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The quantized standard map (kicked rotor) is coupled to macroscopic systems acting as measur-

ing devices for the probability distribution of the action variable or some of its moments. As a re-

sult of such measurements, which are continuous in time but have a limited time resolution, locali-
zation of the action variable is destroyed in sufficiently long time scales and replaced by diffusion.

The diffusion constant, in general, differs from that of the classical chaotic diffusion and depends on
the measurement performed.

I. INTRODUCTION

The quantum theory of measurements, founded by the
work of von Neumann, ' has seen a considerable revival of
interest in recent years. An excellent source for the histo-
ry of the subject is Ref. 2. In particular, the problem of
measurements which are repeated in time or which are
carried out continuously, has been discussed in a number
of recent papers. Among the motivations of such
studies is the problem of the detection of gravitational
waves, where it is necessary to monitor an interferometer
continuously in time with a sensitivity reaching the quan-
tum limit. Further motivation stems from the recent in-
terest in the quantum behavior of dynamical systems
which are chaotic in their classical limit ("quantum
chaos"). Practically, the standard way to detect chaos in
a dynamical system is through a suitable analysis of a
time series of data obtained by repeated measurements of
a single dynamical variable. In quantum mechanics,
however, the concept of a time series is more involved,
since here the back reaction of each measurement on the
dynamics has to be taken into account. The time evolu-
tion of a dynamical variable obtained, e.g. , by numerical
iteration of a quantum map describing the isolated sys-
tem, neglects this altogether. In order to realize it experi-
mentally, an ensemble would have to be discarded and
prepared anew in the initial state after each measure-
ment. An adequate quantum-mechanical analog of a
classical time series consists in a periodic or continuous
measurement performed on a single ensemble. However,
a continuous observation profoundly changes the quan-
tum dynamics. It has been stressed, particularly by
Lamb, ' that the clarification of "quantum chaos" re-
quires the prior understanding of the concept of measure-
ments in quantum mechanics.

In the present paper we wish to analyze in detail the
theory of measurements that are continuous in time and,
in particular, their effect on the dynamics of the observed
system. This theory allows us to study how the quantum
dynamics of a prototypical system that is chaotic in its
classical limit, the kicked rotor (standard map), is

modified by continuous observation. Basic ideas of our
work are similar to those expounded on in Refs. 4-6,
where applications to linear systems are given. Strong
similarities of some of our goals also exist with those of
Sarkar and Satchell, who investigate the inAuence of des-
tructive and continuous measurements on the time evolu-
tion of the quantized kicked rotor, coupled to a two-level
system, on which, in turn, the measurements are per-
formed. In contrast to Ref. 7, we study the effect of a
direct coupling of the kicked rotor to a macroscopic
measuring device. A feature of special interest in our
present context is the dynamical localization" exhibited
by the quantized standard map. As a typical quantum-
mechanical interference effect, it is very sensitive to any
incoherent perturbation, such as random noise' or the
coupling to a macroscopic environment. ' ' Repeated
measurements, in particular, are effected by such cou-
plings and are expected to disrupt localization. ' While
this effect could not be observed in the model studied in
Ref. 7, we find that measurements performed directly on
the kicked rotor do destroy localization on a sufficiently
long time scale.

In Sec. II we consider the coupling of the measured
dynamical system to a macroscopic measuring device and
derive the corresponding nonunitary measured quantum
dynamics. The response of the measuring device is ana-
lyzed in Sec. III. The application to the quantized stan-
dard map and our numerical results on its measured dy-
namics follow in Sec. IV, and in Sec. V we summarize
our conclusions.

II. QUANTUM DYNAMICS OF A CONTINUOUSLY
MEASURED SYSTEM

Let us consider a quantum system S described by the
Hamiltonian Hz on which a measurement is to be per-
formed continuously in time. Generally speaking, a
measuring apparatus (meter) M is a macroscopic system'
coupled to the system S in such a way that the classical
measurement of a suitable macroscopic variable of M
yields the desired information on S. To be specific, let
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the coupling between the system and the meter be'

H~=hgxx8(t), (2.1)

in the frequency range of relevance for S, where y is a
positive constant. Taken together, these approximations
amount to taking

where g is a coupling constant and X,x are some Hermi-
tian linear operators acting in the Hilbert spaces of the
meter and the system, respectively. The measurement
starts at t =0, as indicated by the step function 6(t).
Furthermore, let H~ be the Hamiltonian of the meter. It
is conventional in measurement theory, to use instead of
(2.1) a time-dependent Hamiltonian with 5 functions. We
believe that (2.1) is more realistic for measurements con-
tinuous in time.

We assume that X is defined in such a way that its ex-
pectation value vanishes for the uncoupled meter, and
that the uncoupled meter is in some stationary state
where multitime correlation functions depend on time
differences only. Thus we define for the uncoupled meter
in its Heisenberg picture X =X' '(t),

&X"'(r)X' '(r')
& =2~„&(X"')'&5(t t'—)

+itsy 5—(t r') —.
dt

(2.7)

S„(t)=Pi f dao e ' 'X,"(to)coth1;,„ptrico
2m 2

The coefficients in Eq. (2.7) may then be expressed by

(2.8)

&(X' ) &=fif den X„"(co)coth
1 'flCO

2' 2

If the meter is a system in thermal equilibrium, the func-
tions S„(t),X„"(t)are related by the fluctuation dissipation
theorem,

&x'"(t) & =0,
—,
' &Xto'(r)X"'(r )+X"'(r')X"'(r) & =S„(t—r'),

1 &x"'(t)x"'(t')—x'"(t')x'"(t) & =x„"(t t') .—
2A

(2.2)

1r&(x' ') &=A f dpi coth
27Tl CO 2

X„"(~)
y= lim

0 CO

(2.9)

1 QO

dvS„(v),
(X' ') o

(2.3)

which is much smaller that the characteristic time scales
of the dynamics of S. In this case we may replace S„(t)
by

S„(t)=2~„&(x' ') &5(t) . (2.4)

Similarly, we assume that X„"(t t') has a co—rrelation
time much smaller than the characteristic time scales of
S. We may then replace

X„"(co)=f dt e' tx„"(t) (2.5)

by

X~(oi) =~'Y (2.6)

From here on we restrict our attention to a special class
of meters: We shall assume that the fluctuations of X in
the meter have a correlation time

A fundamental principle of quantum mechanics asserts
that any measurement changes the state of the measured
system in an irreversible way. This irreversibility is a
consequence of the macroscopic nature of the meter M.
As a consequence of this fundamental principle, measure-
ments which are performed on S continuously in time
change the state of S continuously in time, i.e., they turn
the unmeasured dynamics into measured dynamics. We
now formulate the measured dynamics under the assump-
tions made. As the state of S changes irreversibly it is
not pure but a statistical mixture described by a statisti-
cal operator p. The unmeasured dynamics is given by
von Neumann's equation

imp ——[H, ,p] . (2.10)

The influence of the measuring device, for sufficiently
weak coupling, can be described perturbatively in g in
lowest (second) order. Using the interaction representa-
tion with respect to Hs+H~ we obtain in second-order
perturbation theory

ps(t) ps(0)= g f d—r f —d~'[&X '(r)x' '(~') &x(r)x(~')ps(r')+ &X '(~')X' '(r) &ps(~')x(r')x(z)

—
&
X"'(7.)X"'(~') &x (r')ps(r')X(r )

—
& X "(~')X'"(r) &X(r )Ps(7.')x (~') ] . (2.11)

Here, ps and x are p and x in the interaction representa-
tion. In Eq. (2.11) we took the trace over the Hilbert
space of the meter assuming that the total statistical
operator p„, at time t =0 factorizes

also at later times ~) 0. Making use now of Eq. (2.7) and
differentiating once with respect to time we obtain

ps=g ~ &(X' ') &[x,[ps,x]]

ptot(0)=p(0)pM(0) . (2.12) + g'Y([xps [Hs —x 1] [[Hs x]P sx]) . (2.13)

We also used the fact that &
X' '

& =0. Within second or-
der of g factorization of p„t(~') may be used in Eq. (2.11)

We can now transform back to the Schrodinger picture of
the system S and obtain
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p= — [—Hs, p]+g r„((X' ') )[x,[p,x ]]

+—g y([xp [Hs «]] [[Hs x] px])
(2. 14)

sically, i.e., without further perturbation of the system S.
Let Y be the observable of M which is recorded. Its free
dynamics (for the uncoupled meter) in the Heisenberg
picture is

describing the irreversible measured dynamics. Irreversi-
bility arises from the second and third term on the right-
hand side of Eq. (2.14). The second term represents in-

coherent fluctuations induced by the macroscopic meter
on the system S. They lead to a diffusive spreading of the
probability distribution in phase space. This interpreta-
tion can be substantiated by an estimate of the diffusion
constant in terms of the parameters of the model: The
diffusion constant is defined as

(&p )'

AI;
(2.15)

where (hp ) is the variance of the momentum canonical-
ly conjugate to the measured coordinate x. Accordingly,
the uncertainty relation bpAx =A holds for this pair of
variables and yields the estimate ( b p ) =A' /( b,x ) .
Furthermore, we use the energy-time uncertainty relation
i((,Eb, t=h' to estimate (b,x) in terms of system parame-
ters: The energy scale relevant in this context is the ener-

gy exchange due to the interaction Hamiltonian (2.1), i.e.,
DE=A'gXE«, thus (hx) =1/g (X )(At) . The time
scale At is given by the correlation time ~„of the meter
so that, finally, we have

Y (t)—:UQ(t) YUG(r), (3.1)

with

Y' '(0)= Y,
—(i ls)(H& +H& .((

Uot =e
(3.2)

(with obvious modifications in the notation if Hs depends
on time explicitly). Let us assume that Y is defined in
such a way that ( Y' '(t)) =0. We are interested in the
change

5Y(r) = Y(r) Y'o'(t—) (3.3)

Y(t)=U (t)YU(t), (3.4)

where
—

( & Is(( Hs + HM +Hi )(
U t =e (3.5)

Then we have

Y(r)=U (r)Y" (r)U(r) (3.6)

due to the coupling to the system S. Here, Y(t) is defined

by the full dynamics in the Heisenberg picture

D=(}Ig (X )r„. (2.16)
with

The third term in Eq. (2.14) describes a drift in the proba-
bility towards states with low energy, corresponding to
dissipation. The effects of dissipation on classically
chaotic quantum systems have been discussed in detail in
Refs. 13—15. Therefore, in our applications in Sec. IV we
shall use Eq. (2.14) only in the special case y=0. This
condition is satisfied if

U(r)=U, (r)U(r) .

Hence

U(t) = — Uo(r)Hi U—(r)

= —igX(0'(r) U(r)x(r),

(3.7)

(3.8)

X„"(co)/co =0 (2.17)

III. RESPONSE OF THE MEASURING DEVICE

The macroscopic apparatus M can be used as a meter
only if the interaction with S leads to a permanent
modification of the state of M, which can be read off clas-

holds in the frequency domain of relevance to the system
S [cf. Eq. (2.6)].

where X '(t) is the free dynamics defined in Eq. (3.1) and

x(t)=U (r)«U(r) . (3.9)

The integral equation

U(t) =1 ig f d r X —'(r)x(r) (3.10)
0

equivalent to Eq. (3.8) can be solved by its von Neumann
series

U(t)=1+ g ( ig)"f 'd—~„f "d~„( . f 'dr(X'"(r„) . X "(~()x(~() . x(~„) .
n=1

(3.1 1)

—Y' '(r)X' (r)x(r)] . (3.12}

For simplicity we shall assume that the linear response
gives a suSciently accurate description, i.e., we neglect
the terms with n ~2 in Eq. (3.11). Then we obtain for
5Y(r)

5Y(t)=ig f dr[«(r)X' '(r)Y' '(t)

5Y(t)= ig f dr[Y' '(rl—,X' '(~)]x(r) .
0

(3.13)

As the right-hand side of (3.12) is already of first order in

g we may neglect, to this order, the noncommutativity of
x(r) with X' '(r},Y' '(t), caused by the coupling of I
and S. Thus, within first order in g, Eq. (3.12) may be re-
placed by
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The measurement of Y yields a probability distribution of
the measured values, which may be assumed Gaussian for
a macroscopic system and can therefore be specified by
its mean value & Y(t) &

=
&

Y' '(t) &+ & 5Y(t) & and its vari-
ance h„=&(Y' ') &

—
& Y '& +&[5Y(t)] &

—&5Y(t)&,
assuming that the fluctuations of Y' ' and 5Y are in-

dependent. For the mean value of 6Y we obtain from Eq.
(3.13)

5& Y(t) &
= ig f—dr Trp(0)p~(0)

Again various simplifications are permitted if accuracy is
only required to first order in g: We may replace U(r) by
Uo(r) as both operators dier only to first and higher or-
der in g, and we may factorize p„,(r) =p(r)NIpM(~) to the
same order. Then the trace in Eq. (3.15) can be factor-
ized into separate traces over the system and the reser-
voir, and we obtain finally

& Y(t) & =5& Y(t}&= —fig f drX~x(r —r)&x(r) & (3.16)
0

X [ Y' '(t),X' '(r)]x(r) . (3 14) with the linear-response function

Here, ps(0), p~(0) are the statistical operators of the sys-
tern S and the meter M, respectively, at time t =0, when
S is first brought into contact with M. The total statisti-
cal operator p„,(t) factorizes at this time according to
Eq. (2.12}. By cyclic rearrangement under the trace we

may rewrite Eq. (3.14) as

5& Y(t) &
= ig —Tr x f dr p„,(r) U(r)

X [Y"'(r),X "(r)]U (r)

Xrx(t) =—TrPM[ Y' '(r), X' ']8(r), (3.17)

& [5Y(r}]'&=Pi'g' f dr'K(r r, r r—') &x(—r)x( r') &,
0

(3.18)

where 8(r) is the step function and where we made use of
& Y'0'(t)&=0. The variance may be obtained similarly
starting from Eq. (3.13), with the result

(3.15)
I

where

r '2

K(r r, r 1 )= & [ Y (t),X (T)][Y (r),X (7 )] &8(t 1 )8(t 1 ) (3.19)

Assuming Gaussian statistics for the free meter, we obtain from (3.19) by Gaussian factorization

K(t r, t —r') =—Xyx(t r)Xrx(t—r') . —

Hence

b r =b'~'+A g f dr f dr'Xrx(t r)Xrx(t ——r')& [x(r)—&x(r) &][x(r'}—&x(r') &] &,

(3.20)

(3.21)

where b'z' is the variance of Y for the free meter. A good
measurement requires b, IP to be smaller than & Y(t)& if
the expectation &x(t) & is measured, and smaller than
(b,„b,'r I) if the probabilit—y distribution of x (t) is to be
resolved. At the same time the response function figX„I
should be as large as possible. The general uncertainty
relation (for systems which are stationary)

IV. MEASUREMENTS OF THE ACTION VARIABLE
QF THE QUANTIZED STANDARD MAP

A. Master equation of the measured dynamics

The standard map is the paradigm of a classical Hamil-
tonian system capable of chaotic behavior. ' Its dynam-
ics is generated by the Hamiltonian

(3.22)
(4.1)Hs(p, q; t) = — cos(2m q ) g 5( t n)—p K

(2~)

follows from the Schwarz inequality. It places a funda-
mental limit on time-resolved measurements. It states
that a good measurement (A g IX»l large, b'„' small)
necessarily implies that g &(X' ') & must be sufficiently
large. However, it is precisely this latter parameter, to-
gether with the (short) correlation time r„,which governs
the magnitude of the irreversible part of the measured dy-
namics [cf. Eq. (2.14)]. The precision of the measurement
and the back action on the system are therefore inextrica-
bly connected in the way typical for quantum mechanics. [p q]= (4.2)

with the action variable p, the angle variable q, and the
nonlinearity parameter K. Global chaos is observed for
E 1. It manifests itself by a diffusion of p. Equation
(4.1) may be interpreted as the Hamiltonian of a periodi-
cally kicked rotor. The units of time and action are
chosen such that the kicking period and the moment of
inertia of the rotor are unity, respectively. The system

(4.1) is easily quantized" by the canonical rule
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Htl" =figxf (p/2M)8(t) (4.3)

or

For the system (4.1) it is most interesting to measure p or
functions of p, because their time evolution indicates the
presence or absence of dynamical localization. " We shall
consider therefore interaction Hamiltonians (2.1) of the
form

ter variables Y&. The linear-response theory of Sec. III
may easily be extended to this case. Equation (4.3) de-
scribes a measurement of (f(p/2M)), and Eq. (4.4)
leads to a measurement of (I ~p~t ) = Wl, the probability
distribution of p. We shall assume that X,"(co)/co=0 in

the frequency domain of interest; i.e., dissipative effects
are absent. From the Hamiltonian (4.3) we then obtain
the master equation

H,"'=A+ g,X, ~t & &1~8(t),
1

(4.4)
2

p= &[—H p]+
2

&X'& [f(t»[p f(1)]l (4.7)

p ~t ) =2MI ~l ), I integer,

which are given, in q representation, by

(4.5)

where f( I)=f(p /2vrh) is some function ofp, measured in
quanta 2M, e.g. , f (I)=I or f (l)=1, and the states ~l )
are the eigenstates ofp:

while (4.4) with X",(co)/co =0 yields
xl xt

1

P ~ [Hs P]+&
2

rll &xlx'l &M

1, 1'

x[~1)&t, [p, ~t &&t ]] . (4.8)

( ~t ) 2lq' (4.6)

gl and Xl are as g and X in Eq. (2.1). In contrast to the
models we discussed until now, HI ' describes the cou-
pling of several meter variables X1 to the system. In or-
der to resolve the individual expectation values (l~p~t)
of

~
I ) ( I ~, it is then necessary to measure also several me-

I

Here and in the following, averages for the uncoupled
meter are denoted by ( )M. The relaxation times rll.
are defined in analogy to Eq. (2.3). They are assumed to
be short compared to the time scale on which
Wl=(t~p~t ) evolves. It is convenient to rewrite Eqs.
(4.7) and (4.8) in the I representation, where they take the
form

&t(p(m &= —i2m'A(t' —m')&t(p(m &

+ ((I+1)p(m )+(I—1(p(m ) —(I(p)m+ 1)—(I(p[m —1)) g 5(t n)+-iK 8& lip]m &

4m A lnc

(4.9)

The last term in Eq. (4.9) represents the incoherent com-
ponent in the measured dynamics, i.e.,

B&tlplm & = —g'r, (X') (I —S,.)(t
~ p~m ) .

B&tipim &
2~

"&x')„
inc

(4.13)
inc

X [f(1)—f(m)]'& I ~p~m ) (4.10)

in the case of Eq. (4.7), and

It is easy to solve Eq. (4.9) with (4.10) and (4.13) over one
period of the kicks. The master equation then reduces to
a discrete map, which describes the measured dynamics
of the quantized standard map. We obtain

B(t~p~m )
t

lnc
p (gl rll & XI &M+gm rmm &Xm &M

2gg r, &XlX —)„)(t~p~m)

K ~ K
(Ilp„+, Im &= g b(, , b*

4m A 4m A'

x ( I'~p„+, ~m') (4.14)

(4.1 1)

for Eq. (4.8). For simplicity we shall only consider the
case where

with

(1~p„+l~m ) =expI i2mh(t —m) —.
—,'g r—„(X )M

&Xlx &M &X )Mal. , rll r,, gl g

Equation (4.11) then reduces to

(4.12) X [f ( I ) —f ( m ) ] I ( I
~ p„~m ) (4.15)

in the case where (f (p) ) is measured, and

exp[ i2m fi(t —m )
—g ~—, (x )](1~p„~m ) (t&m )

(t[p [m) (t=m) (4.16)
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g'r„&x'&M» I . (4.18)

This result is consistent with our estimate (2.16) for the
rate of diffusion due to incoherent perturbations. To
make this clear we note that the phase q is canonically
conjugate to the measured variable p =2m61 in the
present example. Therefore, Eq. (2.15) refers to phase
diffusion in this case. Indeed the collapse of the wave
function after the measurement of I corresponds to a
complete loss of phase information, i.e., to a diffusive
spreading of the phase q over the entire unit circle. As x
in Eq. (2.1) refers to classical units, while p/2M or

I

if the probability distribution of p is measured. b((x) in

Eq. (4.14) are Bessel function defined by

(x)dqe i [2mql —xcos(2m')]1

1 (4. 17)
0

Several remarks are in order. First of all, the form of the
master equation describing the measured dynamics de-
pends on what is measured. This can be seen from the
difference between Eqs. (4.7) and (4.8) or more explicitly
between Eqs. (4.10) and (4.13). As a second remark we
point out that the dissipationless measurements both of
(f(1) ) and of the probability distribution of p, which we
described here, have a direct influence only on the off-
diagonal elements of the density matrix in l representa-
tion. This is shown by the form of Eqs. (4.10) and (4.13).
The diagonal elements of p are affected only indirectly
through their coupling to the off-diagonal elements via
the kicks, as described by Eq. (4.9). In the absence of
kicks, p is conserved even under the coupling between
system and reservoir. If dissipation is admitted, it also
has a direct influence on the diagonal elements (llpll ).
For a closely related case where dissipation in the quan-
tized standard is treated, cf. Refs. 14—16. Thirdly, we
emphasize that Eqs. (4.9)—(4.13) provide a time-resolved
description of the process of destruction of coherence
during a measurement which contains the traditional
quantum-mechanical concept of a collapse of the wave
function as a limiting case. For example, if a function
f (1) is measured, coherence is completely destroyed if the
exponential decay in Eq. (4.15) is complete in a single
time step for all off-diagonal elements, i.e., if
g r, (X )[f(1)—f(m)] ))1. Similarly, in the case of
Eq. (4.16) complete collapse of the wave function occurs
fol

ll )(1 l in (4.3) or (4.4) refer to quantum units, an addi-
tional factor fi appears in Eq. (2.16).

From the point of view of the present work the most
interesting case is, of course, the one where a complete
reduction of the density matrix does not occur in a single
time step. However, even if a complete reduction occurs,
it is still possible to control the disturbing effect of the
measurement if measurements are not performed during
each time step but instead periodically only after I time
steps, with I ~1, integer. In such a model, localization
would be disrupted for I ~ n*, the localization time, " as
has been briefly discussed in Ref. 17 and studied analyti-
cally and numerically in Ref. 14.

We finally mention that a stroboscopic description of
the measured dynamics in the form of a quantum map as
in Eqs. (4. 14)—(4.16) may be interpreted independently of
the specific continuous dynamics between subsequent
snapshots, from which it was derived. In particular, the
master equations (4.14)—(4.16) can be arrived at also from
a different model where the coupling of the system to the
meter depends on time as a periodic 5 function, similar to
the driving force of the rotator itself [cf. eq. (4.1)].

B. Semiclassical limit

Let us consider the asymptotic behavior of the quan-
tum maps (4.14)—(4.16) for small fi (semiclassical limit).
It is then useful to introduce the Wigner function for a
cylindrical phase space' '

W„(l,q)= g
ll, l2

sin[a(l) +12—21)] 27&((() (2)

(I ) +12—.21 }

(4.19)

The quantum map can then be written as

W„+)(1',q')=g I dq G)i,(l', q'll, q)W„(l, q) .
( 0

(4.20)

The kernel G~ is kind of Fourier transform of the kernel
G, which in turn is defined by rewriting the maps
(4.14)—(4.16) as

(1'lp„+, lm') =g G(1', m'll, m)(lip„ lm ) . (4.21)
I, m

Explicitly, we find

(4.22)
2;((( ( )q (( ( )q} sin[a.(1) + 1q

—21')] sin[@'(1) + lq
—21)]

G„(l',q'll, q)= g G(l', , 12ll), 12)e
I I 7r(l') +12 —21'} ~ 1) + lp 21—
1' 2' 1' 2

The kernel G~ can be simplified considerably in the limit
where A'~0, I ~ &x), I'~ ~, with p =2M/, p'=2MI' held
fixed. In this limit g(~ 1dp(1/2vrR). As shown in the

Appendix, G~ then reduces to
F

IG)i,q', q =2M 6 p' —p — sin(2vrq')
2mb 2mB

' 2'

with

g(q) = 1 (q —m)
V2rrl). (p) 26(p }

exp

6(p)=(2m)ri) g r„((X' ') )[f'(1)]
(4.24)

xg(q' —(q+p)), (4.23) for the case where (f (1)) is measured, and
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g(q)=1 —A+A, g 6(q —m),

—g27. (X )=e

(„=0, with probability 1 —
A,

(4 25) („equidistributed in [0, 1), with probability A,

when W(p) is measured.

(4.28)

K
p„+,=p„— sin(2m q„+ & ),2'
qn+&=qn+pn+kn r

with the Gaussian random variable g„satisfying

(g„)=o,

(4.26)

(4.27)

if W(p) —(I ~p~l ) is measured. It may be more transpar-
ent to rewrite the semiclassical limit of the maps in the
form of a stochastic standard map, ' '

C. Numerical results

We have solved numerically the master equations for
the measured dynamics of the quantized standard map
derived in Sec. IV A and their semiclassical limits derived
in Sec. IV 8 and the Appendix. The results obtained for
the case where the distribution function of the action is
measured is fairly typical for the other cases, too, and
therefore we shall consider mostly this case. Let us begin
with the case of strong coupling between the system and
the meter. A convenient measure for the coupling
strength is the parameter

in the case where (f(I) ) is measured, and v=1 —
A, =l —exp( gr„(—(X{ ') ) ) . (4.29)
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FIG. 1. Comparison of the measured dynamics of the quantized standard map with the corresponding unmodified dynamics of the
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2m%=0. 1/[(&5 —1)/2], and v=0. 5 (for the measured dynamics). It is assumed that the complete probability distribution of the ac-
tion variable p is measured. (a) shows the evolution of the mean energy for the measured (solid line) and unmeasured quantum dy-
namics (dotted line). (b) shows the action distribution after 512 time steps for the same two cases. The corresponding functions for
the semiclassical approximation of the measured dynamics (solid line), compared with the exact result (dotted line), are shown in (c)
and (d), respectively. Note that the dotted line in parts (c) and (d) represents the same data as the solid line in parts (c) and (d), re-
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For v=0 the coupling vanishes, for v=1 the coupling
dominates. In Fig. 1 we show results obtained for the
case K=5 (regime of global chaos of the standard map)
2M=0. 1/y, where y=(&5 —1)/2 (avoiding quantum
resonance in the quantized standard map), and v=0. 5
(case of strong coupling). In Fig. 1(a) the expectation
value E (n) = (p„)/2 is plotted for the measured dynam-
ics (solid line) and the unmeasured dynamics (dotted line).
The initial state is the I eigenstate with / =0. The unmea-
sured dynamics exhibits the familiar time evolution gen-
erated by the quantized standard map, i.e., an initial
diffusive growth of E(n) followed by localization [satura-
tion of E(n)]. The measured dynamics shows no trace of
localization. Rather, as a result of the measurement, the
initial diffusive growth of E(n) continues unabated. In
Fig. 1(b) the probability distribution of I =p/2M ob-
tained after 512 kicking periods is shown as a logarithmic
plot, both for the measured case (solid line) and the un-
measured case (dotted line). Localization and its disrup-
tion are visible in the dotted and solid curves, respective-
ly. In Figs. 1(c) and 1(d) we compare the semiclassical
description of the measured dynamics (solid curve) and
its full description by the master equation (dotted curve).
We observe in Fig. 1(c) that the semiclassical description
slightly overestimates the diffusion constant. As can be
seen from Fig. 1(d), this overestimation is due to a slight

systematic discrepancy in the wings of the probability
distributions, which contribute rather strongly to the mo-
ment (p ). In spite of this slight difference, the semiclas-
sical description, in the present case, is simple and rather
quantitative. The diffusion constant can be estimated
very simply from Eqs. (4.27)—(4.29) by noting that both
classical chaos and the additional fluctuations due to the
measurement tend to randomize the phase variable and
to destroy its correlations between different kicks.
Hence, p diffuses, according to Ref. 21, as

( (p„+,—p„) ) = ( sin (2n.q„) ) =— =D
~

.
K . 2 1 K

(2n ) 2 (2n)

(4.30)

That is, the quasilinear approximation ' of the classical
diffusion constant is exactly valid here and holds even for
K & K, (cf. the case K =0.5 discussed below). The
Gaussian form of the probability distribution of p expect-
ed from this mechanism can be seen to be almost exactly
realized in Fig. 1(d).

This simple argument also indicates that for sufficiently
strong coupling, diffusion of p should result even if the
classical map is not chaotic (K &1). This is checked in
Fig. 2, where we choose the same parameters as in Fig. 1

except that now K =0.5, where the classical map is not
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globally chaotic, and %=0.01/y. Figures 2(a) —2(d) have
the same format as Fig. 1. We see in Fig. 2(a) that the
unmeasured quantum dynamics is localized, but the mea-
sured quantum dynamics is diffusive. The same
difference can be seen in the distribution functions in Fig.
2(b). The diffusion of the measured dynamics is quantita-
tively described by the semiclassica1 limit as shown in
Fig. 2(c), where no difference between the result of the
master equation (solid curve} and the semiclassical result
(dotted curve) can be seen. The same quantitative agree-
ment can be seen in the distribution functions in Fig. 2(d).
These distribution functions show, as an additional in-
teresting feature, periodic steps superimposed on the glo-
bal Gaussian decay. The coincidence of their period with
the period hp =1 of the classical standard map suggests
that they occur as a consequence of the inhomogeneity of
the classical phase space. Indeed, classically for K &K„
jumping at random from one invariant torus to some
neighbored one will be a more efficient transport mecha-
nism near the fundamental resonances at
p =0,+1,+2. . . . The regions near p =+—,', +—,', . . . ,

where phase space is less disturbed and invariant tori
encircling the cylindrical phase space still dominate, act
as partial barriers even for a noise-induced flow.

Now we turn to the case of weak coupling. In Figs. 3

n*
Dq =Dqi

n,

where

(for n, )n "},
(4.31)

n*=2L (4.32)

is the number of kicking periods after which localization
becomes manifest in the unmeasured dynamics, and

and 4 we show results for the case v= 1 —
A, =10 . In

Fig. 3 we consider the case K =5 and also choose all oth-
er parameters, except v, and the format as in Fig. 1. In
Fig. 3(a) localization can be seen to be present in the mea-
sured dynamics (solid curve), which is very similar to the
unmeasured dynamics (dotted curve). We emphasize,
however, that the mean energy of the measured dynamics
increases systematically compared to the unmeasured dy-
namics, and localization gives way to diffusion only for
times n, much longer than the n =S12 kicking periods
shown in the figure. The time n, where localization gives

way to diffusion and the quantum diffusion constant Dq
can be estimated from the master equation as in Refs.
14-16, and we find
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(4.33)

is the localization length. For the parameter values
chosen in Fig. 3 we obtain n, =10, n*=50, L =25,
D =0.25 X 10 D I. The systematic difference between
the measured and the unmeasured dynamics can also be
seen in the distribution functions in Fig. 3(b). The semi-
classical approximation to the measured dynamics fails
completely, as shown by Figs. 3(c) and 3(d}. It misses en-
tirely the localization effect. Indeed, the approximation
of the integral over the classical action p by the 5 func-
tion in Eq. (4.24) eliminates all effects of quantum coher-
ence and hence of localization. Since v is very small,
chaos is the dominant mechanism of diffusion in the
semiclassical description.

In the case of K=0.5, A'=0. 01/y, and v=10 shown
in Fig. 4, classical chaos is absent. Hence, in the full
quantum-mechanical description of the measured dynam-
ics [Figs. 4(a) and 4(b)], and even in its semiclassical ap-
proximation [Figs 4(c) and 4(d)], diffusion can only come
about through the weak quantum noise associated with
the coupling to the meter, and is not discernible during
the time span shown. Accordingly, the semiclassical ap-

proximation captures correctly the time-averaged behav-
ior, but it misses the strong quantum fiuctuations around
the averaged dynamics, which is now the dominating
quantum coherence effect. The comparison of the mea-
sured with the unmeasured dynamics in Figs. 4(a) and
4(b) shows the same systematic discrepancies as in the
case E =5 (Fig. 3).

In Fig. 5 we still consider a case of weak coupling, but
this time we assume that only the energy is measured.
Therefore, we now show solutions of the master equation
(4.9) and (4.10}.

The parameter A. of the coupling strength between sys-
tern and meter is in this case given by

A, =exp
g2r ((g(0))2)

2(2mB)
(4.34)

In Fig. 5 we have chosen v= 1 —
A, =10 but we em-

phasize that the coupling mechanism is now quite
different from that of Figs. 1-4 and the present value of
A. therefore cannot be directly compared with the earlier
values. Indeed the magnitude of the effective coupling
matrix element now increases proportional to the mean
action p and to the action difference, which explains why
even very small values of 1 —

A, such as 10 now lead to
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stronger coupling on average as, e.g. , 1 —
A, =10 in Fig.

3.
In Fig. 5(a) we see that also in this case the measured

dynamics (solid line) deviates strongly from the unmea-
sured dynamics. The growth of the measured energy is
seen to be superdiffusive. The reason is that, due to the

p coupling in Hl, the coupling strength between system
and meter, and hence the transition rate between quasien-
ergy levels, increases with increasing (p ). The
superdiffusive increase of the measured E is still far
slower than the diffusive chaotic increase which dom-
inates the semiclassical description, as can be seen in Fig.
5(c).

In Figs. 5(b) and 5(d) we also show the distribution
functions after 512 time steps, even though these would
have to be measured (only once after 512 steps) by a
second meter not included in our description. The ab-
sence of localization in the distribution of the measured
dynamics in Fig. 5(b) and the overestimation of the
diffusive spreading by the semiclassical approximation
are already familiar from the results discussed before.
New is a rather strong contribution to the probability dis-
tribution of the measured dynamics at and near to p =0.
It appears that the measured system remains frozen at or
near the initial state with rather high probability. The

reason is again the coupling -p between system and
meter which turns off for p~O. Hence, quantum coher-
ence and localization near p=O are rather long-lived
effects. Similar effects have been found earlier in the dis-
sipative quantized standard map with p proportional fric-
tion. '

Finally, in Fig. 6 we study the effect of repeated mea-
surements on quantum resonances ' in the quantized
standard map. They occur for rational values of the
effective Planck's constant 2m%', introduced in Eq. (4.2)
and are characterized by a continuous Floquet spectrum
and extended Bloch-like eigenstates.

Figures 6(a) and 6(b) are analogous to Figs. 1(a) and
1(b) respectively, the only difference being that in the case
shown here the parameter 2M is chosen as a simple ra-
tional, 2m%'= —,', and the coupling strength is v=0. 01. In
Fig. 6(a), the dotted line now shows the typical quadratic,
i.e., superdiffusive increase of energy, in the unmeasured
case. It replaces the saturation of energy growth charac-
teristic of the nonresonant case [cf. Fig. 1(a)]. Quantum
resonances are interference effects, like localization, and
are likewise very sensitive to incoherent perturbation.
Indeed, continuous measurements again lead, after a
characteristic time, to a restoration of linear diffusion,
visible in the solid line in Fig. 6(a). However, while for
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the nonresonant case the diffusion constant of the mea-
sured dynamics in the limit of strong coupling ap-
proaches the limiting value D, from below [cf. Eq.
(4.31)j, the situation is reversed here: For any finite cou-
pling 0(v(1 we find a diffusion constant higher than
D ~, reaching the limit from aboue for v~ l.

Figure 6(b) shows the corresponding distributions of
action after 512 time steps. It is clearly visible how the
conspicuously regular, roughly rectangular distribution
function, reflecting quantum-mechanical coherence in the
unmeasured resonant case, is washed out and deformed
towards a Gaussian by continuous measurement.

It is, of course, tempting to combine the results for
both resonant and nonresonant cases to infer how the
succession of quantum resonances at rational values, and
dynamical localization at irrational values of the parame-
ter 2m.A', is modified in the measured dynamics. %'hile it
would be prohibitively costly to investigate this in numer-
ical detail, our results already provide good evidence for
a very simple picture: In the measured dynamics, local-
ized as well as resonant behavior is replaced, on a
sufficiently long time scale, by linear diffusion. Remnants
of both coherence effects, however, remain visible in

smooth deviations of the diffusion constant, as a function
of 2m', from the strong coupling limit D ~. Peaks of
finite width are expected at simple rational values
2m6=p/q, standing out against a "background" below
D ~. Furthermore, it is to be expected that both the
height and the width acquired by a quantum resonance
under the influence of continuous measurements, will de-
crease rapidly as the associated rational p/q approaches
an irrational number.

V. CONCLUSIONS

In this paper, we have discussed models describing
measurements performed on quantum systems continu-
ously in time. We have assumed that the meter is macro-
scopic and couples to the measured system via a variable
fluctuating rapidly on the time scale of the measured sys-
tem. In this case the measured dynamics can be de-
scribed by a Markovian quantum master equation which
we derived in Sec. II. Its form depends on the type of
quantity measured. Its parameters contain the strength
of the coupling, the fluctuation strength of the coupling
meter variable, and its (short) time scale. We analyzed
the response of the meter to the measured system in Sec.
III. Here we made the basic assumption that the
response is linear, and that measurements of expectation
values of suitable meter variables can be considered clas-
sical. We then analyzed the measured quantum dynamics
of a classically chaotic system, the standard map, and
also considered the semiclassical limit of that description.
In particular we derived and solved numerically the mas-
ter equations for the case when either the distribution of
the action variable or its mean square are measured. In
the case of strong coupling the quantum-mechanical lo-
calization effects present in the unmeasured dynamics are
completely destroyed. The semiclassical description, in-
cluding deterministic diffusion if the classical system is
chaotic and additional strong quantum noise due to the
measurement, is quantitatively satisfactory in this regime.
In the case of weak coupling the semiclassical description
was found to fail. Localization is preserved in the mea-
sured dynamics for sufficiently short times n & n„where
n, is characteristic of the measurement performed, but it
gives way to a quantum-mechanical diffusion process for
n & n, . Its diffusion constant increases with the strength
of the coupling, but for n, larger than the localization
time n* (weak coupling) it remains below the constant of
classical chaotic diffusion. Therefore, in contrast to the
findings reported in Ref. 7, where a meter consisting of a
two-level system was considered, we find that localization
is always destroyed on a long time scale by the type of
measurements we considered.
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APPENDIX

Here we wish to evaluate the kernel Gz of Eq. (4.22}
in the limit %~0, such that the momenta

p =2m%1,p'=2~%1' are held fixed. First we note that the
quadruple sum of Eq. (4.22) becomes a double integral
and double sum

sin( m.x /fi)
(rrx )

(A2}

in Eq. (4.22) simplify in the limit as indicated. The two
integrals over (p', +p2), (p, +p2) for fixed 6/', b/ can
therefore be carried out. The following expression then
remains to be analyzed for q, q'@[0, 1):

(Al)
with AI' = I ] I p AI = I ] I2 ~ Furthermore the two
functions

P t P2~'
=N I dx f dye gexp2mi[(b/'q' 5/q) p—h/ —(p'——p)(x —y) —

—,'(b/' —b/)(x+y)]

Xexp [cos(2nx )
—cos(2my )] exp[ —

—,'g r„((X' ) ) [f'(p )] (b/) ],iK
(A3)

2
5 q' — —m

(x +y)
(A4)

i.e., (x +y)/2 may be replaced by q' modulo 1. The sum
over hl can also be performed and yields the factor

where p =p/2rttrt and N is a normalization constant. We
have used the explicit form of G(l', , /2, ~/„/2) which fol-
lows its definition (4.21) and Eq. (4.15) and we have in-
serted the integral representation of b, , Eq. (4.17).
Furthermore, we expanded [f(p') —f(P ) ]= [f'(p ) ] ( 5/ ) . The sum over b, /' yields the factor

5 p' —p+ sin(2n. q')
2m

(A8)

Collecting all factors we arrive at the result (4.23) with
(4.24).

It remains to consider case (4.16) [instead of (4.15)].
Then the last factor in the integrand of Eq. (A3) is re-
placed by

I

Jd bxexpt i( b.—x /fi)(p' —p )

—K/2' A'[sin(mbx )sin(2mq')]I (A7)

which yields asymptotically a factor

with

&(p) =g' „((&" )'[f '(p ) ]' .

1
exp

(p+q —q' —m }

„&2~x(p) 2&(p)
(A5)

(A6)

[5at a+A(1 5tt to)] (A9)

with A, defined by Eq. (4.25), otherwise Eq. (A3) remains
unchanged. The sum over b, / therefore yields a factor

1 —X+A, g 5(p+q —q' —m ) (A 10)

The last integral to be carried out then is over Ax =x —y, in agreement with Eq. (4.28).
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