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In a preceding publication [Z. Y. Chen, P. C. Albright, and J. V. Sengers, Phys. Rev. A 41, 3161
(1990)] a procedure for constructing a thermodynamic free energy of fluids vvas proposed that in-

corporates crossover from singular behavior at the critical point to regular behavior far away from
the critical point. In the present paper this procedure, based on an approximate solution of the
renormalization-group theory of critical phenomena, is further extended so that it can be used in
conjunction with a six-term classical Landau expansion. The resulting thermodynamic free energy
yields a satisfactory representation of the thermodynamic properties of fluids in a large range of
temperatures and densities around the critical point, as is demonstrated by a comparison with ex-
perimental thermodynamic-property data for carbon dioxide, steam, and ethane.

I. INTRODUCTION

The nature of the singular behavior of the thermo-
dynamic properties of fluids asymptotically close to the
critical point is now well understood. Specifically, this
behavior can be characterized in terms of scaling laws
with universal critical exponents and universal scaling
functions. The validity of the scaled equations, however,
is restricted to a small range of temperatures and densi-
ties in the vicinity of the critical point. On the other
hand, critical effects on the thermodynamic properties of
fluids are observed in practice in a large range of temper-
atures and densities around the critical point. Hence, to
obtain a theoretically based global representation of the
thermodynamic properties of fluids, we want to develop a
thermodynamic free energy that not only incorporates
the asymptotic critical behavior, but that also accounts
for the crossover to the regular behavior far away from
the critical point.

In a previous publication Chen, Albright, and Sengers
(CAS) developed a procedure for transforming a classical
Landau expansion for the thermodynamic free energy
into a renormalized thermodynamic free energy that
properly includes the effects of critical fluctuations. As
an illustration CAS applied the procedure to a two-term
Landau expansion.

A crossover procedure on the basis of a two-term Lan-
dau expansion is by itself not adequate to obtain a global
representation of the thermodynamic properties of fluids
in the critical region. A two-term Landau expansion
represents only the asymptotic limiting behavior of a
classical equation. As such it suffers from two
deficiencies: it not only fails in the critical region because
it leads to wrong critical exponents, but it also fails in the
classical region because two terms will not be enough.
The work of CAS remedied the first deficiency but not
the second one. In order to reproduce the actual classical

thermodynamic behavior far away from the critical point
we shall need to consider a more complete classical equa-
tion. We shall therefore extend the crossover procedure
so that it can be applied to a classical Landau expansion
with an arbitrary number of terms. For this purpose we
shall include an approximate treatment of the crossover
behavior of the higher-order terms in temperature and
density; specifically we shall include the crossover behav-
ior associated with the confluent singularity due to terms
asymmetric in the order parameter that are not present in
the case of the symmetric Landau-Ginzburg-Wilson
(LGW) model. We shall then apply the procedure to a
six-term classical Landau expansion and make a compar-
ison with experimental thermodynamic-property data for
carbon dioxide, steam, and ethane. This six-term Landau
crossover model yields an accurate representation of the
thermodynamic properties at almost all temperatures and
densities where critical-fluctuation effects on the thermo-
dynamic properties are observed.

The physical features of our crossover model have been
discussed in a previous publication and are not repeated
here. However, in Sec. II we briefly review the two-term
Landau crossover model with the purpose of introducing
an improved representation of the solution of the flow
equation associated with the renormalization-group
theory of critical phenomena. In Sec. III we discuss the
approximations adopted to construct a higher-order Lan-
dau crossover model. Some interesting features specific
to fluids are then considered in Sec. IV. Comparisons
with experimental data are presented in Sec. V.

II. CROSSOVER MODEL

Let p be the density, T the temperature, P the pressure,
p the chemical potential, and A/V the Helmholtz free
energy per unit volume. These properties are made di-
mensionless with the aid of the critical parameters p„
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T„and P, ;
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while u (t) satisfies the fiow equation

p—(u (l)),
dl

with the boundary condition

u (1=0)=Q

(2.9)

(2.10)

In addition we define

Ap=p —1, hT= T+1,
~P =P —Po(T»

b A =A —pro(T) Ao(—T),

(2.2)

(2.3)

(2.4)

For 1~ ~, u (l ) approaches a fixed point u * such that

P(u*)=0 . (2.11)

The rescaling functions T(I), 2)(l), and R(l) in (2.7) are
given by

5 A =-'tM'+ M'+uA
cl 41

(2.5)

where the coefficient of the M term has been expressed'
as a product of a coupling constant u and an ultraviolet
cutoff parameter A. The temperaturelike variable t and
the densitylike variable M in (2.5) are related to the actu-
al physical variables AT and bp in a manner to be
specified in Sec. IV. Asymptotically close to the critical
point t and M become proportional to the temperature
difference AT and the density difference hp, respectively.
It is well known that the classical Landau expansion (2.5)
does not yield a quantitative correct description of the ac-
tual asymptotic critical behavior of real systems.

According to the renormalization-group theory of crit-
ical phenomena, the singular part AA, of the Helmholtz
free-energy density satisfies a partial differential equa-
tion

where Po(T) and Ao(T) are analytic (background) func-
tions of AT subject to the conditions that at the critical
temperature Ap =0 and A 0

= —1.
Classical equations of state are analytic functions of

temperature and density near the critical point. Such
equations are reduced to a mean-field theory, which im-
plies that the critical part b, A of the Helmholtz free-
energy density has a Landau expansion of the form

l
"T(l)=exp —f [2—v '(u (s))]ds

0
(2.12)

2)(1)=exp f ri(u (s))ds (2.13)
0

%'(1)=A ' f B(u (s))T (s)e'ds
0

t=A ' T (s)e'ds .
0

Based on earlier work of Nicoll and co-workers, '
CAS showed that the mean-field expression (2.5) for the
critical part of the Helmholtz free-energy density can be
transformed into a renormalized critical part 6 A, as

(2.14)

EA„(t,M;u A) = ,'t 5(l*lM'2)(—l')'

Ae ' =x.(l*),
with

~ =t T(l')+ —,'u AQ(l')M 2)(l'),
and where the function Vl(l) is defined by

(2.16)

(2. 17)

+ M'2)'(l *)—-'t 'R(l ' ),
4t 2'

(2.15)

where I = I* is a match-point value such that

uA8'(I) =u (l)A(l) . (2.18)
A +P(u)

BA i3u

+[2—v (u)]t———il(u)M b, J,a 1 a
a~ 2 aM

To implement this procedure we need explicit expres-
sions for the renormalization functions p(u), v(u), and
g(u). These renormalization functions satisfy the condi-
tions

+ ,'t A 'B(u)=0 —(2.6)

where p( u ), v( u ), and il( u ) are renormalization functions
to be specified below, while B ( u ) to a very good approxi-
mation can be taken to be unity. ' From (2.6) it follows
that b, A, (t,M, u, A) satisfies a rescaling relation of the
form

t5. A, (t, M, u, A)=EA, [t'T(l), M2)' (I),u(l), A(l)]

P(0) =P(u *)=0,
P'(0) = —1,
p'( u *

}= co = b, /v,
v(u*) =v,
g(u*) =g,

(2.19)

(2.20)

(2.21}

(2.22)

(2.23)

with

A(l) =Ae

(2.7)

(2.8)

with P'(u)=dP(u)/du. Here v=0. 63 and i'd=0. 033 are
the critical exponents that characterize the asymptotic
behavior of the correlation function, while co=0.81 or
5=0.51 are exponents associated with the first Wegner
correction-to-scaling term. " ' As an approximant for
p(u) that satisfies (2.19)—(2.21) we adopt an expression



4472 Z. Y. CHEN, A. ABBACI, S. TANG, AND J. V. SENGERS

proposed by Schloms and Dohm'

eau 'u (1 —u )
u

co+( I —co)u

with

u =u/u* .

(2.24)

(2.25)

where +=2—3v=0. 11 is the critical exponent of the
asymptotic power-law behavior of the specific heat. '

These rescaling functions need to be evaluated for I =I'.
In practice we take for the rescaling functions T—= 'T(1*),
2)=2)(l'), R:—A(l"), and '9—:Q(1*) the approximate
expressions (we drop the explicit notation l =I* in the
remainder of this paper)

This expression is an improvement over the expression
P(u )= —eau'u(1 —u ) adopted earlier by CAS. Expres-
sion (2.24) is consistent with perturbation theory up to
order u if an expansion in u is made, and it gives a very
good approximation of the numerical Borel resummation
of p(u ) for all values of u if the actual values of co and u '
are used. ' For the functions v(u) and 21(u) we continue
to use '

Y(2 1' ) /t0

F—g/ro

(Y '"—1),
au A

Q= Y'

(2.36)

(2.37)

(2.38)

(2.39)

2 —v (u )=(2—v )u

21(u ) =aalu

(2.26)

(2.27)
ir = t 'T+ —,

' u A VlM 2) . (2.40)

to be substituted into (2.15). The crossover function Y is
evaluated from (2.31) with a given by (2.17)

Although (2.26) and (2.27) are only accurate to leading
order in u, it can be shown that they are very good ap-
proximations for v(u ) and rt(u) in practice, if actual
values of the critical exponents are used. These expres-
sions are also identical to approximants proposed by
Schloms and Dohm. '

We find it convenient to define

(l) = u (1)

u u
(2.28)

When (2.24) is substituted into (2.9) the fiow equation can
be integrated analytically with the result

1 —(1—u)F(1)=ue'Y' (l) . (2.29)

The function Y= Y(l*), to be designated as the "cross-
over" function, has to be evaluated at the matching-point
value 1 =I' determined by (2.16), so that

1 —(1—u ) Y(1')=u Y' (—I*) .
K

(2.30)

1 —(1—u)F=u[1+(A/a) ]' Y' (2.31)

The substitution of (2.28) into (2.12)—(2.14) and (2. 18)
yields

However, as argued by CAS, to recover the correct clas-
sical behavior away from the critical point the parameter
A/tr in (2.30) should be replaced by [I+(A/a) ]' . In
practice, we therefore evaluate the crossover function Y
from

In the limit A/K~ ac or Y~O we recover the asymptotic
scaled critical behavior, and in the limit A/a. ~0 or
Y~1 we recover the classical Landau expression.

The expression (2.39) for 'M is identical to (2.35), but
the expressions (2.36)—(2.38) for the rescaling functions
T, S, and A are simplified versions of the solutions given
by (2.32)—(2.34). The effect of these approximations can
be investigated by considering the universal ratios of the
amplitudes in the Wegner expansion around the critical
point. ' Let A + and A be the amplitudes of the asyrnp-
totic power laws for the isochoric specific heat above and
below T„ I + and I the amplitudes of the asymptotic
power laws for the susceptibility f=(Bp/Bp)T above and
below T„and B the amplitude of the asymptotic power
law for the order parameter along the coexistence bound-
ary. Similarly, let A,+, I &+, and 8& be the amplitude of
the first Wegner correction term in the expansion of these
properties. ' In Table I we compare the values predicted
theoretically for the amplitude ratios 2 +/3, I +/I
3+I +/8, 3,+ /I,+, and 8, /I ~+ with the values im-

plied by our crossover model. It is seen that the approxi-
mations implied by Eqs. (2.36)—(2.38) affect the ampli-
tudes of the Wegner correction terms; the value for
B i /I,+ becomes even better, while the value for A,+ /I,+

becomes slightly worse.
We note that the crossover function Y is evaluated

from (2.29), while CAS evaluated this crossover function
from

cP ~) Y(2—v )/co( I)

Xexp[ —(2 —v ')(1—co ')[u(l) —u]I,
2)(l)= F "/ (1)exp{21@(1—co ')[u(I)+u] —co

X[u(l) —u]),

A(l) = [ Y ' (1)—1]
auA

+ (u —1)[Y' " (I)—1],
u A(co —a/v)

(2.32)

(2.33)

(2.34)

Ycp s
=

I 1 + u [ ( 1 +A /Ic ) 1 ] ] (2.41)

The rescaling functions A and Q, given by (2.38) and
(2.39), also differ from the expression used by CAS.
These differences are due to the adoption of the theoreti-
cally more satisfactory representation (2.24) for p(u),
which satisfies p'(0) = —1, while the approximant of CAS
implies P'{0)= —co. Furthermore, we found it con-
venient to remove any explicit dependence on u in the
definition of Vl. Close to the critical point, (2.41) reduces
to Yc~s -a."/u A", while (2.31) implies

(2.35) Y =K ju A" for K~O . (2.42)



42 GLOBAL THERMODYNAMIC BEHAVIOR OF FLUIDS IN THE. . . 4473

TABLE I. Critical-amplitude ratios.

Asymptotic amplitudes Correction-to-scaling amplitudes

With Eqs.
(2.32)—(2.35)

With Eqs.
(2.36)—(2.39)

From theory

A+/A

0.50

0.50

0.52+0.01'

r+/r-

5.0

5.0

495+0 15

w+r+/s'

0.052

0.052

0.058+0.001b

r+Da'-'

1.72

1.72

1.67'

0.94

0.72

0 9+0

Bi /ri+

0.59

0.87

0.9+0.2

'References 16 and 18.
Reference 13.

'Reference 9.
Reference 18.

'Reference 17.

Hence the values found for u and A in this paper will
differ from those found by CAS, since the product uA"
has been changed into u"A . However, we find that
these modifications have negligibly small effects on the
comparison with actual experimental data.

III. EXTENSION TO A SIX-TERM
LANDAU EXPANSION

As mentioned earlier, applying the crossover procedure
to a classical Landau expansion truncated after two terms
is by itself not sufficient to obtain a global representation
of the thermodynamic properties in the critical region.
As a next approximation we therefore consider

~05 ~O6
hA = 'tM+ M— + M+ Mcl 2 41 5I 6!

+ tM+ tM+
4! 2!2!

(3.1)

keeping in mind that in the mean-field approximation M
is of order t.

An important difference between (3.1) and (2.5) is the
appearance of a term proportional to M which is a term
odd in the order parameter M. Its crossover behavior is
related to the appearance of odd terms in the LGW mod-
el and they are known to result in a new confluent singu-
larity ' * with an exponent co, =2.1+0.2. The cross-
over behavior of the leading asymmetric terms has been
analyzed by Nicoll and co-workers. ' ' The main effects
of their analysis can be summarized as follows. The M
term in (3.1) is to be replaced by M 2) ~ V% with

(2' —1 ) /2'
(3.2)

The asymmetric terms in the LGW model also lead to ad-
ditive nonscaling contributions to the free energy like the
last term in (2.15); for simplicity we neglect the asym-
metric nonscaling terms here. In principle, there are oth-
er asymmetric terms like tM present in the expansion
(3.1). However, the effects of such terms can be incor-
porated by introducing mixing of variables and a global
asymmetry in the relationship between the theoretical
variables t and M and the physical variables AT and 4p
as discussed in Sec. IV. Hence they do not need to be in-

eluded explicitly in the expansion (3.1).
Higher-order terms in the LGW model produce

higher-order confluent singularities characterized by new
correction-to-scaling exponents. ' For example, the next
singularity is characterized by the exponent 62-—1, which
is less important than the leading confluent singularity
with 6=0.5. Moreover, Kayser and Raveche have ar-
gued that the long-range van der Waals forces between
molecules yield additional confluent singularities not ac-
counted for by a LGW model although their amplitudes
are expected to be small. All these singularities cross-
over to analytic terms in the classical limit. The exact
crossover behavior of these higher-order terms is expect-
ed to be unimportant. Instead of considering the cross-
over behavior of these terms one by one, we assume that
the crossover behavior of all higher-order terms can be
treated approximately by replacing the variables t and M
in all terms with the leading crossover functions only.
Hence the actual crossover Helmholtz free-energy densi-
ty b, A„ is constructed from the classical free energy
AA, , (t,M) by the following transformation: (i) replace
the variable t with t'TQ '; (ii) replace the variable M in
the even terms with M2)' Vl' "; (iii) replace the variable
M in the odd terms with M2)' V'~ Vl'~; (iv) add a non-
scaling fiuctuation contribution of the form ,'t %', ——
while the distance variable ~ is represented by (2.40).

One may notice that in this transformation the temper-
aturelike field t is replaced by t 75' '~ rather than by
r 7 as in (2.7). In this section we have adopted the con-
vention that the coefficient uA in (3.1) does not need to
be replaced by any crossover counterpart as done in
(2.15) as earlier by CAS; the additional Vl ' factor
reproduces the same result.

We note that application of this crossover transforma-
tion is not restricted to an explicit Landau expansion for
hA,

&
but can also be used in conjunction with any classi-

cal equation for AA, &, as, e.g. , was done by Albright
et al. for the van der Waals equation. However, care
should be taken that the classical equation be a "bare"
classical equation that does not include effective analytic
terms to approximate fluctuation contributions.

When the crossover transformation is applied to the
Landau expansion (3.1) truncated after six-terms we ob-
tain
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aA = 'tM-'7m+ —uAM4'n+ —a M'n'"Ve1 1
2 41 05

+—a M'X)'n' '+ —a tM'T2)'n' '1 1
a 06 41 14

+ a t'M''T'2)Vl1 1

2121 2
(3.3)

with the functions 'T, 2), %, V, and 4' given by
(2.36)—(2.39) and (3.2) in terms of the crossover function
Y to be determined from (2.31) as a function of the dis-
tance parameter a defined by (2.40).

p
—1 —d&t} T appearing in (4.1a) as bp. Here we use the

more conventional definition' Ap=p —1 in accordance
with (2.2).

In applying the crossover model to fluids we continue
to use for the critical exponents and the fixed-point value
of u the values adopted by CAS and listed in Table II.
These values are in good agreement with the theoretically
predicted universal values for three-dimensional Ising-
like critical systems. "

The total Helmholtz free-energy density is related to
b, A in accordance with (2.4),

IV. APPLICATION TO FLUIDS
A =ppo(T)+ Ao(T)+b, A . (4.3)

M =c (hp —did, T)+c
aaA„

Bt M
(4.1a)

As discussed by CAS, the crossover Helmholtz free-
energy density derived on the basis of the LGW model
for critical fluctuations can be applied to fluids through
the identification

The background functions Po(T) and Ao(T) are analytic
functions of the temperature which in principle should be
obtained from a classical equation. Since the precise
functional form of these background functions are not
important ingredients of our crossover model, we
represent po(T) and Ao(T) by truncated Taylor expan-
sions to specify the Helmholtz free-energy density com-
pletely:

BAA„
t =ctAT+c

t

with the corresponding transformation

(4.1b) po(T)= g p, (&T)',
g=0

Ao(T)= —1+ g A, (AT)'.

(4.4)

(4.5)

aaA,
hA =AA„—c

BM

BAA„

M
(4.1c)

Here c, c„c,and d, are system-dependent constants; cp
and c, relate the scale of the physical variables Ap and
6T to the theoretical variables M and t, while the
coefficients c and d

&
arise because of vapor-liquid asym-

metry. As discussed by CAS, upon expanding (3.3) for
K~O one recovers the asymptotic critical power laws as
well as the first Wegner correction terms. Furthermore,
the crossover function (3.2) to be substituted into the M'
term also ensures that the leading asymmetric confluent
singularity is reproduced. For instance, the
renormalization-group theory of critical phenomena pre-
dicts that the diameter (pi+p, )/2p, of the coexisting va-

por and liquid densities has an expansion of the form'

(pl+p, )/2p, = 1+d„bT~' +d, hT

+d„~b,T~' +~+d„~aT~ '+
(4.2)

with b, =vcr, . It can be readily verified that all these
terms are recovered from our crossover Helmholtz free-
energy density, the coefficients d„, d, 2, and d„being
functions of u, A, and the coefficients in the transforma-
tion (4.1). The coefficient d, represents the slope of a
linear temperature dependence of the coexistence-curve
diameter close to the critical temperature. Farther away
from the critical temperature other asymmetric terms
also contribute to the linear temperature dependence of
the coexistence-curve diameter so that the coefficient d,
in (4.2) cannot be identified with the slope of the diaineter
far away from the critical point. ' ' We note that in the
previous paper CAS defined the combination

Our crossover Helmholtz free-energy density contains a
number of system-dependent constants. First, the critical
parameters T„p„and P, are needed; they are deter-
mined from an analysis of experimental data very close to
the critical point. Second, the crossover model contains
the crossover parameters u and A. The parameter 1 —u

is a measure of the importance of the leading Wegner
corrections to scaling. The parameter A is a measure of
the wave number for which the fluctuations become mi-
croscopic; it can be related to an actual dimensional
cutoff wave number qD as

A =
CqqD (4.6)

c =c"(uA)
q t (4.7)

The crossover parameters u and A; the scaling-field pa-
rameters c, c„c, and d&, the coefficients ao&, ao6, a]4,

TABLE II ~ Universal critical-region constants.

v=0. 630
q =0.0333
a =2—3v=0. 110
6=0.51 (co=A/v=0. 80952)
COa

—2. 1

0 *=0.472

where c is the scale factor in the relationship a.=c g
between a and the inverse correlation length g. For—1

x ((1 at M =0, a =-tY' ' 'i, while Y=ir /u A in
accordance with (2.42), so that 1~=(uA) ' ' "t' Since.
the correlation length g diverges as j=(+(b,T) " and
since t =ctAT asymptotically, the coefficient c may be
estimated as
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and a~~ of the Landau expansion; and the background
parameter 3 are determined by fitting the crossover
model tp experimental P-p-T data. In addition, the calor-
ic background parameters p, (j~ 2) are determined from
a comparison with caloric properties such as specific heat
or velocity of sound; the parameters po and JM& are relat-
ed to the zero-point values of energy and entropy. The
equation specifying the various thermodynamic proper-
ties are presented in Appendixes A and B. The numerical
calculations proceed in the same way as described by
CAS for the two-term Landau crossover model.

V. COMPARISON WITH EXPERIMENTAL DATA

A. Carbon dioxide

As a first example we consider carbon dioxide, which
was earlier considered by CAS in applying the two-term
Landau crossover model. "' The primary source of ex-
perimental P-p-T data for carbon dioxide is the measure-
ments pf Michels and cp-wprkers, while Edwards
and Buckingham more recently obtained accurate
specific-heat data for carbon dioxide in the critical re-
gion 29 30

An experimental determination of the critical parame-
ters of carbon dioxide has been reported by Moldover; '

for the critical temperature a value T, =304. 127 K was
found. The subsequent specific-heat data of Edwards and
Buckingham appeared to imply T, =304. 107 K and
this was the value adopted by Albright et al. in their pre-
vious analyses of the thermodynamic properties of carbon
dioxide in the critical region. ' ' Subsequently, the
critical temperature of carbon dioxide was redetermined
by Morrison, who obtained T, =304. 132 K, a value
close to the earlier one found by Moldover. For the pur-
pose of the present paper, therefore, we fixed the critical
parameters of carbon dioxide at the values proposed by
Moldover. '

As mentioned in Sec. IV, the crossover parameters u

and A; the scaling-field parameters cp c& c, and d&' the
coefficients ao5, ao6, a&4, and a2z of the classical expan-
sion; and the background parameters A were all deter-
mined from a fit to the experimental P-p-T data. In
the comparison with the experimental P-p-T data a
correction has been applied for the differences between
the temperatures TM reported by Michels et al. and the
temperatures T68 on the International Practical Temper-
ature Scale as shown in Table III. For temperatures
below T, these differences were earlier determined by
Levelt Sengers and Chen from a comparison of their ex-
perimental vapor pressures with those of Michels,
Blaisse, and Michels. For temperatures above T, we
extended their procedure by comparing the experimental
pressures obtained by Levelt Sengers and Chen with
those obtained by Michels et al. along the critical iso-
chore. This procedure requires the additional assump-
tion that the CO& sample of Levelt Sengers and Chen had
indeed the actual critical density, enabling us to extend
the comparison tp 40'C. At temperatures above 40 C we
simply applied the same correction as at 40'C. The
caloric background parameters were determined from a

TABLE III. Apparent differences between the temperatures

T68 on the International Practical Temperature Scale and the
temperatures T~ reported by Michels et al.

TM
('C)

TM T68
('C)

2.853
10.822
19.874
25.070
25.298
28.052
29.929
30.409
31.013
31.185
31.320
31.523
32.054
34.721
40.087

0.071
0.073
0.075
0.093
0.093
0.044
0.038
0.041
0.031
0.031
0.034
0.039
0.036
0.029
0.021

comparison with the isochore specific-heat data of Ed-
wards and Buckingham, supplemented with specific-
heat values reported by Michels and de Grpot for tem-
peratures and densities farther away from the critical
point. In the comparison with the C, data of Edwards
and Buckingham a temperature correction of 0.02 K was
applied to account for the apparent shift in T, mentioned
above. In addition, a revised estimate for the heat capa-
city of the empty calorimeter was included as determined
by Albright et al. The values of the various system-
dependent parameters obtained are presented in Table
IV.

The range of validity of the six-term Landau crossover
model, when applied to carbon dioxide, is shown in Fig.
1. This range of validity corresponds to

y-' &2.38 .

This condition corresponds to a temperature range

291 K T 373 K at p=p,

and a density range

193 kg/m ~ p & 712 kg/m at T = T, .

(5.1)

(5.1a)

(5.1b)

When only two terms in the classical Landau expansion
are retained, as was done by CAS, the range indicated by
(5.1) reduces to f 0.6; this range is also shown in Fig.
1. We note that CAS specified the range of validity
in terms of the distance function R =(8 b, J/BM ),
which is related to the inverse susceptibility

X
1—= (azb A/Bbp2)~T by X 1=cp2RG 1 with the func-

tion G specified by Eq. (B17)of Appendix B.
A comparison between the experimental pressures of

Michels et al. and the pressures calculated from the
six-term Landau crossover model is shown in Fig. 2.
With o. =0.0001 MPa, o. T =0.005 K, and o. =0.01% as
the estimated errors in pressure, temperature, and densi-
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TABLE IV. System-dependent constants in six-term Landau crossover model.

Carbon
droxrde Steam Ethane

Critical-point
parameters

Crossover
parameters

Scaling-field
parameters

Classical
parameters

Equation-
of-state
background
parameters

Caloric
background
parameters

T.
P,
pc

Ct

Cp

C

Qo5

~O6

a&4

&22

Ao

A2

A3

A4

d]

Pz
P3
p4
pg

304.127 K
7.3753 MPa

467.83 kg/m

0.398 03
1.4214

1.9551
2.4145

—0.025 90

—0.270 63
1.142 28
0.398 39
0.301 16

—1

—6.0079
4.5139

—1.9509
5.1371

—0.332 31

—13.730
—7.9191
32.249

—93.274

647.067 K
22.046 MPa

322.788 kg/m'

0.497 30
1.4145

2.3712
2.0845

—0.092 831

—0.357 16
1.948 28
0.599 00
0.722 96

—1
—6.8535

3.0974
8.4710

—19.301
—0.383 62

—17.949
—12.115

11.806

305.33 K
4.8718 MPa

206.6 kg/m'

0.3691
1.1216

1.5558
2.4995

—0.028 92

—0.055 078
0.977 78
0.517 89
0.702 73

—1
—5.4480

3.3657
—1.4022

10.499
—0.363 55

—15.221
—9.0252
—8.6070

Note: 1.9 A 1.7 A 3.2 A

ty, the equation reproduces the experimental pressures
with a reduced y of 4.0 in the range bounded by

2.38. This reduced y is slightly larger than the
value 2.3 found by CAS (Ref. 4) for the two-term Landau
crossover model in the smaller range bounded by

0.6. However, the errors appear to be distributed
rather uniformly in the extended range.

A comparison of the crossover equation with the ex-
perimental C„obtained by Edwards and Buckingham is
presented in Fig. 3. The experimental data correspond to
two isochores, a critical isochore with p=p, =467 kg/m
and an off-critical isochore with p=434 kg/m . The ex-
perirnental C, data along the critical isochore are repro-
duced by the crossover equation with an average devia-
tion of 1.6%. The transition temperature of the specific-
heat data at the off-critical isochore appears to deviate
from that at the phase boundary implied by the P-p-T
data leading to some systematic deviations within 0.05 K
from the transition temperature. However, the equation
reproduces the crossover behavior to the classical
specific-heat jump at the off-critical isochore well.

The range of validity of the six-term crossover model is
sufficiently large so that also contact can be made with
the values for C, deduced by Michels and de Groot fur-
ther away from the critical point and shown in Fig. 4.

From the information presented in Figs. 3 and 4 we con-
clude that the six-term Landau crossover model extends
to temperatures and densities sufficiently far away from
the critical point where the effect of critical fluctuations
on the specific heat has become very sma)1.

The value u =0.398 for COz differs from the value ear-
lier found by CAS (Ref. 4) for the reasons mentioned at
the end of Sec. II. However, combined with 4=1.42 and
g+ = 1.5 A, we find for the physical cutoff qD

' a value of
1.9 A which is essentially the same as the value of 2.0 A
obtained by CAS on the basis of a two-term Landau
crossover model.

B. Steam

As a second example we consider steam. The system-
dependent coe%cients for the six-term crossover model
were determined by the same procedure used previously
for the two-term crossover model. The critical parame-
ters were again fixed at the values previously determined
by Levelt Sengers et al. The other system-dependent
coefficients were determined from a fit to the P-p-T data
obtained by Rivkin and co-workers, ' except for the
caloric background parameters p, which were deter-
mined from a comparison with the speed-of-sound data
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FIG. 1. Range of validity of the crossover model for carbon
dioxide (a) in pressure and temperature and (b) in density and
temperature. The larger region indicates the range of validity of
the six-term Landau crossover model. The smaller region indi-

cates the range of validity when only two terms in the Landau
expansion are retained.
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FIG. 3 ~ Isochoric specific heat C, of carbon dioxide in the
critical region. The data points indicate the experimental data
obtained by Edwards and Buckingham (Ref. 29) and the solid
curves represent the values calculated from the six-term cross-
over model.

+0.2
~C3

+0.1-
C4

-0.1

C4

-0.2
0

I

0.15
I

0.30

~+a~.g,
~ @43

~ ~ oo oh~

I

0.45 0.60

CO2 O 298-302 K
~ 302-305 K

CP & 305-308 K
o 308-313 K

~8@]p & 313-323 K
o

70

O 313.15 K
o 323.15 K
0 348.15 K

373.15 K

CO2

+0.2
@0

+0.1-

C4

-0.2
0.6 1.6

I

2.1

&& @v
+g &&

0co+ x

X
Cl 0

CO2

0 o

V

0
X

2.6

293 K
293-299 K
299-302 K
302-305 K
305-308 K
308-313K
313-323 K
323-348 K
348-373 K

O

50-8

CO

40—

30
180 290 400 510

Density ( kg/m )

I

620 730

FIG. 2. Percentage differences between the experimental
pressures obtained by Michels and co-workers (Refs. 26—28) for
carbon dioxide and the values calculated from the six-term
crossover model. The deviations are plotted as a function of the
inverse susceptibility y = (Bp, /Bp ) T.

FIG. 4. Isochoric specific heat C„of carbon dioxide away
from the critical point. The data points are the values deduced
by Michels and de Groot (Ref. 35) from the experimental P-p-T
data and the solid curves represent the values calculated from
the six-term crossover model.
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H20
obtained by Erokhin and Kolyanov. ' For details
about temperature-scale corrections the reader is referred
to previous publications. ' ' For values of the system-
dependent constants for steam are included in Table IV.

The six-term Landau crossover model appears to
reproduce the thermodynamic properties of steam in a
range of densities and temperatures bounded by

(5.2)

which corresponds to a temperature range
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FIG. 5. Range of validity of the crossover model for steam
(a) in pressure and temperature and (b) in density and tempera-
ture. The larger region indicates the range of validity of the
six-term Landau crossover model. The smaller region indicates
the range of validity when only two terms in the Landau expan-
sion are retained.
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FIG. 6. Percentage differences between the experimental
pressures obtained by Rivkin and co-workers (Refs. 37 and 38)
for steam and the values calculated from the six-term crossover
model. The deviations are plotted as a function of the inverse
susceptibility g ' = (Bp/Bp) T.

The range of validity in a pressure-temperature plane and
in a density-temperature plane is shown in Fig. 5. If only
two terms are retained in the Landau expansion, the
range of validity reduces g ' ~ 0.5.

With 0. =0.001 MPa, O. T=0.02 K, and o. =0.05% as
the estimated errors in pressure, temperature, and densi-
ty, the equation reproduces the experimental pressures of
Rivkin and co-workers ' with a reduced g of 1.2 in the
range bounded by (5.2). A plot of the deviations of the
experimental pressures from the calculated pressures is
presented in Fig. 6. With g+ =1.3 A for steam, we find

qD '=1.7 A, slightly larger than the value of 1.0 A found
by CAS on the basis of the two-term Landau crossover
model.

A comparison of the six-term Landau crossover model
with the experimental speed-of-sound data obtained by
Erokhin and Kalyanov ' is shown in Fig. 7, a compar-
ison with the experimental C, data obtained by Baehr
and Schomacker is shown in Fig. 8, and a comparison
with the experimental C data obtained by Sirota
et ah. ' is shown in Fig. 9. We emphasize that neither
the C, data of Baehr and Schomacker nor the C data of
Sirota et al. were used in the determination of any of the
system-dependent constants in the crossover equation.

C. Ethane

As a third example we consider ethane. The reason is
that we needed an equation for the thermodynamic prop-
erties of ethane in order to interpret new thermal-
conductivity measurements for ethane in the critical re-
gion. We fixed the critical parameters at the values re-
ported by Douslin and Harrison. The system-
dependent constants were determined from a fit to the P-
p-T obtained by Douslin and Harrison except for the
caloric background constants which were determined
from a comparison with the C, data obtained by Roder.
The values of the system-dependent constants for ethane
are included in Table IV. The experimental data of
Douslin and Harrison are quite accurate. With estimated
errors in pressure, temperature, and density as small as
0. =0.00005 MPa, O. T=0.001 K, and 0. =0.15 kg/m,
we find that the equation represents the experimental
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which corresponds to a temperature range

293 K ~ T ~ 373 K at p=p, ,

and a density range

84 kg/m +p +340 kg/m at T=T, .

(5.3a)

(5.3b)

Plots of the deviations of the experimental pressures
from the calculated pressures are presented in Fig. 10.
With (+=1.9 A for ethane, we find qD '=3.2 A. A
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pressure data with a standard g of 1.2 in a range bound-
ed by

(5.3)

comparison with the specific heat data obtained by Roder
is shown in Fig. 11. Since the data of Roder were not ob-
tained at strictly constant densities, we have not plotted
the C,, data themselves as previously done for the other
fluids, but give a deviation plot. The crossover equation
reproduces the experimental C, data of Roder inside the
range bounded by Eq. (5.3) with an average deviation of
1.3%%uo. A comparison of the crossover model with the ex-
perimental C„, data obtained by Shmakov for ethane is
presented in Fig. 12. The critical temperature implied by
the C, data of Shmakov is 0.033 K higher than the value
of T, reported by Douslin and Harrison. When a correc-
tion is made for this temperature difference, the C, data
of Shmakov are reproduced by the equation with an aver-
age deviation of 1.5%.

Balzarini and co-workers have obtained accurate
interferometric experimental data for the coexisting
liquid and vapor densities pl and p, of ethane. A com-
parison of the crossover equation with these experimental
coexisting data is presented in Fig. 13. The agreement is
quite satisfactory if one keeps in mind that none of the
density data reported by Balzarini and co-workers for
ethane at coexistence were used to determine any of the
constants in the crossover equation for ethane. Any re-
sidual deviations are simply related to a small systematic
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FIG. 10. Percentage differences between the experimental

pressures obtained by Douslin and Harrison (Ref. 46) for ethane

and the values calculated from the six-term crossover model.
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bility y ' = (dp/(3p) T.
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data obtained by Roder {Ref.47) for ethane and the values cal-
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FIG. 12. Isochoric specific heat C, of ethane at p=p, as a
function of temperature. The data points indicate the experi-
mental data obtained by Shmakov (Ref. 49) and the solid curves
represent the values calculated from the six-term crossover
model.

difference between the experimental data of Balzarini and
co-workers and those of Douslin and Harrison. The
coexistence-curve diameter satisfies an expression given
by (4.2). From the fit of our crossover model to the I' p T--
data we obtain for ethane the coefficients d, &

=0.356 for
the ~b, T~' term and d& = —0.364 for the term propor-
tional to 6T. In spite of the agreement with the
coexistence-curve data of Balzarini and co-workers, these
coefficients differ considerably from the values d, &

=0.661
and d, = —0. 150 deduced by Pestak et al. ' from these
coexistence-curve data. These differences are due to the
correlation between the ~AT~' and the b, T terms which
severely hampers a determination of the actual ampli-
tudes from coexistence-curve-diameter data alone. On
the other hand, if we try to At the I'-p-T data with
d& = —0. 15, the standards increases from 1.2 to 69. We
conclude that the value of the amplitude of the

~
6T

~

'

deduced from a restricted set of data should be treated
with reservations. A similar observation was made previ-
ously in determining amplitudes of correction-to-scaling
terms in the critical power-law expansions. '

Ref. 46 C2H6

1.03

+ CL
CV

1.02

1.01

1.00—
0

0.70
(b)

0.01 0.02 0.03 0.04

VI. CONCLUSION

We have developed a procedure to construct from a
classical Landau expansion a Helmholtz free-energy den-
sity which accounts for the crossover from scaled Ising-
like behavior close to the critical point to analytic behav-
ior far away from the critical point. A comparison with
experimental data indicates that a satisfactory thermo-
dynamic representation is obtained at almost all tempera-
tures and densities where the effects of critical Auctua-
tions are significant, if only six terms are retained in the
classical Landau expansion.
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term crossover model ~

APPENDIX A: THERMODYNAMIC RELATIONS

1. Reduced thermodynamic quantities

The reduced thermodynamic quantities are as follows:
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T; pp T, PT,P=
T TP,

'
TP,

Ao(T)= —1+ g A, (bT)', (A9)

p
p
pc

AT, U=
VTP, VP,

(A1)

po(T)= g p, (&T)'.
g=0

(A10)

ST,'
VP,

HT,H=
VTP,

'

The term AA in (AS) is the crossover part of the free-

energy density as specified in Appendix B.

VP,
' ~ VP,

'
P, T

4. Derived thermodynamic quantities

The derived thermodynamic quantities are as follows:

where T is temperature, p is density, P is pressure, p is
chemical potential, A is Helmholtz free energy, U is
internal energy, S is entropy, H is enthalpy, C, is isochor-
ic heat capacity, C is isobaric heat capacity, and 8 is
the speed of sound.

p = b p+ p (oT ),

Ap=
Bhp g y.

(A11)

(A12)

2. DifYerential relations

The difT'erential relations are
a'-a A

Bhp
(A13)

dA = —UdT+pdp,

dP = UdT+pdp,

dS = —TdU —pdp,
(A2)

dAO(T) dp, o(T)

dT dT
aaA
BET gp

(A14)

dH = —Td U+pdp,

with

aP
BT

dAO(T)
+p

dT r)b pub, T
aaA
BAT

(A15)

P =pp —A,

S=—TU —A,

(A3)

(A4)

d'Ao(T) d'po(T)
C„/T'= — —

pdT2 dT2
BAA
BAT gp

(A16)

H=P —TU . (A5)
C C+X

P I' -2
p

P —T aP
2

(A17)

3. Fundamental equations

The fundamental equations are

AT= T+1, (A6)

'1, 2~C
X C„,

(A18)

Ap=p —1,

A =pp ( T j+ A ( T )+6A,

with

(A7)

(A8)

APPENDIX B: EQUATIONS FOR SIX-TERM
LANDAU CROSSOVER MODEL

1. Fundamental equations

The fundamental equations are the following:
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BhA„
t =C,51+C

M=c (bp d, —hT)+c
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euA
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BaA„ where the crossover function Y is to be determined from
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(84)

(85)

(86)

a ~ = t 'T+ —,
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2. Thermodynamic derivatives

The thermodynamic derivatives are

(811)

Bkp

BAA
=C,

a~a. „
B'aA

t)~P t f

BaA„
BM

BaA„
C di

, B'aA,
P BM2

BaA,
BM

(812)

(813)

(814)

B2~ A B'a A„=C C( C
B~pBaZ. ~ ' BtBM

'2
BbA,
BtBM

B AA„

Bt2

B AA„

M BM

B AA„6 ' —c'd, G
—1

BM'
(815)

BAA
BAT

B'aA„
C

Bt2

B'aA,

M BtBM BtBM

'2
B AA„B AA

Bt' . M BM'

B hA„
2d2 " 6 —

1 (816)

with
2

B hA„'
ataM

, B'aA,
C

B)t

B hA„

M BM
(817)

3. Derivatives of crossover functions

The derivatives of crossover functions are the following:

BK

M
=F, (t,M)'T, (818)

BK =F, (t, M)u AM'M), (819)

BY =F,(t,M)7,
M

=Fz(t, M)u AMYL),BY

(820)

(821)
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with

(B22)

(B23)

A Af, = 1+
2K K

1 (1—B)Y—+
1 —(1—u)Y

(B24)

2 v tV+ 'uAM 'M2)2' (B25)
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