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Spectral properties of light in quantum optics
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The problem of spectral filtering of quantized light fields is studied, based on the recently

developed quantum-optical theory of the action of passive, lossless optical systems [L. Knoll, W.
Vogel, and D.-G. Welsch, Phys. Rev. A 36, 3803 (1987)]. Expressions for the operator of the elec-

tric field strength of the light and the normally and time-ordered field-correlation functions are de-

rived for the case of a Fabry-Perot interferometer being present. Various kinds of field decomposi-

tion that are usually considered in classical optics are studied. The results are compared with the

Fourier approach to spectral properties of light. It is shown that, dependent on the experimental

scheme used, new quantum effects appear, which may prevent the observation of the Fourier struc-
ture of the light as predicted from classical optics. Quantitatively this is demonstrated for the exam-

ple of spectral squeezing in resonance fluorescence, where significant discrepancies between the

measured and the full Fourier spectrum are found.

I. INTRODUCTION

In classical as well as in quantum optics the spectral
properties of light play an important role. Whereas in
classical optics the situation is rather transparent, in
quantum optics some problems may arise in cases when
other than second-order spectral properties are studied.

Mathematically, intrinsic spectral properties may be
defined by means of a Fourier analysis of the light field
under study. ' Practically, spectral measurements are
performed by inserting frequency-sensitive devices in
front of the points of observation. For this reason, in
their approach to the second-order physical spectrum
Eberly and Wodkiewicz and other authors ' started
from Glauber's theory of photodetection. ' As is usually
done in classical optics, the spectrally filtered field detect-
ed by photocounting measurements is expressed by a con-
volution of the unfiltered field with the transmission
response function of the spectral apparatus. In his re-
view on the theory of the (second-order) spectrum of the
quantized light field Cresser pointed out that in quantum
optics this point needs more careful consideration. Nev-
ertheless, this classical approach to the physical spectrum
was transferred to quantum optics by various au-
thors. ' '

ln this way, in their work on the frequency-resolved in-

tensity correlation of the resonance fluorescence light
from a single atom Knoll, Weber, and Schafer' found

time-delayed commutator contributions to the spectrally
filtered intensity correlation function. Adopting the
quantum-optical concept of the description of the action
of a spectral filter, as was developed by Knoll, Vogel, and
Welsch and briefly reported in Refs. 16 and 17, Knoll
and Weber' showed that the intensity correlation func-
tion used in Ref. 14 cannot be observed and that in the
observable correlation function the time-delayed cornmu-

tator terms do not occur. It should be pointed out that
this result is fully confirmed by Cresser in a recently pub-
lished paper. '

Another illustrative example is the problem of spectral
squeezing in single-atom resonance fluorescence. Making
use of a Fourier transform approach and the theory of
Eberly and Wodkiewicz, Collett, Walls, and Zoller'
found that time-delayed commutator contributions arise
in the normally ordered variance of the spectrally filtered
field. Note that in the explicit calculations they ignored
these terms. Similar to the case of the spectrally filtered
intensity correlation function, these terms occur, because
the pyramidal time ordering of the operators in the corre-
sponding convolution integrals is violated, as was shown
by Knoll, Vogel, and Welsch. ' The normally ordered
variance derived from a consistent quantum-theoretical
treatment of the action of the spectral apparatus
preserves the pyramidal time ordering and therefore does
not give rise to time-delayed contributions. '

From a more general point of view the question is
raised of how to describe the action of passive filter sys-
tems in quantum optics and to calculate filtered correla-
tion properties of light. Some attempts have been made
to solve this problem. For instance, in Refs. 20—24 the
well-known quantum-mechanical noise theories are gen-
eralized and relations between the output field and the
internal and/or the input field are derived.

An alternative approach to the problem of the
quantum-mechanical description of the action of passive
optical systems was developed by Knoll, Vogel, and
Welsch' ' on the basis of the concepts of quantum
field theory. The purpose of the present paper is to apply
this theory to the problem of spectral measurements in
quantum optics and to study the action of spectral filters
on quantum light fields. In this context, we will give a
detailed analysis of some results briefly reported and dis-
cussed in our earlier papers (Refs. 16 and 17). To illus-
trate the method we will study the action of a spectral
filter of the Fabry-Perot type. For the sake of clearness
and to avoid rather lengthy derivations and formulas we
wi11 restrict the explicit calculations to the simplest mod-
el of a Fabry-Perot interferometer, namely, a dielectric
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layer. We note that this model is suScient to demon-
strate the characteristic quantum features in the action of
a spectral apparatus.

In Sec. II the Fourier transform approach to spectral
properties of quantum light is discussed. In Sec. III an
observational approach to spectral properties is given and
expressions are derived for the field operators in the pres-
ence of a spectral filter. The resulting quantum-
theoretical filter equation is analyzed in Sec. IV. Observ-
able correlation functions of spectrally filtered light are
studied in Sec. V, and in Sec. VI different kinds of field
decompositions and their applicability in quantum optics
are discussed. Section VII deals with the apphcation of
the general results to the problem of spectral squeezing in
resonance fluorescence. A summary and some con-
clusions are given in Sec. VIII.

II. FOURIER TRANSFORM APPROACH
TO SPECTRAL PROPERTIES IN QUANTUM OPTICS

In analogy to the method by which spectral properties
are usually defined in classical optics we may start from
the Fourier representation of the operator of the electric
field strength (operators are marked by a caret)

E (t) =8 '+ '(t)+E ' '(t), (2.1)

where ('+' and (
' ', respectively, are the positive and

negative frequency parts. We therefore may write

In particular, they showed that in the case of stationary
light fields the second-order spectral correlation function
can be written as follows

I ""(co,co') =2m.6( co —co') Wco), (2.7)

where W(co) is the quantum-theoretical analog of the
classical Wiener-Khinthchine spectrum:

W(~) = f dt e ' 'r""(t,o) . (2.8)

The above-mentioned approach, which is based on the
Fourier representation of the operator of the electric field
strength, and hence on the Fourier analysis of the field
correlation functions I ' '"', is a formal, mathematical
one. We denote the spectral properties found in this way
as intrinsic spectral properties of the field under con-
sideration.

As it will be shown in the following, these intrinsic
spectral properties cannot be expected, in general, to be
measurable field properties. The problem consists of the
following. By using Eqs. (2.2)—(2.6) Fourier inversion
gives

I cdI (m, n)(~ ~ )
—fdt

X fdt e +" m+"lN

m+n

xr"")(t,, . . . , t.,„) .

(2.9)
8'+'(t)=(2m. )

' f dcoe ' '8'+'(co)

'(t) =(2m') ' f dco e'"'8 ' '(co),

where 6 '+'(co)=0=( ' '(co) if co(0.

(2.2)

(2.3)

On the other hand, from the quantum theory of measure-
ment in the time domain only time-ordered correlation
functions I 'T "'(t„.. . , t +„)are expected to be observ-
able,

By using Eqs. (2.2) and (2.3) the normally ordered
correlation functions

r; ((, , . . . , („,„)=( T itu-((, )

i=1

m+n
x rt t' '((, )

)j=m+1

can be spectrally decomposed as follows:

(2.4)

= (2m) ™+")f dco e
'"'"

+" +"l cc)

m+n

Xl ' '"'(co„.. . , co +„), (2.5)

where the spectral correlation functions I ' "' read
T

m

f (m, n)( )
— g g( —)(~

i=1

m+n
'(ra, )

)
. (2.6)

j=m+1

This concept was first used by Metha and Wolf' in order
to define the second-order spectral correlation function.

m+n
x T, n 8'"((, ) ),j=m+1

(2.10)

where T+ (T ) is the positive (negative) time-ordering
operator. However, the time integrations in Eq. (2.9) are
not restricted in any way and consequently I ' '"' also
contains contributions of I' "' from time domains
violating the time ordering.

In practice, spectral measurements are performed by
inserting frequency-sensitive devices in front of photo-
detectors. Since the counts in the photodetectors are
functions of the setting frequencies of the spectral filters,
"spectral" properties are observed. From the results de-
rived in the following it will be seen that these observable
spectral properties are indeed closely related to the
Fourier transform of the time-ordered correlation func-
tions I 'T "'.

III. OBSERVATIONAL APPROACH TO SPECTRAL
PROPERTIES IN QUANTUM OPTICS

The problem of observable (second-order) spectral
properties was studied by Eberly and Wodkiewicz. They
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EI+'(r)= f dr'Tf(r —t')A"'+'(t'), (3.1)

where Tf(t} is the transmission response function of the
filter. As a suitable example for a spectral filter they con-
sidered a lossless and highly reflective Fabry-Perot inter-
ferometer. Making use of the Airy formula they de-
rived the following expression for the transmission
response function Tf (t):

assumed that at the point of observation not the entire
light field 8'+' under study is seen, but a filtered version
of it,

dr e(r) Az (r) Az(r) = 6z z,
2EpNg

(3.9)

[see paper I, Eqs. (2.36), (2.38), and (2.53)] and the equal-
time commutators of the photon creation and destruction
operators 8 and 8, respectively, are

[4 K]=0=[~~ ~.l. (3.10)

Note that the presence of the filter is taken into account
via the mode functions Az(r). 8, is the Hamiltonian of
the atomic sources. The interaction of the field with the
atomic, sources is described by

T&(t)=B(t)I'fe (3.2) 8;„,= —fdr(J t A'+'+ A' J) . (3.11)
where cof and I f, respectively, are the setting frequency
and passband width of the Fabry-Perot interferometer.
Note that the unit step function 8(t) reflects the causality
of the filter. However, Eq. (3.1) cannot be valid in the
sense of an operator equation. For example, Eq. (3.1) es-
tablishes that in the case when the spectral filter is closed
(t ~—oo and/or I f~0) the operator of the electric field
strength identically vanishes at any point of observation
(behind the filter). Clearly, this result violates fundamen-
tal rules of quantum mechanics.

A. Quantum theoretical approach: general case

We treat the action of a spectral apparatus in the sense
of a linear, lossless filter, which may be modeled by a
dielectric with space-dependent refractive index
n (r)=&a(r). Now the problem is to find expressions for
the field operators in the presence of such a filter. Using
the concept developed in Ref. 25 (which is referred to as
paper I) we arrive at the following results.

The Hamiltonian is [see paper I, Eq. (2.57)]

8=8„+8,+A', „, , (3.3)

where 8„ is the radiation field Hamiltonian in the pres-
ence of the filter, viz. ,

where

2'
&,'„(r,t)=i +co&A &(r)it& &„„(t), (3.13}

2'+, '(r, t)= fdr'f dt'8(t t')K (r, t—;r', t')J (r', t'),

(3.14}

the temporal evolution of 8z f„„is due to the Harniltoni-
an 8, of the free-radiation field, viz. ,

—ice&( t —t ')
a~ „f,( )r=e ' a„„,(i') .

The kernel K in Eq. (3.14) is defined by

(3.15)

The atomic source operator J defined by Eq. (3.1) in pa-
per I is, in general, Hermitian. In the particular case of
the rotating-wave approximation the operator J only
represents its non-Hermitian positive frequency part.
Following paper I, the formal solution of the Heisenberg
equations of motion for the vector components of the
operator of the electric field strength X' (r, t )
=2'+'(r, t)+E', '(r, t) can be decomposed into a free-
field and a source-field part (see paper I, Sec. III),

(3.12)

H„=— r @per A+ XA
2 pp

= X &~d&A~+-,' } (3.4)
(3.16)

[see paper I, Eqs. (2.33) and (2.58)] and the vector poten-
tial A is given by

A= A' '+ A' ', A' '=( A' ')

where

Obviously, it fulfills the symmetry relation

K' (r, t;r', t')=K, (r', t', r, t) . (3.17)

Clearly, Eqs. (3.12)—(3.16) have to be supplemented by
the Heisenberg equations of motion for the source opera-
tors: i fi(d Idt )J= [J,8]. Combining Eqs. (3.12) and
(3.14) we obtain the result

A'+'(r, t)= g Az(r}d~(t} . (3.6)

In Eqs. (3.5} and (3.6) the positive (negative) frequency
part A'+' ( A' '} is assumed to arise from the operators
&& (az). The mode functions A&(r) satisfy the equations

X dr' dt'e t —t' K ~ r, t;r', t'

XJ (r', r') . (3.18)

2

VXVX Az(r) —e(r) Az(r)=0,

V E(r)A~(r)=0,

(3.7)

(3.8)

This equation may be regarded as basic equation for
describing the action of a spectral filter in quantum op-
tics. Since it is simply the general solution of the inho-
mogeneous Maxwell equations it is clear that Eq. (3.18)
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formally looks like the equation known for the case
without filtering. The difference between the two cases
consists of the mode functions Ak(r ) to be chosen, which
determine the free field part [Eq. (3.13)] and via the ker-
nel K the source field [Eqs. (3.14) and (3.16)].

B. Quantum theoretical approach: One-dimensional

Fabry-Perot filter

1/2

Ak(x)=
47TEp6)

T&(to)e' ", x & ——,
X eikx+R (to)e

—ikxf
dx) —,k(0.2' (3.23)

In analogy to the model of a spectral filter used by
Eberly and %odkiewicz, we now consider the lossless
Fabry-Perot filter modeled by a dielectric layer of refrac-
tive index n&=+eI and thickness d in the x direction.
Assuming the Fabry-Perot filter is surrounded by vacuum
the refractive index n as a function of x may be written as
follows:

d d
n if ——~x ~—

2 2

I ( n —1)(co/c)d
TI(to) = T&(to)e

2

T (ro)=
2in&(co/c)d

1 T e

(3.24)

T~(to) and RI(co), respectively, are the spectral transmis-
sion and refiection response functions of the Fabry-Perot
interferometer, which in agreement with the Airy formu-
las read as

n=&e= '

1 if lx I
& —.d

2

(3.19) R (co)=R (to)ef f
2in (co/c)d—

RI(to) = r+ re—t T&(to),
(3.25)

d Ak N+nk Ak=o, k =
dx c 2

(3.20)

where n =n(x) is given by Eq. (3.19). The mode func-
tions A„(x) (labeled by the continuous mode index k) are
determined from the solution of Eq. (3.20) together with
the usual boundary conditions and Eq. (3.9), which now
reads as

For simplicity, we restrict ourselves to the study of two
typical cases of quasi-one-dimensional light propagation.
Let us first consider the case when the propagation of
light is perpendicular to the Fabry-Perot filter [cf. Fig.
1(a)], so that Eq. (3.7) may be written as [see also paper I,
Eq. (2.39)]

p
2

2
n 1f
nf+1

(3.26)

I TI(~)I'+
IRg (~)I'=1,

TI(to)R &(ro)+ T I(co)RI(ro) =0 .

(3.27)

(3.28)

In the important case of a highly refiective filter (r =1),
in the vicinity of a given resonance frequency cof of the
Fabry-Perot filter Eq. (3.24) can be simplified as

The spectral response functions TI(co) and RI(ro) are
easily shown to satisfy the conditions

f + Qo

dx n (x)Ak*(x)Ak. (x)=
oo 2E'pro

5(k —k') . (3.21)
I fTI(to) =

I g t'(co —col )— (3.29)

The mode functions outside the dielectric layer
( Ix I

& d /2) may be written as follows:

where the resonance frequency cof and the passband
width I f are givenby

Ak(x) =
' 1/2

47TEpet)

e '"" +R&( c)oe
'"", x & ——,

X '

T&(to)e'"", x & —, k &0

KC
coI —f

nfd

I f=- c 2 c(1 r)—
lnr =

2nfd 2nfd

(3.30)

D

(3.22)
f being an integer. It is easily seen that for sufficiently
small values of I f the spectral transmission function be-
comes effective in discriminating against values of co not
equal to the resonance frequency cof.

In the one-dimensional model the kernel K =Kf
[defined according to Eq. (3.16)] reads as

+ oo

KI(x, t;x't')= —— dk toAk(x)Ak (x')e

(3.31)

FIG. 1. Scheme of the geometrical arrangements considered
(S, atomic light sources; D, photodetectors). (a) Perpendicular
incidence of light. (b) Inclined incidence of light.

In the case when x )d/2 and x'& —d/2 we find from
substituting Eqs. (3.22) and (3.23) in Eq. (3.31) and by
making use of Eq. (3.28) the following result:
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((' ( x (x', ( )'= — "du&T (m)e ' " ' ' "+f droT&(ur)e' I=x —x' . (3.22)

where

+TI (t' t —I/—/c)], (3.33)

and

j
TI(t) = I dt(/ T&(t(/)e

277

1f =1+(nI 1)d—

(3.34)

(3.35)

In particular, substituting Eq. (3.29) in Eq. (3.34) we easi-
ly find

T/(t) =8(t)I &e (3.36)

In order to calculate the kernel & for the case when no
spectral apparatus is present we have to substitute for the
mode functions in Eq. (3.31) plane waves,

g1'(x, t;x', t }=— 1 —i co( t —t ') + ik [x —x')

4

(3.37)

To calculate the integrals in Eq. (3.32) we note that in
practical applications the spectral transmission function
TI(e/) can be assumed to take on significant nonzero
values only in the neighborhood of the setting frequency
toI of the spectral filter [cf. Eqs. (3.29) and (3.30)]. We
therefore may approximately extend the integrations in
Eq. (3.32} to minus infinity. Writing the spectral
transmission function TI(co) in the form as given in Eq.
(3.24) we finally arrive at [cf. Eq. (A18)]

E (x, t;x', t')= — [T (t t'—1 —/c)
1

f 2ceo f f

I

where the time retardation

b, t =(n/ —1)—d
C

(3.40)

reflects the fact that the geometrical path through the
Fabry-Perot filter is different from the optical one. We
note that Fabry-Perot filters in quantum optics has also
been studied by Cresser' and Ley and Loudon.

From an inspection of Eqs. (3.22) and (3.23) we see that
two kinds of mode functions have to be considered,
which describe incoming waves from the left and right,
each of which being partly reflected and transmitted. It
should be pointed out that in the case under study [cf.
Fig. 1(a)] the reflected part of a light signal arising from
the sources is fully directed into the sources. From the
point of view of classical optics one already expects that
due to this reaction of the spectral apparatus on the
sources the dynamics of the sources is, more or less,
changed. In the following sections we show that in quan-
tum optics there are additional source-quantity commu-
tator effects, which may be of drastic consequence to ob-
servable field quantities.

In practical spectral measurements such back actions
are of course tried to be avoided. We therefore consider
also the case of inclined incidence of light [cf. Fig. 1(b)],
that is, we assume the reflected part of light does not
strike the sources (which may experimentally be realized
by means of diaphragms). In this case we have to consid-
er four types of mode functions describing incoming
waves from the left and right on both the x and the y
axis. Analogously to Eqs. (3.22) and (3.23) we may
represent the mode functions at the points P on the x or y
axis as follows:

Equation (3.37) may be rewritten in the form of Eq.
(3.32) with T&=1. The kernel %'(x, t;x', t') is needed
in order to calculate integrals of the form

fdx' fdt%'(x, t;x', t')J(x', t'), where the operator J is

oscillating close by an optical frequency, so that we may
again extend the frequency integration to minus infinity
with the result

A 1/, (P)=
' 1/2

477EpN

e', x& ——ikx

2

TI(t(/)e'"", x &—
X '

0 y (——
2

(3.41)

4'(x, t;x', t') = — [5(t t ' 1/c)+5(t' t ——1/—c)] . —1

2c E'o

(3.38)

RI(co)e'"~, y &—

Clearly, Eq. (3.38) may be understood to describe the lim-
iting case of a spectral filter the passband width I f of
which goes to infinity (I I~ ao ).

Comparing Eq. (3.33) with (3.38) the following relation
between EI and R is seen to be valid:

8(t t )W, (x, t;x, t ) = j—dt" TI(t t" b t )8(t" t')— ——

1/2

A2/, (P) =
4m coco

d
0, x( ——

2

ikx dR/(co)e', x &—

elk/ y (
2

T/(co)e'" ', y&—-(3.42)

XR(x, t",x't'), (3.39) where k & 0, and
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~ ik(P)=
1/2

47TEpcs

ikxTI(co)e' ", x & ——

e, x)—ikx

2
X '

RI(co)e'"~, y & ——

d
0, y)—

2

R/(co)e'"", x & ——

(3.43)

Clearly, Eqs. (4.2) and (4.3} define free-field operators for
the fields traveling to the right and left, respectively.
They completely agree with the free-field operators in the
absence of the spectral filter. Formally, the source field
6",+'(x, t) defined in Eq. (4.1) has the same structure as in
the absence of the filter. However, the source operator
J(x', t —I/c) must be calculated from the Heisenberg
equations of motion which, in general, take into account
the back action of the spectral filter on the sources. To-
gether with Eqs. (3.13)—(3.15), (3.22) —(3.25), (3.34),
(3.38)—(3.40), and (4.1)—(4.3) we may rewrite the basic
equation (3.18) for the field behind the filter (x & d/2) as
follows:

1/2
d

0, x)—
2 F. ' '(x, t)=Et,+«'(x, t)+E,'+'(x, t), (4.4)

(3.44)
whereAil, (P) = X '

ik dT (co)e' ~ y & ——I 2
47TEpter

e ~, y)—Ik

2

where k (0. The spectral transmission and reflection
response functions may be taken from Eqs. (3.24) and
(3.25), where d must now be understood as an effective
thickness.

The kernel K (P, t;P ', t '
) reads as

E",+'(x, t)= f dt'T/(t t' bt)—EI+—'(x, t'),

2'„,+„'(x,t) = f dt'T/(t t' b, t )8—'+'„—„ t'
C

c

(4.5)

+ a)
K(P, t;P', t'}=——g f dk~&;k(P)&;1, (P')

i=1
EN(f t )Xe (3.45)

In particular in the case when the points P and P', re-
spectively, correspond to points x and x' on the x axis
with x & d /2 and x' & d /2 we may write

K (P, t; P', t ') =KI(x, t;x ', t'), (3.46)

where KI(x, t;x', t') is given in Eq. (3.23) [cf. Eq. (A18)].

IV. QUANTUM-THEORETICAL FILTER EQUATION

e,'+'(x, t) = — f dx'J(x', t —I /c),
2c 6p

(4.1)

For the further discussion of the quantum theoretical
basic equation (3.18) let us first consider the simple one-
dimensional case with perpendicular incidence. Accord-
ing to Fig. 1(a) we assume that the sources are on the left
of the filter (x'& —d/2) and the points of observation
are on the right of it (x & d/2). Furthermore, we define
appropriate operators

+ dI"Rg t —t
c

(4.6)

where the reflection response function of the Fabry-Perot
filter RI(t) reads as

RI(t) =(2m) ' f dc@ RI(to)e

dr5(t)+ rT —t 2ht 2——f C
(4.7)

E,'+'(x, t) = 6",+'(x, t)—,

Et,+„'(x,t) = 6t„«(x, t)

(4.8)

+g t+-(+) X
~, free c ~, free

C
(4.9)

In classical optics any light field may be thought to be
attributed to sources and hence, free-field terms may be
omitted. Consequently, in classical optics any light field
may be identified with a source field:

Clearly in the absence of the filter [T/(t —bt)~5(t),
RI(t)~0] Eqs. (4.5) and (4.6) read as

E' '(x, t)=E,'+'(x, t),
6'+'(x, t)=8, '(x, t) . (4.10)

1/2
X

& t ——
k, free c

1/2
X

~k, free t +
C

(4.2)

(4.3)

In this sense and if we take no account of the influence of
the filter on the source dynamics, we can combine Eqs.
(4.5), (4.8), and (4.10) which yields

E'+'(x, t)= f dt'T/(t t'+At)6'+'(x, t')—, (4.11)

which [apart from the time correction b, t disregarded in
Eq. (3.1)] formally agrees with the classical filter equation
(3.1).
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In quantum optics, however, the situation changes
drastically. The operator of the electric field strength
cannot be related, in principle, to the operator of the elec-
tric field strength of a source field alone, but it must also
be related to a free-field operator, which is obviously
needed for the correct description of the effects of quan-
tum noise. From a more general point of view, the free-
field operator, which, in general, does not commute with
the source-field operator, ensures the quantum-
mechanical consistency of the theory.

Combining Eqs. (4.4) and (4.5) yields

E'+'(x, t)=P,',+„'(x,t)+ f dt'T&(t t' —ht—)E,'+'(x, t') .

(4.12)

The structure of the free-field operator Pt,+„'(x,t) of
course depends on the properties of the spectral filter. As
can be seen from Eq. (4.6} the free-field is not only deter-
mined by the transmission of the spectral filter but also
by its reflection. This can be easily understood from the
argument that the filter is a symmetric equipment with
respect to the free field. As expected, Pt,+„' consists of the
incident free field from the right [second term in Eq.
(4.6)], that part of it which is reflected by the Fabry-Perot
filter (third term) and that part of the incident free-field
from the left which is transmitted by the filter (first term}.
In particular, in the case when the filter is closed
[T&(t)~0, R&(t)~ —5(t)], from Eqs. (4.4) —(4.6) we ar-
rive at

Here, 8t„+,„',(x, t) may be interpreted as the operator of the
transmitted field, which is the convolution of the filter
transmission response function with the total incoming
field from the left, and P tI,+, '(x, t} describes that part of
the free field which is related to the free field coming
from the right and the reflected part of it. Clearly, in
classical optics the second term in Eq. (4. 14) can be omit-
ted because it reflects (for the case under study) a pure
vacuum effect. The only relevant field which is affected
by the spectral filter is the real incoming field
8I„+, '( xt)=8'+'( xt), so that we again arrive at Eq.
(4.11). Furthermore, we see that any kind of decomposi-
tion of hI„+, '(x, t) (outside the light source) into source-
field and free-field contributions is merely a question of
appropriateness in the description of the light.

From Eqs. (4.14)—(4.17) that part of P'+'(x, t) which
describes the field traveling to the right is readily seen to
be

E''+'(x, t) =E''+'(x, t)+E'+'(x, t), (4.19)

where

(4.18)

We therefore may decompose E'+ '(x, t } in the following
way:

c C

(4.13) c
(4.20)

E''+'(x, t) =E'„+,„',(x, t)+E'„',+, '(x, t),
PI„+,„',(x, t)= fdt'TI(t t' At)8—I„+, '(—x, t'),

where

(4.14)

(4.15)

c

The minus sign obviously results from the phase shift due
to total reflection. Equation (4.13) reflects the fact that
also in the case when the filter is closed and the free field
is in the vacuum state, at any point of observation
(behind the filter) the full vacuum fluctuations are of
course present.

At this point we note that it may be useful to introduce
two other decompositions of the operator of the electric
field strength k(x, t) behind the filter. As it is easily seen
we can rewrite Eqs. (4.4)—(4.6) as follows:

represents the (free) field traveling to the left.
Let us now consider the case with inclined incidence

[cf. Fig. 1(b)]. Using the notation &k =a, k and bk =&zk
for the photon destruction operators we define 8,'+'(x, t),
'8 f (x,t te), and 8' +t„,(x, t) according to Eqs.
(4.1)—(4.3), and additionally

=f dki
], /2

3'
b t ——

k, flee

f dt 'R~( t t ')6'+
f, ee—

C

(4.21)

which represents the free-field operator for the field trav-
eling to the left in the y direction. It can easily be proved
that with the replacement

(4.16) ~ f dt'R&(t t'}6'+'„„ t' ——
c

(4.22)

(4.17)
Eqs. (4.4)—(4.6), (4.14)—(4.17), and (4.18)—(4.20) also
remain valid in the case of inclined incidence.

As mentioned above, the main difference between clas-
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sical and quantum optics consists of the fact that in quan-
turn optics source-field and free-field terms are, in gen-
eral, noncomrnutable quantities. To clarify the resulting
consequences and the usefulness of the above-mentioned
decompositions for practical spectral measurements we
now turn to the problem of studying time-ordered field
correlation functions.

V. SPECTRALLY RESOLVED CORRELATION
FUNCTIONS

Time-ordered correlation functions of spectrally
filtered light represent measurable spectral properties of
the field. Since in many cases of practical interest the
operators are subjected also to normal ordering we study
correlation functions of the following type:

m
G(m n) T ( )

Ii=1

I [see Eq. (5.7) of paper I], Eq. (5.1) can be rewritten in
the form

m
G(m, n) ~ E( )( t )

i=1

(5.2)

The ordering symbol 0 introduced in paper I acts on
products of the operators 2'*'(r, t) as follows.

(i) Order the free-field operators P'+r„, (rj, t~) to the

right of the source-field operators P' s(r, t ).
J

(ii) Substituting for 2'+, ' (r, t ) Eq. (3.14) and perform-

ing T+ time ordering of the resulting products of source
quantity operator J, (r', t') before integrating with

J
respect to t'. Accordingly, the action of 0 on products of
the operators E' '(r, , t, ) in Eq. (5.2) is

i

(5.1)
m

0 ~ P P' '(r;, t;)
i=1

(5.3)

For example, from Glauber's theory of light detection '

the photocount distribution function is determined by the
correlation functions GT ' '. Correlation functions with
num may be observed in photo-detection experiments
after homodyne mixing the light under study with a
reference beam. The homodyne detection scheme for ob-
serving squeezed light is an example. ' In this case corre-
lation functions GT' ' and GT' ' also contribute to the
detection signal.

Since the E'*' are the field operators in the presence of
the spectral filter, GT '"' describes measurable spectral
properties of the quantum light field. As shown in paper

I

In practical measurements spectral properties that are
closely related to source fields are often desired to be ob-
served. We therefore assume that at the points of obser-
vation the following conditions are fulfilled:

(5.4)

These conditions enable us to eliminate the free-field
operators in Eq. (5.1) and to express the correlation func-
tions GT '"' in terms of source correlation functions
alone. From Eq. (5.2) together with Eq. (5.4) the result is
(cf. paper I)

m m+n
G' "'= 0 ~ g E', '(r;, t;) g P'+, '(r, t )

i=1 j=m+1

= f dr', fdtI8(t, tI )E,(r„t—, ;rI, tI ) .
1 1

X f dr' +„f dt' +„8(t +„t' +„)K—, (r +„,t +„;r' +„,t' +„)
m+n m+n

m m+n
X T J r,', t,

' T+ J, r,', t,
'

i=1 j=m+1
(5.5)

Equation (5.5) establishes that in the calculation of corre-
lation functions of the type defined in Eq. (5.1), taking
into account Eq. (5.4), the total field operators X''+' and
E' ', respectively, may formally be replaced by the
source-field operators E'+, ' and E', ' defined in Eq.
(3.14), and the positive and negative time ordering origi-
nally concerning the operators E'+' and E' ', respective-
ly, being transferred to the corresponding atomic source
operators J ~ and J . The time ordering becomes
superfluous only in the case of the second-order correla-
tion function GT'" and hence in the case of the usual
second-order spectrum.

As known from Sec. III, the properties of the spectral
filters used are contained in the kernel K defined in Eq.
(3.16). Even in the simplest case when only one filter is
used the calculation of the kernel K may be, in general,
rather difficult. This problem becomes still more difficult
in such cases when more than one filter is used in the ob-
servation scheme. Let us assume that the filters are of the
Fabry-Perot filter type as considered in the preceding sec-
tions. Furthermore, let us suppose that the filters are sit-
uated in the far-field region of the source field under
study. In this case the one-dimensional approach is ex-
pected to yield a sufficiently good approximation for
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describing the actual situation. If the field observed at
point r; (behind the filters) is related to the sources (in

front of the filters) via the ith spectral filter we therefore

may write

8(t, —t,')K, (r, , t, ;r,', t,')
l l l

dt,"Tf t t —at, e t,
"—t,

'

XA, (r, , t,";r,', t,') . (5.7)

K, ( r, , t;;r,'t,
'
}=K, ( r, , t, ; r,'. , t,.

' },
l l

where [cf. Eq. (3.39)]

(5.6)
Inserting Eqs. (5.6) and (5.7) into Eq. (5.5), remembering
the definition of R in Eq. (3.38), and using Eq. (4.5) we

may write Eq. (5.5) as follows:

m

tTf't t; —At;, r t
l li=1

m+n
fdtt'T~(tt t, —tt't —)tt''(rt, ,tt') , )

.
j=m+1

(5.8)

Introducing the correlation function

m+n
8'+, '(r, , t, )

j=m+1

(5.9)

Applying the method given in paper I, in Eq. (5.12) we
now return to time-ordered operator products:

(m, n)I 0 (r)»t)»»rm+n»tm+n }

~(m, n)(
rm+n tm+n }

we may rewrite Eq. (5.8) as follows

(m, n)Gr ' (r)»t(»»rm+n»tm+n)
=f dtI Tf (ti —t

i
—At) )

' '

X f dtm+„Tf (tm+„tm+„b, t—m+„)—
(m, n) t

O ( i t] ' ' ' rm+n»tm+n } (5.10)

where

T (m, n)(I Z' (ri»t»» rm+n ~ tm+n )

T g6' '(r t)

(5.13)

m+n
'(r, t, ) ,), ,

j=m+1

= 0 g E', '(r, , t, )i
i =1

m+n
8'+'(r, , t, )

j=m+1 J

(5.12)

Substituting in Eqs. (3.13), (3.14), and (3.16) for the
mode functions A,z(r) those parts of them which (at the
points of observation) describe the free-space field struc-
ture, we define, according to Eq. (3.12), the field operator

(5.11)

+From this definition it is obvious that (n'+' looks like the
positive frequency part of the operator of the electric field
strength in the case when the spectral filter is absent.
Note that this equivalence is only a formal one, because
the correct source-field dynamics must, of course, be cal-
culated by taking into account the presence of the filter.
Making use of Eq. (5.11) together with Eq. (5.4) and
remembering the definitions of the 0 ordering, we may
rewrite Eq. (5.9) as follows:

(m, n)I o (r„t,, . . . , r „,t „)

(5.14)

re».
( )and 5'T '"' is expressed in terms of commutators of the

atomic source quantity operators. The simplest example
is 5 T' ', an explicit expression of which the reader finds
in the Appendix [Eq. (A53) together with Eq. (A51)].
This example already sho~s that the appearance of the
commutator term 5'T '"' is closely related to the back ac-
tion of the Fabry-Perot filter to the sources. That is, in
an experimental setup outlined in Fig. 1(a) this back ac-
tion not only gives rise to a more or less pronounced
modification of the source dynamics via the interaction of
the reflected light with the sources (as already expected
from the point of view of classical optics) but it prevents,
on principle, that the observable correlation functions
GT '"' can be related to the correlation functions I'T '"'
[see Eqs. (5.10) and (5.13)].

If the back action is suppressed [inclined incidence of
light according to Fi . 1(b)] the quantum-mechanical
commutator term 8'T '" vanishes, so that from Eqs. (5.10}
and (5.13) we find

GT "'(r„,, . . . , rm+„, tm+„)= f dt', Tf' (
&

—
i

X fdt' +„Tf (t +„t' +„bt „)I ~ '—'T(r, , t', , . . . , r +„,t—' „)

or, expressing I'T '"' by its Fourier transform I 'T '"',

(5.15)
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(m, n) teel(t l
—hl) ) —

~GT ' (r„t, , . . . , r +„,t +„)= de) e Tf (co)) .
2m 1

I CO + (f + 5t + )X fdco ~„e " " "Tf (t(i +„)" 2' m+n

XP'T '"'(r„~), . . . , r +„,co +„) . (5.16)

+(8( "'(r„t,, . . . , r +„,t +„)&

instead of Eq. (5.13), where

~(m, n)I
inc 'rl tl ' ' ')rm+n tm+n)

(5.17)

„,(r;, t;)
i=1

m+n t' '(, t.,.).„,)
. ,

j=m+1

(5.18)

Note that in Eq. (5.18) there is no need for time ordering.
Provided that the back action of the filter to the sources
can be suppressed (inclined incidence), so that 8' '"'=0 is
valid, in Eqs. (5.15) and (5.16) we may substitute for
I'T '"' and I 'T '"', respectively, the correlation functions
of the incoming field I,'„,'"' and I ;'„,'"'. Remembering
the definition of the transmitted field [Eq. (4.15)] we
therefore may write

(m, n)
GZ

' (ri, ti, . . . , rm+n) m+n}

m+n
&(+)II a (rans(rj, tj )

j=m+1

(5.19}

(see also Sec. VI). This equation closely corresponds to
the result of classical optics.

We point out that the results given above are also valid
in the case, when the free-field part of the incoming field
is not in the vacuum state.

The results show that measurable spectral properties
expressed in terms of correlation functions GT '"' can be
related to the Fourier transforms of both the time-

It should be pointed out that Eq. (5.12) remains valid
+when the field operators (n (~
—' are replaced by their in-

coming parts 8;„, [according to the definition in Eq.(+)

(4.17)). The calculation yields [cf. the example in the Ap-
pendix, Eq. (A55)]

(m, n)I ()
' (ri, t„.. . , r +„,t +„}

~(m, n)(
inc (r))t)) ' ' ' )rm+n) m+n)

ordered correlation functions I'T '"' of the full field and
the correlation functions of the incoming field I,'„,'"', pro-
vided that the back action of the spectral apparatus to
the sources can be suppressed (inclined incidence of
light}. In particular, they cannot be related to the
Fourier transforms of the correlation functions I'
representing the full Fourier structure of the field, with
the exception of the case when the field under study may
be approximated by a free-field alone. Moreover, in this
case 0 and time orderings do not play a role, independent
of the angle of incidence of the light.

It is worth noting that in the case of back action of the
spectral apparatus being present it may be suitable to
represent the correlation function GT '"' in a somewhat
different form as given above. For this purpose let us
consider the (quasi)linear model with perpendicular in-
cidence of light. From a careful inspection of Eq. (A50)
we see that even in the case when a = 1 is valid (perpen-
dicular incidence of light), this equation may be rewritten
as

T'+'(( '+'(x„t, )( '+'(x2, t2))

=O(6'(+)(x i, t i )~(')(x2, t2) }, (5.20)

where x, ~d/2 and x2 ~d/2. Clearly, Eqs. (5.20) and
(5.21) are also valid for higher-order operator products.
Hence, combining Eqs. (5.10},(5.12), and (5.21) yields

where x, ~ d/2 and x2 ~ d/2. Here and in the following
the notation T'+' (T'"') indicates positive (negative) time
ordering with respect to the retarded time arguments
t —x/c. Furthermore, from the derivation of Eq. (A50)
it is clear that this equation may also be applied to (n';„+,

'

(instead of 6'+ ') if the term proportional Tf is disregard-
ed. Since in the case of the condition given in Eq. (6.1a)
being fulfilled the expectation value of the 0-ordered
product of '+('( xt )8)'+'(x2, t2) is equal to the expec-
tation value of the 0-ordered product of
6',„+,'(x„t) )8',„+, '(x2, t2), we also may write

(T'+ (8;'„+,'(xi, ti)6';„+c'(x2, t2)))

=(O(S'+'(x„t) )( '+'(x„t2))), (5.21)

GT '"'(x, ,t„.. . , xm+„, tm+„)= f dt', Tf (t, t,' ht) . f dtm——+„Tf(tm+„—tm+„At}—
m

X T" @',„,)(x, , t,')
i=1

m+n
2,.;(*„i;))j=m+1

(5.22)
Remember that 8;'„,'(x, t) is a function of the retarded time argument t —x Ic.

Let us now consider 8' —'(x, t) between the source represented by J(x', t'} and the filter which means x' (x ~ —d/2,
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where x' represents all points where the source is present. Analogous to Fq. (4.19) we decompose pI —+~(x, t) for—d/»n«a part E' traveling to the right and a part E ' traveling to the left. Calculations similar to those
resulting in Eqs. (4.18)—(4.20) show that

'(x, t)=C';„,'(x, t) for x'(x ~ —d/2 .

Combining Eqs. (5.22) and (5.23), after a transformation of integration variables we arrive at the remarkable result

(5.23)

x, +d/2
GT ' (x&~t» ~ xm +„,tm +„)=J dtITf' ti t—

i
— b,t—

C

X dtm+n Tf tm+„—tm+„—
x +„+d/2

(5.24)

where

r (t', , . . . , t.',„)
d
2'

m+n
x T, tt s"'-—,i; ).

j=m+1
(5.25)

VI. DISCUSSION OF THE FIKI.D DECOMPOSITIONS

It is obvious that in classical optics there is no essential
difference between the field decompositions presented in

Sec. IV. All of them can be used for expressing the ob-
servable field correlation functions in terms of correlation
functions of the resulting field parts. In quantum optics

This result shows that GT '"' may be represented by con-
volutions of the transmission functions with the correla-
tion function I, which represents the time-ordered
product of the field operators traveling to the right and
taken at the input port of the filter located at x = —d/2.
The result expresses the physical point of view that the
information about the field on the right-hand side of the
filter (remember ( 8'+t„,) =0=(6 ' t„«)) is con-
tained in correlation functions of field operators traveling
to the right at the input port of the filter which have to be
time ordered since they do not commute at different
times. In case of inclined incidence we arrive at similar
results but now the field operators P ~+'( d/2, t) com-—
mute for different times.

Note that an alternative approach to study spectral
properties of quantum light fields is to measure the
(unfiltered) field by a photodetector and to perform a
spectral analysis of the classical (stochastic) photo-
current. ' Clearly, the spectral properties of the classical
current can be related to its full Fourier structure. It can
be shown that the spectral correlation functions of the
photocurrent are also related to the Fourier transform of
normally and time-ordered field correlation func-
tions. ' Thus the spectral filtering of a light field fol-
lowed by photodetection yields the same spectral infor-
mation on the field under study as the postdetection
filtering of the photocurrent. However, our approach al-

lows to use the spectrally filtered light in further applica-
tions, whereas the other one is only to determine the
spectral properties via annihilation of the field.

I

the situation may be quite different and a more careful
consideration is needed.

In many cases of typical scattering problems, when the
properties of the field scattered by atomic sources are
sought and the dynamics of the sources is known the
decomposition of the field into free field and source field

may be useful [cf. Eqs. (4.4) —(4.6)]. However, in contrast
to classical optics, in quantum optics the observable field

correlation functions cannot be expressed, in general, in
terms of correlation functions of the source field. As
shown in Sec. V the way must be to express the field
correlation functions in terms of (time-ordered) correla-
tion functions of the atomic source operators [cf. Eq.
(5.5)].

Now let us consider the decomposition of the field into
the field transmitted by the spectral apparatus and the re-
sidual free-field part [Eqs. (4.14)-(4.17) for the case of
perpendicular incidence according to Fig. 1(a), and Eqs.
(4.14)—(4.17) together with Eqs. (4.21) and (4.22) for the
case of inclined incidence according to Fig. 1(b)). For
practical spectral measurements we may assume that this
free-field part only gives rise to vacuum effects (the used
output port of the spectral apparatus is not used as input
port), so that we may write

( 8",'„,) =0=(B','„„), (6.la)

( 8'+'„„)=0=(8' (6.1b)

Hence, decomposing in Eq. (5.2) the field operators in the
way described and remembering the definition of the or-
dering symbol 0 we easily see that Eq. (5.2) may be
rewritten as follows:

m

GT '"'= 0 E,'„,„', x, , t,
i=1

m+n
E',„+,„',(x, , t )

j=m+1
(6.2)

Clearly, in classical optics the ordering symbol 0 is
meaningless, so that the field correlation functions detect-
ed are simply given by the correlation functions of the
transmitted field, which for its part is the convolution of
the incoming field with the transmission response func-
tion of the spectral apparatus [cf. Eqs. (4.15) and (4.17)].
Moreover, from Sec. V [Eq. (5.19)] we already know that
in quantum optics the ordering symbol 0 is also meaning-
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less, provided that the back action of the spectral ap-
paratus to the sources can be suppressed [inclined in-

cidence of light according to Fig. 1(b), see also Eq. (A38)].
If back action must be taken into account [perpendicu-

lar incidence of light according to Fig. 1(a}]the situation
changes drastically. In this case, the resemblance of Eq.
(6.2) with the classical result is a purely forrnal one, be-
cause the 0-ordering prescription now prevents that ob-
servable field correlation functions can be attributed to
correlation functions of the transmitted field (an excep-
tion is of course the usual second-order spectrum). In
other words, the transmitted field hardly has importance
in higher (than second-) order spectral measurements. To
clarify this point in more detail let us assume perpendicu-
lar incidence [according to Fig. 1(a)] and consider the
correlation function

G' ' '=(T 2'+'(x„t, )P'+'(x, t ))

(6.3)

which, for example, is of interest for spectral squeezing.
I

= (b, 7(x, , t, ;X2, t2) ), (6.4)

where the operator b, T [given in Eq. (A29) for a= 1] is

closely related to commutators of the atomic source
operators J. In general, these commutators (and their
mean values} do not vanish, which clearly shows that the
correlation function GT ' ' cannot be expressed in terms
of the correlation function of the transmitted field alone.
In particular, let us consider a pointlike atomic source lo-
cated at —s (s & d/2). As shown in the Appendix [Eqs.
(A31)-(A34)] we obtain the result

Substituting in the first row of Eq. (6.3) for the operators
E(+) Eq. (4.14) and rearranging the resulting operator
products in such a way that the operators E t,',+, ' are on
the right of the operators P,',+,„', by making use of the
method given in paper I for calculating the commutator
relations needed, we may rewrite Eq. (6.3) as follows (cf.
Appendix):

1 f
( t . t )= I & Jdt, ' Jdt,'B(t".—t'. }B(t'.—t,.'}[B(t,' t,

" 2sf/—c) —B(t;"+—2sf/c t )]'
6'pC

Xexp{ —icof [t;+tf —t, —
t&

—(xf +xf )/c])

X exp[ —I f(Jtt,'+ {t—,"+2sf ~c t,'~ )][J(t ),J(—tJ)], (6 5)

the field traveling to the left [cf. Eqs. (4.18)—(4.20) for the
case of perpendicular incidence of light according to Fig.
1(a), and Eqs. (4.18)—(4.20) together with Eqs. (4.21),
(4.22) for the case of inclined incidence of light according
to Fig. 1(b). From Eqs. (A22) and (A25) in the Appendix
we find

where the indices i and j are determined from the re-
quirements t;=m xa(t )t )2and t =min(t„t2), and

(6.6)t (') t (') (xf'+sf')/c
xf '( ') x'( ') + ( nf —1 )d /2

sf =s+(nf —1)d/2 .

(6.7)

[E' (+)(x„t,),2 (+)(x„t,)]=0 if t, & t, ,

[E'+'(xi, t) ),E '+'(x2, t2)]=0 .

(6.8} (6.9)

(6.10)

Substituting in Eq. (5.2) for the field operators the decom-
position given in Eq. (4.20) and making use of Eqs. (6.9)
and (6.10) together with Eq. (6.1) we arrive at the result

m6(, ) — ( —)~
i=1 j=m+1

(6.11)

which is valid for both perpendicular and inclined in-
cidence.

We see that the correlation functions detected are sim-

ply given by the corresponding correlation functions of
that part of the light field, which behind the spectral ap-
paratus travels to the right into the photodetectors.
Since the operators P '+' (and the operators P ' ') are
commuting quantities, time orderings are needless. We
therefore may regard this kind of field decomposition as a
quasi-free-field decomposition, because it shows features
similar to the free-field case. The difference between the

From an inspection of Eq. (6.5) it is clearly seen that in
general the mean value (ZT) cannot be expected to be
vanishing. In particular in the case, when the inequality
t;"+2sf/c & t' is valid, we find (b, ) ~exp( 2I fsg/c), —
which shows that (in this case) neglect of the term ( 5 ) in

Eq. (6.4) may be justified if the sources are sufficiently far
away from the spectral apparatus: sf »c/2I f. Clearly,
for high spectral resolution this requirement becomes
crucial. Furthermore, in the case when the value of t be-
comes smaller than the value of t" (t,"(t"), the allowed
values of t can exceed the value of t,

" and, therefore, the
causality is not ensured. On the other hand, from the
meaning of the ordering symbol 0 in the second line of
Eq. (6.3} it is clear that in any case GT ' ' is built up only
by causally determined contributions. Equation (6.4)
therefore shows that the (time-ordered) correlation func-
tion of the transmitted field may contain unphysical, non-
causal contributions, which are needed for compensating
the corresponding terms in ( b, ).

Finally, let us study the decomposition of the field
behind the filter into the field traveling to the right and
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two cases becomes apparent if one tries to eliminate in

Eq. (6.11) that part of E '*' which describes the free field

reflected at the right (unused input) port of the spectral
apparatus. Clearly, in the free-field case this (reflected)
part can simply be omitted, so that the correlation func-
tions detected are given by the corresponding correlation
functions of the remaining transmitted field. However, in
cases when the light field under study is attributed to
sources the replacement of k '+—' by E,',+—,„', in Eq. (6.11) is

only allowed if back actions of the spectral apparatus to
the sources can be suppressed [inclined incidence of light,
see Eq. (A37)].

VII. SPECTRAL SQUEEZING IN RESONANCE
FLUORKSCKNCK

To demonstrate the difference between intrinsically
spectral properties and observable ones let us study the
problem of spectral squeezing in resonance fluorescence
(inclined incidence).

Squeezing may be defined by the requirement that

&:bE'
t, ):)= &:E t,(r, t), E'

t,(r, t):)(0,
where

(7.1)

6 t,(r, t)= 2[4—+ (r, t)e +H. c.], (7.2)

which for /=0 and P=m/2 coincides with the in-phase
and out-of-phase component of the electric field, respec-
tively. In Eq. (7.1), the symbol:: means normal ordering,

and&&, $)=& JS)—&W)&S}.
Clearly, in the case when the light under study is

filtered before homodyning, the normally ordered vari-
ance &:(b,X'&):) is observed,

&:(~l,)'. }= &:l.,(r, t},. ,(r, t):)t, (7.3)

where 2 t, is defined in Eq. (7.2} with E'+—' instead of
+8 ' —'. For simplicity we consider the case when the spec-

tral filter (Fabry-Perot filter type) is tuned to the frequen-
cy cof =col . Making use of the general result given in Eq.
(5.8}and representing the Tf as Fourier integrals we may
rewrite Eq. (7.3) as follows:

&:(~& )':)=
'2

1 —i (cu&+co2)(t —lit)—
dcoi dcoze ' ' Tf(cot +coi)Tf(coc+co2)St, (r, coi, co2),2' f (7.4)

where pf =/+ b tcoL and

St(r, coi, co2) = ,' f dt,—fdt, e"""'""'&0[[8'+,'(r, t, )e ' +H c. ],[8'.+, '(r, t2)e ' +H. c. ]) } .

S& may be expressed by I 'T '"' in the following way:

S~(r, coi, co2}=—,'[I r""(coL coi, cot +—co2)+ I T'"(cot co2, co—t +coi)

+I''T '(coL +co„coc+co )e ' +I T~ '(coL —co„co —co2)e "' ] .

(7.5)

(7.6)

In steady state we have

S~(r, co„co2)=5(co, +co2)crt,(r, co, )

and we find

p2
&:(t}P~)'.) = f, , o~(r, co) .2' 21T I +Q)

(7.7)

(7.8)

On the other hand, by Fourier transform we can define a
quantity S &,

I (co&t
&

+co&t& )
S &(r, co„co2)= dti dt2e

X &:8 ~(r, t, ), 6'
t (r, t2 ):),

(7.1 1)

1 dc'
2m' 2' o& r, co (7.9)

In the opposite limiting case of extremely high resolution
(rf~0) we obtain

lim &:(b,Ec,):) =crc,(r, co=0) .
r, orf (7.10)

It is seen that the normally ordered variance measured
behind the spectral apparatus is closely related to
cr&(r, co} In particula. r, if the resolution of the spectral
apparatus is sufficiently low (I f~ ~ ), the total normally
ordered variance is obtained by frequency integration of
0' y'.

lim &:(hie,):) = &:[b,6~(r, t)]:)
pf ~oo

which is related to I ' "' in the same functional form as
S&(r, , ,co)cot2o I 'T '"' [see Eq. (7.6)].

In steady state we derive

S c(r, co, , co&) =5(co, +co2)cT &(r, co, ),
&:[b,A'c,(r, t)]:)= f cT c,(r, co) .

2m 2w

(7.12)

(7.13)

The intrinsic squeezing spectrum may now be defined
[based on the Fourier decomposition of the field 8&(r, t)]
by o

&
in close analogy to the definition of the quantum

theoretical analogue of the VA'ener-Khintchine spectrum
as introduced by Metha and Wolf' [cf. Eqs. (2.7) and
(2.8)].

Clearly, the normally ordered variance &:[bA'&(r, t)]:)
of the (unfiltered) field represents a measurable quantity,
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which gives the information on squeezing. It can be re-
lated to the frequency integral of either the measurable
spectrum cr& or the intrinsic spectrum cr &, see Eqs. (7.9)
and (7.13)~ The relation between the measurable spectral
quantity cr&(r, co) and the intrinsic one cr &(r, co) is given
by

o &(r, co)=o &(r,co)+5&(r,co),

where obviously the relation

fdesk~(r, co)=0

is valid. The quantity b, &(r, co) is defined by

(7.14)

(7.15)

5(co&+co&)b&(r, co, )=—,
' f dt& f dt&e ' ' ' ' ( D (r, t&,'r, t~)expti[mz(t&+tz)+2/]I

+D ' (r, t, ; r, t, )exp I
—i [~L, (t, +t, )+2/] I ),

where

(r, , t„rz, t~)= —f dr', f dt', f dr& f dtze(t~ t ~)—e(tz t', )e—(t', t, %'— , (r, , t, ;r'„tI )

(7.16)

XR,(rz, tz', rz, tz)([J, (r', , tI ),J, (rz, tz)] },
a2a2

(7.17)

represent so-called time-delayed contributions studied in Ref. 8 and paper I.
We now consider the resonance fluorescence from a single (two-level) atom located at r=0 and driven by a coherent,

monochromatic plane-wave field. As known, 6 '+' in the radiation zone may be written as

8'+, '(r, t)=f (r)b t ——exp icoz— (7.18)

where b(t) is the slowly varying atomic lowering operator and f (r) is the characteristic dipole-field functions. Equa-
tion (7.18) may be derived from Eq. (3.14) together with

I

(r, t;r', t')J (r', t')=f, (r —r')[5(t —t' ~r
—r'~lc)+5(t' t —~r —r'—~lc)]5(r')b(t')e (7.19)

[also cf. Eq. (3.38)]. The second 5 function in the brackets in Eq. (7.19) of course does not contribute to the time in-

tegral in Eq. (3 ~ 14) but it is needed in order to ensure the validity of the symmetry relation given in Eq. (3 ~ 17). Inserting
Eq. (7.18) in Eq. (7.5) and Eq. (7.19) in Eq. (7.17) and considering the steady-state case from Eqs. (7.7), (7.16), and (7.14)
we arrive at

o&(r, co)=2m Re f d~cos(co~)[~f (r)~~(b (0),b(~))+fz(r)e L '
(b(~),b(0))]

0

sr&(r, co)=o&(r, co)+n Re f (r)e "& "~"f dre ' '([b(0},b(g}]}
0

(7.20)

(7.21)

In order to show that cr
&

and o
&

can substantially differ
from one another we confine ourselves to the case co =O,
for which maximum spectral squeezing is attainable in
resonance fluorescence. ' The atomic correlation func-
tions in Eqs. (7.20) and (7.21) may be calculated from
standard methods (atomic Bloch equations and quantum
regression theorem). Straightforward calculation yields

' 2

cr '(r, O)=cr (r, O)+ f (r) — +2m p 0 1

r r 2

1 0 1 0X ——+—
4

X cos(2$ },

—3

2

(7.23}
'I 3

1

2

1+—
4

Xcos[2(p+ ~L r Ic}]

t 2
1

cT~(r, o)= f'. (r) — +
2y

' 6 40
X —— +

t 2 y y

(7.22)

where y is the radiative decay rate and 0 the Rabi fre-
quency. In Eqs. (7.22) and (7.23), f is assumed to be real
because phases may be included in P.

In Fig. 2 the maximum values of the in-phase spectral
functions o,(r, co=0}and cT ', (r, co=0) and the minimum
values of the out-of-phase spectral function oz(r, co=0)
and cr z(r, co=0} are shown in dependence on Qly. The
maximum intrinsically spectral squeezing attainable at
co=0 is seen to be o z(r, c00)l(2m. ly)f = —0.235. In
contrast to this the maximum spectral squeezing effect
that might be observable is substantially smaller:
cr~(r, co=0)I(2n ly )f = —0.070.
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FIG. 2. Maximum values of the normalized in-phase spectral
functions 0.&(co=0) and cr &(co=0) and minimum values of the
normalized out-of-phase spectral functions o 2(co =0) and
o 2(co=0) versus 0/y (0, Rabi frequency; y, radiative damping
constant).

ticular, the transmitted light field (that is the convolution
of the incoming field with the transmission response func-
tion of the spectral apparatus) does not therefore
represent the field relevant for photodetection.

As an example of application we have discussed the
problem of spectral squeezing of resonance fluorescence
radiation originating from a two-level atom for the case
without back action of the spectral apparatus to the radi-
ating atom. We have shown that in this case the measur-
able, spectral squeezing may substantially differ from the
intrinsic one defined by Fourier transformation of the
complete fluorescence radiation field. In particular, in
the case when the spectral filter is tuned to the frequency
of maximum observable squeezing, the observed squeez-
ing effect is substantially lower than the intrinsic one. In
other spectral ranges the situation must be inverse, be-
cause the two squeezing spectra integrated over the
whole frequency range yield equal total squeezing. The
difference between the two spectra illustrates the fact that
in the case of sources being present the vacuum Auctua-
tions may play a substantial role even for normally or-
dered correlation functions.

VIII. SUMMARY AND CONCLUSIONS

Based on the recently developed theory of the action of
passive, lossless optical systems in quantum optics (cf.
Ref. 25) we have studied the problem of spectral filtering
of quantized light fields. The spectral filter (Fabry-Perot
filter type) is modeled by a macroscopic dielectric. For-
mulas have been derived for the field operators and the
time- and normally ordered correlation functions of the
filtered light in the presence of atomic sources.

We have shown, that, apart from the second-order
(Wiener-Khintchine) spectrum, measurable, spectral
properties of nonclassical light fields differ, in principle,
from intrinsic, spectral characteristics derived from a full
Fourier analysis of the field under study, and hence from
a Fourier analysis of field correlation functions which are
not ordered in time. This difference rejects the fact that
in the presence of sources the full-field commutation rules
become different from the free-field commutation rules.

We have studied two different situations, namely, in-
clined incidence of light as an example without back ac-
tion of the spectral apparatus to the source, and perpen-
dicular incidence as an example for back action.

In the first case, observable spectral properties (ex-
pressed in terms of normally and time-ordered correla-
tion functions) can be related (similar as in classical op-
tics) to the Fourier transforms of (normally ordered)
correlation functions of the incoming part of the com-
plete field under study, without need of time ordering.
However, with respect to the complete field {which differs
froin the incoming field in vacuum field contributions),
they can only be related to the Fourier transforms of
(normally and) time-ordered correlation functions.

In the second case the situation changes drastica11y. In
this case, the back action of the spectral apparatus to the
sources gives rise to source-quantity commutator effects
and time ordering with respect to the retarded time argu-
ments of the incoming field becomes reasonable. In par-

APPENDIX: DERIVATION OF COMMUTATION
RELATIONS AND RELATIONS BETWEEN 0
AND T-ORDERED OPERATOR PRODUCTS

Starting from Eq. (3.13) and making use of Eqs. (3.22),
(3.23), and Eqs. (3.41)—(3.44), respectively, for the cases
of perpendicular and inclined incidence of light [cf. Figs.
1(a) and 1(b)] we define

E Imn( %co

4meo

' 1/2

X [ 8(t)8( kx)e'""+—B(m)B(kx) TI(co)e'""

+8(n)8( kx)RI(co)e '—""],
' 1/2

E Imn(

4meo

(Ala)

X [ 8(l)5, ,8( —kx)e'""

+8(m )6„8(kx)Tt (co)e'""

+8( n )5,iB(kx)RI(co)e'" ], (A lb)

E', +„'(x,t)= f dk Ek "(x)it„t„,(t), (A2a)

2

g'I+„'(x, t)= g f dk Ek "(x)a;k „,(t),
& =1

(A2b)

where the values of I, m, and n are +1 or —1. Compar-
ing these definitions (for x )d/2) with the field decom-
positions given in Sec. IV, we see that for perpendicular
incidence of light [Eqs. (A1a) and (A2a)] E 'i+i ', ,
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E '+, ', „E',+', „and E '+, ' », respectively, are the
full free field, the transmitted free field, the free field in-
cident from the right, and its rejected part. In the case
of inclined incidence [Eqs. (A lb) and (A2b)], the meaning
of EI+„' is analogous. Note that E'+,', , is now the
rejected part of the free field incident on the y axis from

I

the right.
Using the results given in paper I [cf. Eq. (4.13) in pa-

per I and its derivation] we may represent the commuta-
tors for the various free-field parts and the source-field
part in the following form:

[E',+„'(x„t,),E,+'(x, , t, )]=—f dx', f dt', fdx,' fdt,'B(t, t', )—B(t,' t', )K—™(x,, t, ;x', , t', )

XK'"(xz, t2, x2, t2)[J(x', , t') )r J(x2, t2)], (A3)

K' "(x,t;x', t')= —. f dkEk "(x)Ak(x')e
l oo

f "dk[6(m)7- {~)e—i [&
—t' —(» —»')«]+6(l)7 +(~)e — [' —~'+(» —»')«]

4%6'0 0

+6( )7 ( )7T 4( )
(QJ[( t (x+» )Ic]+6( )g ( )7 *( )e lco[t t (»+» )«]]

+~Klmn(x t.x t ) y dk E™(x)A e {x )e
—ice(( —(')

—oo

(A4a)

f dk[6(m)T (~)e
—iu[t —t —(» —' »')/c]+6{l)7 e(~)e i'[~ ~ +=(»» )«]]

4' EO 0
(A4b)

In Eqs. (A4), the functions Ak(x) and A;k(x), respectively, have been taken from Eqs. (3.22), (3.23), and (3.41)—(3.44).
Note that x )d /2 and x ' & d /2.

In order to treat Eqs. (A4a) and (A4b) in an uniform manner it is convenient to introduce the parameter a defined by
the relation a =1 for the case of perpendicular incidence of light [Eq. (A4a)], and a =0 for the case of inclined incidence
[Eq. (A4b)]. Making use of Eqs. (3.24), (3.25), and (3.28), from Eqs. (A4a) and (A4b) we derive

K' "(x,t;x', t')=—

where

-t~s+ l 605

dco 6(l), +6(m)
477P0P 0 1 &

2e
—i a m

1 &
2e I

l coD+

+a[6(m) —6(n)]
1+~2 1 p2e

—iem

I ce)D

1 —r e' " (A5)

5+ = t —t '+ If lc,
D+ =D+cr12,

D =t t' (x —+x'—)Ic,
cr =2nfd Ic,

(A6)

(A7)

(A8)

(A9)

lf being given in Eq. (3.35).
Since we are dealing with optical frequencies we may (approximately) extend the integral in Eq. (A5) «minus

infinity. Making use of the relation

+ oo e tcoz

f de . =2m g r j5(z+j o )
~ 2e + I Q)t7 i=0

and remembering the relation

(A 10)

e =I' (A11)

[cf. Eq. (3.30) together with Eq. (A9)] we therefore obtain the result

1 —r r a —I fbK' "(x,t;x', t')= — g 6(l)e 5{jcr+5+)+6(m)e r 5{jcr —5 )
2EOC 0

(A12)+a[6(m) —6(n)] [e 5(jo'+D+ )
—e r 5(j o D)]-

1+r
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which, after some simple manipulation, may be rewritten as follows:

1 —r +" rs —r aK' "(x,t;x', t')= — g 6(l)e 8( —5+)5(jo+5+)+8(m)e j 8(5 )5(jar —5 )
2eoc

Making use of the identity

+ oo

+a[8(m) —B(n)] [ e / 8( D—)5(j cr+D+ )
—e / 6(D)5(j o D—)]

l + 2

(A13)

ei(2vrjz/0) y 5(Jo z) (A14)

and taking into account that the relation exp( I fo l2) = r is valid we arrive at

K' "(x,t;x', t')= — g (6(1)e I 6( —5+)e ' ++8(m)e 8(5 )e
2E'pc cT

+a[6(m) —6(n)] 2
e ' [8( D) 6(»]

1+r
(A15)

where

= 2~
Q)~

—J (A16)

are the resonance frequencies of the Fabry-perot filter [cf. Eq. (3.30) together with Eq. (A9)]. Note that in Eq. (A15) the
sum over j may be restricted to positive (optical) frequencies tpj. The (off-resonant) negative-frequency terms formally
appear in consequence of the extension of the original frequency integral to minus infinity.

In particular, in the case, when the bandwidth of the (source) light studied is small compared with the difference of
neighboring resonance frequencies beef =2~Io we may restrict ourselves to a single resonance frequency cpf =f2'.Icr.
Furthermore, assuming a highly reflective filter (r = 1) we may simplify Eq. (A15) as follows:

K' "(x,t;x', t')=—
26pc

8(l)Tf (t' t lf Ic)+—B—(m)Tf(t t' lf I—c)—

+a[8(m) 6(n)] —[Tf (t' t+(x+x')—Ic)—Tf(t —t' —(x+x')Ic)] (A17)

where Tf(t) is given in Eq. (3.36).
Remembering the relation Kf(x, t;x', t') =K"'(x, t;x', t') [cf. Eqs. (3.31), (3.46), (A4), and (Al)], from Eq. (A17) we

easily obtain

Kf(x, t;x', t') = — [Tf(t t' lf—Ic)+—Tf (t' t —lf Ic)] . —1

2Epc

[E',+„'(x„t,),E,' '(x, t )]=—

Combining Eqs. (A3) and (A17) and taking into account Eq. (3.36) we derive
'2

f dx', f dt', f dx' f dt'8(t' —t', )
26pc

(A18)

where

If'=x, —x,'+ (nf —1)d )0 .

—Tf(t, —t', —(x, +x', )Ic)]I
X Tf(t2 —t2 —lf"Ic)[J(x,, t', ),J(x z, tz )], (A19)

(A20)

X I 8(l)Tf*(t', t, 1,'"Ic)+6—(m)—T,(t, t', lf"Ic)——

+a[8(m) —8(n)] [Tf (t', t, +(x, +x', )Ic)—

From Eq. (A19) together with Eq. (3.36) it is readily seen that the relation

[E I+', , ( t,x), E,'+'(xq, 2)]=0, ti ) t2 (A21)
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is valid. Remembering that according to Eqs. (A2) and (4.20) the relations E 'i+ '} i
=6 '+t)„„(tl +xi /c) =E '+'(xi, ti )

are valid and taking into account that the free-field part of E'+'(xz, t~) and 6 '
&„„(ti+ xi/c) commute, from Eq.

(A21) we obtain

[E~+'(x, , t, ),E '+'(x, , t, )]=0, t, &t, .

Combining Eqs. (A2) and (4.18), (4.22), (4.15), (4.17) we may write

(A22)

(xl&tl )&E (x2&t2)] [E I (xl&tl )&E 5 (x2&tl }l+[E—1, 1, 1(xl&tl )&~ X (x2&t2}]

—[E +i'i i(xq, t~ ),E,+ '(x „t,)] . (A23)

Making use of Eqs. (3.14), (A18), and (A19), from Eq. (A23) we derive

[2 '+'(x„t, ),E '+'(x~, t~)]
2

f dx, fdt, fdx, f dt~TI(t t', II"/—c—)TI(t~ t~—
1/ '/—c)[J(x', &t', ) J&(x~ t~&)]

2E'pc

X [1—B(t,' t', )
—B(t',—t,')] . — (A24)

Taking into account the relation B(tz t ', )+B(t', —t', ) =—1, we arrive at the result

[E '+'(x„t, ),E '+'(x~, t~)]=0 .

Combining Eqs. (A2), (4.15), and (4. 17) we may write

and hence

E,',+,„',(xi, ti )E,',+,„',(xz&tz)= E,'+ (xi, ti )E ', +'(x2&tq)+E '+i'i i(xi, t, )P '+i'i . )(xq&tq)

+EI+'(xi&t, )E', ', i(x~&t~)+E,' '(x~&tr)E +, ', , (xi, t, )

+[E'+,', ,(x, &t, ),E',+ (x~ t~)&] .

(A25)

(A26)

(A27)

Substituting in the first term on the right-hand side of Eq. (A27) for the source-term operators E,'+' Eq. (3.14) together
with Eq. (A18) and Eq. (3.36), substituting for the commutator Eq. (A19), and remembering the definition of the order-
ing symbol 0 we derive after some algebra

T+ E '„+,„',(x» t, )E,„»,(x ~ &
t z ) =0 ( E „»,(x» t, )E '„+,„',(x z &

t ~ ) )
—A(x» t » x

& &
t ~ ),

where

(A28)

1
b z(x„t, ;x~, t~) =a

2Epc

1 f f dx,
' f dt,

' f dx,
' f dt,'B(t,' t,')[ TI ( t,

'
r, +—(x, +x,') Ic—}

—TI(t; t,
'

(x, +x )Ic—)]—
X Tf ( tj'

—t ' —I/
' Ic )[J(x, t,

'
),J(x ', t ' ) ] (A29)

Here, the indices i and j are determined from the requirements t, =max( t, , t
& ) and t, =min( t, , t~ ).

In particular, in the case of a pointlike source located at —s (s & d /2) we may write

J(x, t)=5(x +s)J(t) .

b T(x, , t, ;xz, tz)=aI /
2

2&pc

Combining Eqs. (A29), (A30), (A20), and (3.36) we arrive at the following result:

1)f" f dt,
' f dt'B(t" t')B(t' —t,'}[B(t,' —t;" 2s—Ilc)—B(t,"+2sI—/c —t )]

(A30)

X exp [ i co/ [t, + t, t,
' —t,

' —(xI, +x/ )I—c]I—
Xexp[ I /(t, ' t,'+ ~t,"+2s/—lc t,'(—)][J(t,'),J(t,')], —(A31)
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where

t'( ') t~ (') '(Xft( ')+Sf )/C

xf (j) 'x'(j)+(nf —1 )d/2

sf =s+(nf —1)d/2 .

(A32)

(A33)

(A34)

t",
1,. (x)=5, )( k™(x),

'(x, t) = f dk ( 'k (x)a 1, t„,(t),
2

( ', +'(x, t)= g f dk i",k(x)(2;k t„,(t),
i =1

(A39b)

(A40a)

(A40b)

[E —1, —) l(X), tl), ls (X2, tz)] —0

is seen to be valid. Remembering that

X "'(x,t) =Z ',„',„',(x, t)+ Z ",', ,(x, t),

(A35)

We note that in the case a =0 (inclined incidence) from
Eq. (A19)

(A41)

w~ere

where the values of I and m are again + 1 or —1. Apply-

ing Eq. (5.11) to the field propagating in the x direction
[8'+)(r, t)~C(+)(x, t)] and making use of Eqs. (A39)
and (A40) yields (x )d/2)

8'+'(x, t) =8'„+„'(x,t)+8','+'(x, t),

and taking into account that E'+]' ], is a free-field
operator which commutes with the free-field part of
P '„+,„'„from Eq. (A25) together with Eqs. (A35) and (A36)
we therefore derive for the case when a =0,

c
(A42)

(A43)
[g '„'.„',(x„t,),Z'„'.„',(x, , t, )]=0,

so that Eq. (A28) can be simplified as follows:

& (+) (+)~ trans(x)& 1 ) trans(xz& 2 )

=O(E '„+,„',(X), tl )E I„ans(XZ, tz)) .

(A37)

(A38)

8(+)„, t+ —' =8( I,(x, t),
s

C

g t,+„'(x, t ) =8 ') )
'( x, t ),

(A44)

(A45)

We now define
1/2

Cz™(x)=i [ 8(l)8( —kx)e'""
4~op

and, according to Eqs. (3.14) and (3.38),

'(x, t)= f dx' fdt'B(t t'%'(x, t;—x', t')J(x', t') .

(A46)

+8(m)8(kx)e ] (A39a) In complete analogy to Eq. (A3) we may write

[t:I."(x),t) ), &,'"(xz, t, )]= f«—', f dt', f«,' f dt,'8(t, —t,')8(t,' —t) )K' (x),t„x', , t', )

XR(xz, tz;x'2, tz )[J{x'),t I ),J(x 2, tz )],
where now [in analogy to the calculations leading to Eq. (A17)]

(A47)

K' (x, t;x', t')= — [8(m)5(t t' —(x —x—')Ic)+8(l)T*(t' —t l Ic)+aB(m—)R'(t t' —(x +—x'+d)Ic)] .1

2E'pc f f f

(A48)

Combining Eqs. (A41) and (A45) we may write

(. '+'(X„t, )E'+'(x„t, )= E,'+'(x„t, )B,'+'(x, , t, )+8',+, '(x„t, )E', +, (x„t,)
s

+6', '(x„t, )( I ) (xz, tz)+6,'+'(xz, tz)e ) )'(x„t))+[( ', +, '(x, , t, ), 8, (xz, tz)] . (A49)

Making use of Eqs. (A46), (3.38), (A47), and (A48) (I =m = 1), and remembering the definition of the ordering symbol

0, from Eq. (A49) we derive

(. '+'(x„t, )(: '+'(x„t, )= 0((. '+'(x„t, )( '+'(x, , t, ))—5""(x,, t, ;x„t,)

+ f dx', f dt', f dx' f dt'8(t, t')B(t', —t', )A—(x, , t;x', t')
2EGC

where

X Tf (t', —t, —lf"Ic)[J(x,, t', ),J(xz, tz)], (A50)

5""(x,, t, ;x„t,)= — f dx', f dt', f dx' f dt'8(t t')8(t' t', )Rf{t —t +(x —+x +d)/c)
26pc

X[J(x', , t) ),J(xz, tz)] . (A51)
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Since Tf(t) =0 if t (0, we easily see that

T~(A''+ (x „t,)@ ' (x2, t2)) —O(C '+'(x, , t, )8' (x~, t~)) —5 r (x„t„'x2,t2),
where

(0 25'T' '(x, , t, ; xz, tz)=5' ' '(x;, t;;x, , t, ),
the indices i and j being determined from the requirements t; =max( t„t2 ) and t =min( t „t2 ).

Clearly, in the case when a =0 is valid (inclined incidence), Eq. (A52) simply reads as

T+(8'+'(x„t, )E'+'(x, , t, ))=O(E +'(x, , t, )B'+'(x, , t, )) .

(A52)

(A53)

(A54)

From the derivation of Eq. (A50) it is seen that the term proportional to Tf' arises from 4' '+t„, in Eq. (A42) [cf. Eqs.
(A44) and (A48)]. That is, performing the calculations given above for the case of 8 ';„+,

' [defined in Eq. (4.17)] instead of
8 '+', we arrive at Eq. (A50), however, without the term proportional to Tf"

BI„+,'(x, )t, )CI„, (xq, t2) —O(BI„, (x„t))C;„,'(x~, t2)) —5 ' (x), tt', x2)tq) . (A55)

In particular, in the case when a =0 is valid (inclined incidence) we simply obtain

8';„+,'(x, , t, )8,'„+, '(x2, t~) =O(8,'„+, '(x„t, )8';„+,'(x~, t2)) . (A56)
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