eE r — Go(E)+. . .e A

2mc

(2.19)

Only the first two terms, shown here explicitly, will be re-
quired in the approximation procedure to be introduced
below.

It will be convenient to interpret the vector r appearing
in the gauge function y as the generator of momentum
translations. Accordingly, we make the replacement
r~i V and write

with

. ey=i —A r.
C

The transformed Green's function is

(2.11)

e 2'
W e ~=exp

m coLJ J

p —men V
a

(2.20)

G(E)= E — — + V +HF
p2 e A

2m 2mc
, (2.12)

where

HF =e HFe~ . (2.13)

This expression for the transformed field energy may be
expanded as

with the momentum-gradient operator understood to act
on the initial-state ket lp). [Since we omit higher-order
terms involving photon absorption, no annihilation
operators appear in Eq. (2.20).] The "dressing" of the
final state is brought about by the operator

' 1/2

er W ~ =exp e 277

. mJ J

HF=HF [X»F]+—2, [X [X,HF]], (2.14)
p'+ma), Vp

X,.a, (2.21)

where

and

[y,HF]= ——eE r (2.15)
where we have made the replacement r ~i V; this is un-
derstood to be acting on the bra (p'l.

C. Low-frequency approximation for the generating function

E g 2%

J NJL

' 1/2

co A, (a, —at) (2.16)

p2
H = — +H+V0 2 F

taken as the unperturbed Hamiltonian and with

Go(E) =(E—Ho)

(2.17)

(2.18)

identified as the associated Green's function. The expan-
sion takes the form

is the electric-field operator. The third term in Eq. (2.14)
is a c number of second order in the charge; this level-
shift contribution is ignored for reasons already dis-
cussed. Since higher-order commutators vanish the ex-
pansion terminates, as shown, after the third term.

A perturbation expansion for the transformed Green's
function may now be developed with

Somewhat in the spirit of a distorted-wave Born ap-
proximation, the low-frequency approximation is defined
by breaking off the perturbation expansion of the
transformed Green's function after the first two terms-
the two shown explicitly in Eq. (2.19). To characterize in
the simplest manner the level of accuracy achieved
through this procedure, we introduce a reference frequen-
cy co and adopt the convention that, for each low-
frequency mode, the frequency is expressed as ~ =c.co,
with the coeScients c, each of order unity. The expan-
sion (2.19), along with the expansion of the exponentials
in Eqs. (2.20) and (2.21), may then be interpreted in terms
of a series in ascending powers of co. The approximation
procedure just defined correctly generates the first four
terms of this series, of orders ~, co +', ~ +, and—N+3

A more explicit form for the approximate generating
function is F=—F"'+F' ' with

and

= (n', , nz, lerW ~ (p'l[ V+ Vg(E& Hp) V]lp) W, e (2.22)

2g 2
pg' n' -- ~ e gI, p' fjg E —H —eE.r — g E —H P' p + e 0

2mc
(2.23)
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Here we have defined

g2
g(E)= E— — + V

2m
(2.24)

and E =p /2m. The leading term F"' generates the
first two terms in the low-frequency expansion. As
shown below these terms may be evaluated provided the
physical (on-shell) amplitude for scattering in the absence
of the field is known. In this way we obtain a nonrela-
tivistic version of Low s approximation, ' generalized
from N = 1 to an arbitrary value of N. (The calculation is
not, in any essential way, more complex for the multipho-
ton case than it is for N= 1.) Evaluation of the correc-
tion term F' ', which contains the next two terms in the
low-frequency expansion, allows for the possibility of es-
timating the accuracy of the leading terms and of extend-
ing the range of validity of the approximation.

III. SOFT-PHOTON APPROXIMATIONS

A. One-photon amplitude

In this subsection we illustrate, in the simplest context,
the approach which was outlined above and introduce
notation in preparation for later generalization to the
problem of multiphoton bremsstrahlung. The amplitude
for the emission of a single photon of frequency ~ and
polarization A. is obtained by selecting terms of first order
in the charge in the series expansion of the generating
function. [In this case higher-order terms in the pertur-
bation expansion (2.19) are absent. ] By expanding the ex-
ponentials in Eqs. (2.20) and (2.21) we are led to the tran-
sition amplitude

2 &2

0=
2

—E 0'=
2

E—r=(p' —p)' (3.5)

as t(j', g, r, E). The momentum gradients may be
transformed as

V = —2(p' —p)
A (), 8
m Bg'

V~ =,+2(p' —p)
&

(3.6)

Expanding about the on-shell function t (0,0, r, E )

=t(E,r), we have

"r)t(g', O, r, E )
t(g', O, r, E, )=t(E,,r)+g', ' +

ag'

(3.7a)

dt(0, (,r, E,. )
t(0, (,r, E, )=t(E, , r)+g ' +

(3.7b)

As noted, the field-free t-matrix elements in Eq. (3.2)
are off the energy shell. One may expand these ampli-
tudes about their on-shell values and observe that off-
shell information is not required if terms of order co are
neglected in the evaluation of the bremsstrahlung ampli-
tude. This is the content of Low's theorem for potential
scattering. For later purposes, as part of our study of the
multiphoton problem, it will be useful to retain the terms
of order cu and co in this expansion, now to be defined.
Let the function t(p', p;E) be expressed in terms of the
scalar variables

T(p', p;coA, ) = T"'(p', p;col, )+T' '(p', p;coA, ) . (3.1)

T"'(p', p;col, )
=— p'+ mcoV ~

A, t(p', p;Ez )

p met)Vp+ A,t(p', p;E& ) .
CO

(3.2)

With an overall factor —(e 2m/m col. )'~ omitted to
simplify notation, we have

T= TLF„+R, (3.8)

Here and in the following, derivatives of the t matrix are
understood to be evaluated on shell, i.e., for g'=(=0.
These Taylor series expansions are truncated after the cu-
bic terms and then substituted in Eq. (3.2). This yields an
expression for T'" which is correct to order co . We ab-
sorb the first- and second-order terms into T' ', thereby
defining a new correction term R. After this rearrange-
ment we have

Here E ~ =E —co andP P

t(p', p; E ) = & p'I [ V+ Vg(E) V] IP ~ (3.3)

with the low-frequency approximation, correct to order
unity and expressed in terms of the on-shell t matrix,
given by

is the (off-shell) scattering amplitude. The correction
term is

TLFA(p' p ~~)= '(
P

~)+ ' EP'rp .g p.A,
(3.9)

T' '(p', p;cuA. )=imcoA, (p'I Vg(E&. )rg(E&) Vlp) . (3.4)

The identity (3.1) provides a natural starting point for ap-
proximations since the correction term in Eq. (3.4) is
seen to be of order co, dropping this term gives an approx-
imation to the transition amplitude which is correct to
order unity.

This is Low's approximation. With T assumed to be
known, as it wi11 be in the following treatment of the mul-
tiphoton problem, the remainder R is determined by Eq.
(3.8). For later reference, however, we will require the
explicit form obtained for this function, correct to order
co, by means of the expansion procedure outlined above.
We find that
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R(p', p;coA, ) = T' '(p', p;coA, )+2m(p' —p) A, t(E )
—t(E~)+co

a at(E, ) at(E, , )

ag
+

ag

Bt(Ep)
+p A, N—t(E ) ——N2

2 F 3 Bg'

dt(E ~ )—
p A, cot—(E ~ ) ——co

2 F 3 Bg
(3.10)

To simplify notation only the energy variable has been
displayed as an argument of the on-shell t matrix. We re-
mark that the diff'erence t(E& )

—t(E ) appearing in the
second term on the right-hand side of Eq. (3.10) is con-
sidered here to be of first order in the frequency. It
should be kept in mind, however, that in the neighbor-
hood of a resonance whose width is comparable to the
frequency, this difference may be large enough to warrant
the inclusion of the term in which it appears as part of
the low-frequency approximation. That is, one would
add this term to that shown in Eq. (3.9), leaving an error
which is truly of first order. This was the suggestion
made by Feshbach and Yennie who modified Low's for-
mula to account for resonant free-free transitions. In the
present discussion, however, we shall not be explicitly
concerned with resonant scattering processes. In fact,
terms of order co [t(E~ ) t(E )] —have been dropped in

I

arriving at Eq. (3.10). An analogous situation arises in
the following treatment of the multiphoton problem and
certain terms will be omitted there (without further com-
ment) for the same reason. Such terms, which are
effectively of a lower order near a resonance, may be in-
cluded, without any difficulty in principle, if they turn
out to be significant.

B.Two-photon amplitude

The amplitude for a two-photon free-free transition
can be expressed, in analogy with Eq. (3.1), as
T= T' "+T' ', with these two components derived from
the generating function in the manner outlined above. [A
factor (e 2irlm—co L )' for each radiated photon is
omitted in defining this amplitude. ] The first component
1S

T"'(p', p, co,ki, a)2A2)=(coin)2) '([(p'+men, V ) A, , (p'+mco2V ) A2]t(p', p;E )

+ [(p—mcoiV&). A, ~(p
—mco2V&). A2]t(p', p;E —co, —e2)

—[[(p'+me@,V ) A, , (p —mco2V&) A2]t(p', p, E& co2)+(1~2—)I ), (3.11)

+p A&p A2t(E& —
co&

—co2, r)
—p' A, ,p A2t(E —

co2, r}
—p' A2p A, ,t(E co„r)] . —(3.12)

This result, which involves only on-sheH values of the t
matrix, represents the two-photon generalization of

where (1~2) denotes the preceding terms with indices 1

and 2 interchanged. A transformation to the scalar vari-
ables introduced in Sec. III A enables us to expand the t
matrix, in powers of the frequency, about its on-shell
form. The leading terms in this expansion provide us
with the low-frequency approximation

TLFA =(&1&2) '[p Lip'. X2t(E&, r)

I

Low's approximation (3.9}. Of the higher-order terms in
the expansion of the amplitude T"' shown in Eq. (3.11),
only those of order unity and of first-order in the frequen-
cy are retained. These are combined with the correction
term T' ', which is thereby converted into a more useful
form. The original form of the correction term, as ob-
tained from the generating function, is the sum of two
parts

1 2 (3.13)

where the first term on the right arises from presence of
the E.r interaction in Eq. (2.23) and the second term ac-
counts for the A interaction (the presence of which, re-
call, was induced by the gauge transformation). The first
term is

T'i '(p', p;co, A, co2A2)=—
P'. A, 2 m CO21.2T' ' p'+, , p;co, A, , +(1~2)

CO2 P'.A2

P.A2 m &@2%2+ T' ' p', p—;co,A, , +(1~2)
CO2 P A2

(3.14)
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where we have made use of the definition (3.4) for the
one-photon matrix element in obtaining this equation. It
should be noted that since these one-photon correction
terms are of first order in the frequency the insertion of
the momentum shifts in their arguments, which is only
valid to first order, is legitimate since it leads to second-
order errors in the two-photon amplitude and these are
ignored here. The induced A term is

T~"(p' p ~il(l ~92}
= —IA, , A 2(p'~Vg(E, )g(E )V~p) . (3.1S)

The use of Eq. (3.3) then allows us to convert Eq. (3.15) to
a form involving the (off'-shell) t matrix. Remarkably, the
off-shell contributions cancel when we account for those
higher-order terms which were omitted in deriving the
low-frequency approximation (3.12) from Eq. (3.11).
Moreover, inclusion of these higher-order terms allows
us, with the aid of Eq. (3.10), to convert the amplitude
shown in Eq. (3.14) to one involving the on-shell correc-
tion to the one-photon bremsstrahlung matrix element.
With algebraic details omitted, we give the expression for
the improved low-frequency approximation, correct to
first order in the frequency, as

A more convenient version of this expression is obtained
with the aid of the resolvent identity

g(Ep )g(Ep)=(Ep —Ep ) '[g(Ep )
—g(Ep)] . With

T(p', p;co, A, cozkz) —= TL„„+R,+R2, (3.17)

R i (p', p) co,k i, co2A~) =— p' A,, men, i,, p A, 2
R p'+, , p;co, A, , +(1~2) + R p', p-

p '"2 Q)2

m COpk, p
;co,A, , +(1~2)

p 'A, 2

(3.18}

and

R2 =m Ai.g~(ml+ci)2) '[t(Ep, v') —t(Ep, , r)] . (3.19)

All of the essential features of the derivation of a low-
frequency approximation have appeared in the treatment
of the two-photon problem. The emission of additional
photons is accounted for by allowing then to be radiated
by either the incoming or outgoing electron. That is, it is
not necessary, in achieving the stated level of accuracy,
to include processes in which more than two photons are
emitted in intermediate states. All terms corresponding
to a distinct labeling of the emitted photons must be
summed, and this requires the introduction of some nota-

The method employed earlier to derive a low-frequency
approximation for two-photon bremsstrahlung was not
sufficiently accurate to correctly reproduce the terms of
first-order in the frequency, but with regard to the lower-
order terms that result is consistent with the one given
here. '

C. N-photon amplitude

tion, as follows.
In deriving an expression for the amplitude T"', the

multiphoton generalization of the amplitude shown in
Eq. (3.11), one sums a set of terms in which none of the
photons are emitted in intermediate states. In a typical
term there are n photons which have been radiated before
the collision and the remaining n-N emerge in the final
state. There is no physical significance to the interchange
of photon labels within each of these two groups; only in-
terchanges between the two groups are distinguishable.
Accordingly, we introduce the permutation

(1,2, . . . , n n+1, . . . , N}

=(l ril ~2.tl lnn]~+~ ~lg)
P(n, q)

(3.20)

where the index q labeling each permutation runs from 1

to N!In!(N —n)!. With this notation understood we ex-
press the result, obtained from the generating function
(2.22), as

X A'

T'"(p', p;co, A, , , . . . , co le~)= g g
n =0 q s=n+1

p neo) Qp

s=1

p f067; Vp
t(p', p;E(n, q)) .

Here we defined

E(n, q)= . s =1

F. , n =0, (3.22)

representing the energy of the electron after it has emit-

(3.21)

I

ted the first n photons. The products in Eq. (3.21) are in-
terpreted as taking the value unity when the lower limit
exceeds the upper limit; this accounts (with a minimum
of additional notation) for the terms in which all the pho-
tons are emitted in either the initial state (n =0) or the
final state (n =N). lf we expand the t matrix in Eq. (3.21)
about its on-shell value and retain only those terms which
contribute to the first two orders (co and co +') in
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TLF~= X X n
n =0 q s=n+1

p A, ;
S

CO;
S

the low-frequency expansion we obtain the on-shell ap-
proximation

plitude shown in Eq. (3.14}we recognize that since one of
the photons is emitted in an intermediate state the per-
mutations of photon indices to be considered are of the
form

(1,2, . . . , n~n+ lan+2, . . . , N)

xn
s =1

p'A, ]

t(E(n, q), r) . (3.23)
with

(3.24)

The terms of order co
+ and co

+ are combined
with the amplitude T' ', the similarity of this procedure
with that followed for the two-photon case should be
clear.

In constructing the N-photon generalization of the am-

t

0 ~n~N —1, 1~q(~
n! N n —1—!

We find that the contribution to T' ' arising from the E r
interaction is

N —1 N
T(2)

n =0 ql s =n+2

p 'A(

s=1

p'A, ]

CO)
S

T("(p'(q, ),p(q, );co, A, , ) . (3.25)

The shifted momenta are

and

mN; A.;S S

P(q()=,~I P A, ;

p, n=0

1&n &N —1

(3.26a)

N
p'+

,=.+2

mcus( k;
S S

p 'A(
0&n &N —2

p', n=N —1. (3.26b)

The N-photon generalization of Eq. (3.15), arising from the induced A term, involves two intermediate-state pho-
tons. Photon labels are assigned from among the permutations

(1, . . . , n~n + l, n +2~n +3, . . . ,N): (i(, . . . , i„~i„+„i„+&~i„+3,. . . , il((),
P2(, n, q& )

with

(3.27)

Nf0&n &N —2, 1&q2 &
n!2!(N n —2)!—

The amplitude takes the form

N —2 NT'"=Ex n
n =0 q2 s =n+3 CO)

S s=l

p A, ;
( —m(I(, ; A, ; )(p'(q2)~Vg(E .

( ) }g(E ( ))P'~p(qq)) .
CO;

S

(3.28)

The shifted momenta are defined as

and

mao; A.;
p —g, 1 n N —2p(ql)=, =) p ~;

p, n=0 (3.29a)

me@; A, ,
p'+ g, , 0 n~~N —3

,=.+»' ~;
p', n=N —2. (3.29b)

These expression hold for N )2; for N =2 the momenta
are unshifted, as seen earlier in Eq. (3.15).
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At this stage we have an approximation for the transi-
tion matrix given by the sum of the expressions in Eqs.
(3.21), (3.25), and (3.28). When they are combined (with
T'" expanded about its on-shell value in the manner dis-
cussed above) we find that off-shell components have can-
celed and the result can be rearranged in the form

n =0 ql s =n+2

p A, ;

CO;
S

s=1 CO;
S

T—= TLFA+R1+R2, (3.30)

with T„FA given by Eq. (3.23). The correction terms take
the form and

(3.31)

N —2 N

~2=2 X II
n q2 s n+ CO(

S s=1

p'A, ;
(m A, ; A, , )(co,

S

(3.32)

with

r(q, ) = [p'(q, ) —p(q, ) ]' . (3.33)

We recall that the function R on the right-hand side of
Eq. (3.31) is obtained from a knowledge of the physical
one-photon amplitude according to Eq. (3.8). The lead-
ing term in the approximation (3.30) is of order
(co~, co2 co+ ) '; the approximation includes correc-
tions, relative to the leading term, which are linear, quad-
ratic and cubic in the photon frequencies.

IV. DISCUSSION

Low's theorem for single-photon bremsstrahlung' has
been generalized here to apply to situations in which an
arbitrary number of photons are emitted during the
scattering process. This generalized soft-photon approxi-
mation is given in its simplest version by Eq. (3.23),
which reduces to Low's form for N=1. It has been
shown that the next two terms in the expansion in powers
of the frequency can be obtained, for arbitrary X, provid-
ed the physical single-photon amplitude is known. These
terms are defined in Eqs. (3.31) and (3.32). A contribu-
tion to the first of these correction terms has been
identified [it appears in the second term on the right-hand
side of Eq. (3.10)] which, under conditions of resonant
scattering, can be magnified in importance, in which case
it should properly be included as part of the underlying
low-frequency approximation. This remark generalizes
the observation originally made by Feshbach and Yennie
in their treatment of the one-photon process. The
present calculation was carried out in the context of a rel-
atively simple model —nonrelativistic scattering by a

center of force, but the fact that the approximation can
be expressed in terms of physical amplitudes for radia-
tionless and one-photon emission suggests that the
theorem is more generally applicable, independent, to a
large extent, of the detailed nature of the dynamics of the
scattering system. In considering such extensions one
must keep in mind the special nature of the Coulomb
scattering problem; the presence of the long-range poten-
tial tail has the eft'ect of introducing changes in the ana-
lytic form of the approximation as a function of the fre-
quency. " It seems likely, however, that the theorem can
be verified for the scattering of an electron by a neutral
atom. Of course the generality of the result for one- and
two-photon emission during a relati Uistic collision is
clearly seen in the derivations based on gauge invariance,
Lorentz invariance, and analyticity assumptions. ' It
may be possible to extend these relativistic results to the
multiphoton problem. Since the techniques used in the
analysis are closely related to the Bloch-Nordsieck ap-
proach to the infrared divergence problem, ' it may be
worthwhile to reexamine that problem for the purpose of
including higher-order corrections, in analogy with those
introduced here for the case where the radiated photons
are observable.
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