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Here we discuss the limits of the recognizability of neutron interference patterns either observed
in low-contrast measurements or when collecting very few neutrons only. Low contrast can be
caused by a strong beam attenuation or by a large phase shift applied to one beam path. Stochastic
and deterministic cases have different influences on the interference pattern, which can be interpret-
ed as a different wavelike or particlelike behavior of the system. Measurements of interference pat-
terns with very few neutrons only are related to the phase—particle-number uncertainty relation,
which is discussed on the basis of stochastic and quantum theory arguments. Analogies between
coherent-state behavior known in atomic physics and the behavior of neutrons in an interferometer

are discussed also.

I. INTRODUCTION

Neutron interferometry has been developed for
thermal, cold, and ultracold neutrons.! ~* Since its inven-
tion it has been used for many fundamental investigations
concerning the wave-particle duality and the gravitation-
al, electromagnetic, and strong interaction of the neutron
with its surroundings.’~® Neutrons are massive particles
with many well-defined particle properties including an
internal quark structure, but they behave in neutron in-
terferometry like waves according to the complementari-
ty principle of quantum mechanics. All the performed
experiments belong to the regime of self-interference be-
cause the phase-space density of any neutron beam is ex-
tremely low (107 '%) and in nearly every case when a neu-
tron passes through the interferometer the next neutron
is still in a uranium nucleus of the reactor fuel. There-
fore, in general, one observes, first-order interference
fringes that are caused by a variable phase difference ¢ of
two overlapping coherent beams. The degree of coher-
ence is defined as the absolute value of the autocorrela-
tion function of the overlapping beams, which can be
determined experimentally from the visibility of the in-
terference fringes® '°

T <1+ (|T(A)|/|T(0)| )cosd
with (1)
C(A)={(¢*(0)¥(A)) ,

where A is the optical path difference and ¢ the phase
difference of the interfering beams (¢ =k-A).

A reduction of the visibility can be caused by a nonuni-
form phase shift across the beam, by a spatial shift of one
wave train relative to the other in the order of the coher-
ence lengths of the beam,'! ™13 or by the attenuation of
one of the interfering beams.'*!> Most interference ex-
periments aim high visibility at high counting rates in or-
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der to determine the phase difference as accurately as
possible. Contrary to those experiments we are here deal-
ing in the first part with experiments that show a low
contrast and in the second part with such ones of very
low counting rates. Both kinds are related to the ques-
tion of the statistical and physical significance of an in-
terference pattern and treat the limiting cases where in-
terference phenomena can still be detected.

II. CONTRAST REDUCTION
BY BEAM ATTENUATION

The simplest way for beam attenuation is by inserting
an absorbing material into one of the coherent beams of
an interferometer. The absorption process can be de-
scribed by an imaginary part of the index of refraction,
yielding a complex phase shift

o=¢' +ig", (2)
with ¢'=—Nb.AD and ¢""=No,D /2, where D is the
thickness of the sample along the beam path, N is the
particle density, b, is the coherent scattering length of
the sample, A is the wavelength of the neutrons, and
o,=o0,+to, is the total cross section including absorp-
tion and scattering effects in order to fulfill the optical
theorem of general diffraction theory.!* In the absorption
process of a neutron a compound nucleus is formed with
an excitation energy of about 7 MeV, which decays by a,
f3, or y radiation, which can be registered by various
detectors. Absorption is an irreversible process caused
by the statistical formation of the compound nucleus and
can be seen as the essential step for a measuring process
and indeed any absorbed neutron causes a signal identify-

ing the beam path the neutron has chosen. The residual
interference pattern reads as'>!®

I=I"(ael+62)+17[(a+l)+2\/; cos¢'] , (3)
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where I" denotes the noninterfering part and I' the in-
terfering part, and €, are the relative probabilities of the
noninterfering part stemming from beam paths I and 1I,
respectively. The beam attenuation (in beam 1) is given
by a =1/I,=exp(—No,D) and can be measured sepa-
rately when the second beam is closed completely.

If the beam attenuation in one beam path is achieved
by a well-defined (deterministic) reduction of the beam
cross section or by a slowly rotating chopper disk with a
well-defined open-to-closed ratio, the measured intensity
behind the interferometer is the sum of the intensities of
the open and closed regions (times):

l

I=I"(ael+62)+17[(a +1)+2a cosd’] . 4)

One notices the differences of the interference pattern in
the first (stochastic) and in the second (deterministic)
case, although the same number of neutrons are ab-
sorbed. The amplitude of the interference pattern varies
in the first case as V/a, and in the second case proportion-
al to a, which gives, especially for strong beam attenua-
tions (@ <<1), marked differences keeping the interfer-
ence pattern visible in the stochastic case up to surpris-
ingly high beam attenuations.

Related experiments have been performed with a per-
fect crystal interferometer and different Gd solutions in a
quartz container to obtain sufficiently strong beam at-
tenuations, to reduce any small angle scattering effects,
and to avoid large phase shifts which would cause a con-
trast fading due to coherence effects. The interference
patterns have been measured with and without the ab-
sorber by rotating an auxiliary Al phase shifter to vary
¢’. Characteristic results for @ =0.004 95(68) are shown
in Fig. 1. The interference pattern is clearly visible
[IT]=0.0378(42)], while the probability of finding the
particle in the beam path without the absorber is already
99.505(68)%. This demonstrates that an interference am-
plitude V'aI'is triggered that is considerably larger than
the (coherent) beam power of the beam behind the ab-
sorber (aI‘/2). Indications of an interference modulation
can even be obtained if the statistical fluctuations of the
nonmodulated part become larger than the interference
amplitude, ie., [I™ae+€)+I(14+a)/2]"*>Val'.
The compilation of previous and new results concerning
the amplitude attenuation of the interference pattern due
to absorption in one beam path is shown in Fig. 2.

The values at very low transmission probabilities lie
slightly below the V'a curve, which may be caused by ex-
perimental errors or by more fundamental phenomena
like the presence of fluctuations of the absorption proba-
bility.!” More detailed experiments are in progress.

If two absorbers with beam attenuation factors @ and b
are inserted in both beams, the interference pattern has to
be written as

I =I"(a61+bez)+17[(a +b)+2Vab cosd'],  (5)

which has been proven in the course of scattering length
measurements of highly absorbing materials.'® In the
case of equal attenuation (@ =b) the visibility remains un-
changed and the interference amplitude is reduced pro-
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FIG. 1. Interference pattern in forward (0) direction without
(above) and with a strong Gd absorber inserted in one beam
(below). The intensity values are related to a measuring time of
40s.

portional to a.

The beams in the interferometer can also be attenuated
by coherent or incoherent scattering processes. Related
experiments with a perfect silicon crystal placed in a non-
dispersive position relative to the interferometer crystal
yielded an attenuation factor @ =0.000 325(18), which re-
lates to a crystal reflectivity of R =0.999 675(18) and to a
fringe visibility of |I'|=0.0127(30), which is still a
measurable signal.!® This additional coherent beam split-
ting does not constitute a measurement as the deviated
beam can in principle be fed back into the original one.
Similar effects occur in the case of diffraction from grat-
ings where a part of the neutrons become labeled neu-
trons which can be understood as a shift in momentum
larger than the widths of the momentum distribution in a
certain direction.!>!* This changes the autocorrelation
function [Eq. (1)] and, therefore, the interference pattern.
The reduction of the contrast at high order is caused by
the same phenomenon but in spatial coordinates. For
Gaussian momentum distribution functions with momen-
tum widths 8k the visibility function varies as a function
of the phase shift ¢’ as

IT(A)]

0] =exp[ — @8k /k ) /2]

=11 expl —(A,;8k,)* /2], (6)

where it should be mentioned that the momentum resolu-
tion 8k in perfect crystal interferometry is rather unsym-
metric, causing significant differences whether the surface
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FIG. 2. Normalized interference amplitudes for stochastic and deterministic absorption with special attention for the low

transmission case (insets).

of the sample is placed parallel or perpendicular to the
reflecting lattice planes of the interferometer crystal.!>2°
Many related experiments have been reported in the
literature.!""!* The reduction of the contrast in the neigh-
borhood of the 256th interference order caused by a
35.006(17)-mm-thick Bi phase shifter imposed on a
Gaussian beam [A=1.9225(24) A] is shown in Fig. 3."°
The obvious reduction of the contrast is caused partly by
the high-order coherence effect [0.12 from Eq. (6)], the
beam attenuation [0.675 from Eq. (3)], and due to the
roughness of the surface (0.79). Thus it is partly deter-
ministic and can be undone in the course of the experi-
ment, and partly stochastic, which cannot be undone.
Similar results have been reported for photon experi-
ments where the transmission of the reflecting mirrors
was varied.?! These measurements were discussed in
terms of an unsharp wave-particle behavior’>?* or in
terms of unsharp measuring procedures, where the term
“unsharp” has nothing in common with the term “inac-
curate.”** Various models mainly based on information-
theory arguments claim different conservation laws for
the particle and wave knowledge.?*?>?® None of them
can account for all the phenomena discussed before.

Therefore an alternative formulation will be given in Sec.
Iv.

III. LOW-COUNTING-RATE PHENOMENA

In this case only few neutrons have been counted and
the phase difference ¢ between the coherent beams can be
obtained with rather large error bars only, which is relat-
ed to the phase-particle-number uncertainty principle.
In a realistic experiment the intensity behind the inter-
ferometer is measured at K different positions j of the
phase shifter for a certain period of time or monitor
counts. Interferometer theory predicts

N;=N[1+V cos(¢,)] (7

and statistical theory yields for an estimate of ¢, if the
mean counting rate N and the  visibility V

[V=(|T(A)|/IT(0)|) of Eq. (1)] are known from other
experiments,

(A, )= — i/ — . )
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FIG. 3. Interference pattern if a phase shift in the order of the coherence length is applied. The AD values belong to the optical
path differences caused by the Al auxiliary phase shifter (Ref. 13). The intensity values belong to a measured time of 113 s.
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From the K different phase shift settings one obtains an
estimate for the phase difference ¢ by y? optimization
x -1

S (A¢,)7?

j=1

(Ag)*= 9

Approximating the sum by an integral over a definite
number of interference fringes one obtains

2
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A 2AN2:—————>
(BOPANP= -

1, (10)
where AN denotes the standard deviation of the total
counting rate N registered at_this detector, which obeys
Poissonian statistics (AN =V'N) as a basic feature of the
source emission process.

If one includes the counting rates observed by the oth-
er detector, or if already in the measurements one uses
the constraint NJO-FNJ-H:NB (binomial scan), one obtains

-1

da - (1+V1=2f)"' 51, (11)
V-1 /',,l
2
7 ﬁ:h—lo«o-ﬁH-?
S .
NoMm
]
=
1 M
/ey ANo ax
v g
01234 012345
l —= N,
s N=No+NH -50
Min
bN° -
Id‘ )
1 10 20 8 14 20 26 2
— N
POISSON

FIG. 4. Measured counting-rate histograms for a binomial (left) and a Poissonian measuring method (right) for very low counting
rates (N =2, above) and a medium counting rate (N =50, below). Each part is divided into a case where there is minimum and max-
imum counting rate in the O detector. Calculated values are shown as dashed lines.
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where f is the average fraction of counts the detector in
forward direction (0) receives, and N,=KN B is the total
number of neutrons counted. A comparison of Eq. (10)
and (11) shows that using the counts of both detectors in-
creases the accuracy of the phase measurement ideally by
a factor of (N/N,)!/2. A similar result has been estab-
lished by a maximum likelihood analysis.?” A coupling of
the interference counting rate to the monitor counting
enlarges the uncertainty product up to 1% (for a monitor
efficiency of 10™%). Similar results have also be obtained
by Yurke?® for an ideal Mach-Zehnder interferometer.

If the visibility is considerably smaller than 1, the term
[1—(1—¥?)12]7! can be approximated by 2/V?, which
yields for monitor scans

(A¢>2N=—I§; : (12)
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FIG. 5. Characteristic interference pattern taken with rather
small numbers of neutrons.
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and for binomial scans
NH 2

2N —
(8PN, = =577 -

(13)

The difference with the exact formula is of the order of
5% for V=0.5.

Related experiments have been performed at the inter-
ferometer setup at the 250-kW TRIGA reactor in Vien-
na, which certainly is an appropriate facility for low-
counting-rate phenomena. In the first part of the experi-
ment, histograms were taken of how many counts reach
the O detector for a fixed monitor counting rate. Many
repetitive measurements were done to obtain the distribu-
tion function P(N,), where two positions j were chosen,
one at the maximum and one at the minimum intensity in
this detector. For both cases a Poisson distribution is ex-
pected

— [\'J _

e N, (14)

4

P(N)="
!

Analogous measurements with a constant total counting
rate yielded binomial statistics (NB=Nj°+NJH)

B__ 50
NE—N§

B| 0
P(NY)=— N =) (15)

TN NE—NOY
NY(NE—NY?)

The experimental results show for both cases good agree-
ment with the theoretical predictions (Fig. 4). Whereas
in the binomial scans the total number of counts in both
detectors is constant, in the monitor scan cases the mean
counting rate N was chosen to be comparable to that in
the related binomial scans.
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FIG. 6. Measured phase—particle-number uncertainty rela-
tion compared to the statistic theory estimate for a binomial
(above) and a Poissonian (below) measuring method.
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The same setup was used to extract phase information
out of fringes measured with only very few neutrons (Fig.
5). These measurements were also repeated many times
(up to 10000 times) and the data points were fitted by
means of a least-squares-fit procedure according to Eq.
(7). The results obtained are compared to the expected
behavior in Fig. 6. The agreement with the predictions of
Egs. (10)-(13) is again fairly good. At the same time
these experiments demonstrate the buildup of the in-
terference pattern from single-neutron events as it has
been demonstrated in a similar fashion for electron in-
terference patterns.?®3°

IV. DISCUSSION

As mentioned in Sec. II the measured reduction of the
interference contrast due to absorbing or scattering phase
shifters can be visualized as unsharp wave-particle behav-
ior of the system or alternatively to an unsharp measur-
ing procedure.??”2* In this respect the behavior of the
system changes with increasing absorption from a purely
wavelike interference one to a particlelike one with dis-
tinct beam path detection.

A measure for the wavelike nature can be found from
the correlation function of the interfering beams [Egs. (1)
and (7) with N=1,T, which defines the transparency of
the system]

w(Tv)=TV = || ) , (16)
and for the particlelike nature

P(TV)=1—-TV=1—{|yp}y"|) , (17)
which yields the conservation law

P+wW=1, (18)

and which describes all the phenomena discussed in Sec.
IT (Fig. 7). T denotes the general transparency of the sys-
tem and represents losses which, in principle, are
equivalent to having detected a neutron at a certain posi-
tion in the interferometer, and V is the visibility of the in-
terference pattern. The averages have to be taken over
the beam cross section. The different cases are discussed
in Ref. 31.

The formulation of the phase-particle-number uncer-
tainty relation in Sec. III is based on standard probability
theory and has to be completed in the case of a more
rigorous treatment including quantum-mechanical
effects.”> % The fermion character of neutrons does not
appear directly because the low intensities involved in
any kind of neutron interference experiment make
particle-particle interaction negligible. In this case
Fermi-Dirac statistics approaches Bose statistics because
successive neutrons are generally separated in time,
space, and momentum.>® Such systems are generally de-

FIG. 7. Synopsis of wavelike and particlelike character of
neutrons in different experimental situations.

scribed by coherent states®> 37 whose associated number
states are Poisson distributed and whose phase-
difference —particle-number uncertainty relation can be
written as**8

o« N”
2

(Ag)=1—e N—=NZe *V —
¢ Lo n!Vn+1

, (19)

which reduces for N >>1 to the statistical limit discussed
before [Eq. (8)], but which deviates from that value for
N —0 due to projection states onto the vacuum state.
Similar behavior has also been verified in the analysis of
low-counting-photon experiments.3® 38

The analogy between coherent states and free, but
coherently coupled, particle motion inside an interferom-
eter addressed here needs further justification. By weak-
ening the harmonic potential, which is generally used to
define coherent states, the characteristic level structure
disappears and reaches the limiting case of a momentum
distribution function which characterizes the free-moving
particle beam. The consistency of the coherence lengths,
which are determined by the momentum distributions,
can be seen as an analog to the uniform wave-packet phe-
nomena in coherent atomic states. Additionally, a time
average has to be taken instead of an ensemble average
which is equivalent in any ergodic interpretation of quan-
tum mechanics. Thus the coherently split k states (k and
k+G, where G is a reciprocal-lattice vector) with a
phase difference ¢ exhibit properties similar to coherent-
state phenomena.
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