
PHYSICAL REVIEW A VOLUME 42, NUMBER 7 1 OCTOBER 1990

Self-fields in semiclassical radiation theory
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The interaction of an atomic system with an unquantized electromagnetic field is studied by
means of the Heisenberg-operator equations of motion. The electromagnetic fields created by the
atom are taken into account by assuming that the charge and probability current densities are the
actual charge and current source terms in Maxwell's equation. When Ehrenfest's theorem is written
to order (1/c)', the equations of motion are found to have a constant of motion that can be inter-

preted as stating that the sum of the atomic energy, energy of interaction, and energy stored in the
electromagnetic field is constant. This constant of integration can be expressed as an expectation of
a new semiclassical Hamiltonian that now includes the effects of the atomic self-fields to order 1/c'.
This Hamiltonian is related to the classical Darwin Lagrangian. Since the new approximate Hamil-

tonian is the sum of an atomic and a field Hamiltonian, it provides a formulation of semiclassical ra-

diation theory that is formally close to the usual formulation of quantum electrodynamics. A
Schrodinger equation can be derived by applying the variational principle to the expectation of the
new Hamiltonian. The result is a nonlinear integro-differential equation, in 4, which is somewhat

similar to Hartree s self-consistent equation for a multielectron atom. When the Heisenberg equa-

tions are written to include the next-higher-order terms, 1/c, it is found that the total energy of the
atom and the electromagnetic field in the vicinity of the atom decreases at a rate that is given by the
Larmor power formula (2e'/3c'i(d (v) /dt)', where (v) is the quantum-mechanical expectation of
the electron's velocity operator. This approximate formulation of semiclassical radiation theory is

applied to semiclassical calculations of atomic radiative shifts. It is then shown that, if some retar-
dation effects are included to all orders of 1/c in the vector potential, the semiclassical analysis pro-
vides a formula for radiative energy-level shifts that are time dependent and that contain coefficients
similar to the starting point of the Bethe calculation of the Lamb shift. The incorporation of mass

renormalization in semiclassical theory is then discussed.

INTRODUCTION

In order to apply his equation to the interaction of
electromagnetic radiation and matter, Schrodinger' first
interpreted the absolute value squared of his wave func-
tion, %*%, to be an actual charge density. This interpre-
tation was based, in part, on his discovery of the
quantum-mechanical continuity equation, which could
then be reinterpreted as the classical continuity equation
relating electrical current and charge. According to this
"electrodynamic*' hypothesis, the charge of an electron is
not located at a point within an atom. Instead, it is
spread out through a volume according to a charge densi-
ty given by e%"%. If the electron was not in a stationary
state, then the Schrodinger charge cloud would oscillate
and, in accordance with classical electrodynamics, radi-
ate at frequencies equal to the difference in the electronic
energy levels.

This electrodynamic interpretation of the wave func-
tion met with moderate success in explaining the interac-
tion of bound states with an electromagnetic field. It pro-
vided direct methods for computing the frequency, rela-
tive intensities, and polarization of radiation emitted or
scattered by an atom. Furthermore, it provided surpris-
ingly accurate energy values when Hartree applied it to
the calculation of the energy levels of a multielectron
atom. The use of Schrodinger s electrodynamic interpre-

tation in the Hartree self-consistent method will be dis-
cussed in more detail below.

Schrodinger s interpretation of 4' was found to be seri-
ously Aawed when used to explain the behavior of a free
particle. The general spreading of a particle's wave pack-
et made it too transient to be as stable as particles that
are found in nature. Furthermore, the application of this
interpretation of quantum mechanics to a scattering ex-
periment suggested a splitting, or division, of particles
which is not experimentally observed. Also, the details of
electromagnetic radiation were not adequately explained
by the electrodynamic hypothesis. For example, the elec-
trodynamic hypothesis leads to the prediction that the
relative intensity of two different spectral lines, which
originate from the same initial state, could be altered by
changing the relative populations in the two different
final states. This was found to be inconsistent with exper-
iment.

A satisfactory explanation of spontaneous emission
was not found by Schrodinger using his interpretation of

Later, Fermi extended Schrodinger's formulation by
including the effects of an atom's classical radiation reac-
tion field back upon the atom. This assumption led to a
form of spontaneous decay which had the time depen-
dence of a truncated hyperbolic secant. This time depen-
dence was different from the exponential decay found by
Weisskopf and Wigner using a quantum electrodynamic
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calculation. The exponential time dependence of the de-

cay has been experimentally verified.
Born s statistical interpretation of the wave function

has proven capable of explaining the phenomena that
Schrodinger s analysis does and, at the same time, it ac-
counts for the free particle and scattering experiments
and others which the electrodynamic hypothesis was un-
able to explain. Thus the Born probabilistic interpreta-
tion of 4' has become a cornerstone of the generally ac-
cepted Copenhagen interpretation of quantum mechan-
ics. In the case of large numbers of quantum particles oc-
cupying the same state, the Born and original
Schrodinger interpretation give the same predictions. In
other circumstances, the Born probabilistic interpretation
provides the predictions that agree with experiment.

NEOCLASSICAL RADIATION THEORY

Quantum electrodynamics (QED) is not a perfectly
consistent theory. It is plagued by divergences, some of
which are carried over from the classical theory of elec-
tromagnetic fields, and some of which are introduced by
the procedure of quantizing the electromagnetic field.
Quantizing a field that has an infinite number of degrees
of freedom seems to lead unavoidably to an infinite
amount of energy in the zero-point oscillations. Further-
more, the usual QED derivation of spontaneous decay,
the Lamb shift, and the calculation of the anomalous mo-
ment of the electron seem to require these zero-point os-
cillations. Nevertheless, it is difficult to rationalize that
these zero-point oscillations actually exist in nature.

In order to explore the prediction of a theoretical alter-
native to QED, Jaynes and his co-workers " have built
upon the ideas of Schrodinger and Fermi and further
developed what they have named the neoclassical theory
(NCT). However, this program has not, to date, been
able to point to any new crucial experimental tests of
QED. Whenever the predictions of NCT and QED were
different and could be practically tested, the QED predic-
tions were found to be correct. Nevertheless, the Jaynes
NCT is intuitively appealing and, where it does agree
with the QED, it provides helpful physical insight con-
cerning the process of interaction of radiation and
matter.

NEOCLASSICAL HAMILTONIAN

The current analysis will begin with the conventional
quantum-mechanical description of an electron of charge
e, which is subject to a time-independent potential U(r).
The system will also be perturbed by an electromagnetic
field which is characterized by a scalar potential P(r, t)
and a vector potential A(r, t). The electromagnetic field
is envisioned to include both the self-fields of the electron
acting back upon itself and the possibility of an external
field. The Hamiltonian has the form

H =(p —e A/c) /2m + U(r)+eP .

The time evolution of the position operator r may be ob-
tained from the Heisenberg equations of motion:

dr
dt

=v=(p —e A/c)/m, (2)

which will serve as a definition of the velocity operator,
and

dv
Vp+

~A

+(e/2c)[vX(VX A) —(VX A)Xv] —VU . (3)

Equations (2) and (3) constitute a generalized Ehrenfest's
theorem for a charged particle in an electromagnetic
field.

The sum of the two equations, obtained by applying
the vector dot product with the Hermitian operator v
once on the right and once on the left of Eq. (3), can be
rewritten as

d [(mv /2)+ U]
( /2)(Vy ~ Vy)

dt

BA BA—(e/2c) v + v
dt Bt

(4)

The fact that v (vXH —HXv)=(HXv —vXH) v@0,
where H =V X A, and that d U/dt =v VU+ VU v when
d U/dt =0, has been used in deriving Eq. (4).

The essential assumption of neoclassical theory is that
the product of e times the quantum-mechanical probabili-
ty density 0"0' acts as an actual electrical charge density

p(r, t) that can be used for analyzing the interaction with
electromagnetic fields. In other words, it is assumed that
real charge and current densities that can be written as

and

p(r, t) =e%'*+, (5a)

J(r, t) =(e/2)[%*(v+)+(v%)'ql] (5b)

J, (r', t —R /c)
A(r, t)= —f ' dr'+ Ao(r, t),

C

P(r, t)= I ' dr'+go(r, t),p(r', t)

(6a)

can be used as the source terms in Maxwell's equations.
It will follow, from this assumption, that the radiation
field at a distance from an atom, that is large compared
with the wavelength, is equivalent to that of a classical
electric dipole whose value is given by the quantum-
mechanical expectation value (er). But the basic as-
sumptions of NCT are contained in Eq. (5), and the ob-
servation that electromagnetic fields are the same as if the
expectation of the atom's dipole moment were an actual
dipole moment is a consequence of this assumption.

In the Coulomb gauge, the fields which result from
these charges can be expressed in terms of the retarded
vector potential and the instantaneous Coulomb poten-
tial:
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where Ao and iI)o are solutions of the homogeneous wave
equation, which correspond to any externally applied
fields. The self-fields A, and P, correspond to setting the
externally applied fields to zero. J, refers to the trans-
verse component of the current density and

I

R = Rl= r —r'I

Expressions for the self-fields are only needed over the
small region for which the atomic wave function is appre-
ciably different from zero. This makes an expansion of
the time-dependent current in powers of 1/c useful:

J, (r', t)
A, (r, t)= — ' dr' — —f J(r', t)dr'+ R J, r', t dr'+

c R 3c' dt ' 2c' dt
(7)

where the identity

f J, (r, t)dr= ', f J—(r, t)dr,

which is derived in Appendix A, has been used to obtain
the second term of Eq. (7}. It would be more precise to
view the expansion of Eq. (7) as an expansion in (U/c),
where v is a characteristic velocity of the charge elements
that make up J, or in terms of (ace/c) where a is a
characteristic dimension of the charge distribution and co

is characteristic of the frequencies contained in the
Fourier transform of J. However, such an approach
would be cumbersome, and it is sufficient to just carefully
keep track of powers of 1/c throughout this paper. In a
relativistic analysis, J could have velocity components
equal to the speed of light, c, and the expansion of Eq. (7)
would have to be looked at more critically. The first term
in the expansion of Eq. (7) is the Coulomb gauge vector
potential, which gives the magnetic field that corresponds
to the law of Biot-Savart.

Because Eq. (6) involves integrals over space, substitu-
tion of the expressions for charge and current density of
Eqs. (5) leads naturally to expressions for the self-fields in
terms of quantum-mechanical expectation values. When
this is done the result obtained from Eqs. (7) and (6) is

fJ,(r, t)e '"'d r = e ( e '"'v
& j

= —e—X —X 4 (e v%)dr
k k lk I'

k k

(1 lc)

and the identity

1/R =(1/2a )fdke'" /k (12)

H =Ho+Ht =mv /2+ U+eiI),

where the Hamiltonian in the absence of all fields is

(13)

Ho=p /2m + U, (14a)

and the interaction Hamiltonian is

has been used. Equation (1 lc) was derived with the aid of
results of Appendix A.

The expression for the Hamiltonian of Eq. (1) can be
rewritten in terms of the Hermitian velocity operator v of
Eq. (2).

A, (r, t)= e dk
2mc k or

Ht=eg —(e/2c)(A v+v A) —(e /2mc )A (14b)

2e d(v&
3c~ dt

~ ( )
e f dk ik.r( —ikr&

2~2

where the Hermitian property of v ensures that

f J(r, t)dr=(e/2) f [+*(V+)+(V+)*2Ir]dr

=e f+*(v+)dr=e&v& .

(9a)

(9b)

(10)

Ht=eg —(e/c)( A v) —(e /2mc ) A (14c)

for the Coulomb gauge.
When the expressions for the self-fields given in Eq. (9)

are substituted into operator equations of motion, such as
the Heisenberg equations of Eqs. (3) and (4), one gets an
expression that is a mixture of quantum-mechanical
operators and expectation values. An expression that just
involves quantum-mechanical expectation values can be
obtained by taking the expectation of this mixed equa-
tion. For example, taking the expectation value of Eq. (4}
when there are no external fields, one gets

Other quantum-mechanical expectation values are given
by

—(mv /2+ U& = —(e/2)( Vg, .v+v VP, &

d

( eik r
& f@e( ik re2Ir)dr

(eik rv
& f )pe( ik re@)dvr.

(1 la)
dA, BA,—(e/2c)(v

* + ' .
v) .

at at

The use of expressions of Eq. (9) reveals that
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d(y, ) ay,—(e/2)(VP, .v+v. V), ) = —e +e = —(e/2)
dt dt dt

dk
( ik r)( —ik r)

4~ dt
(16a)

where the identity d ( P, ) /dt =2( BP, /Bt ), which is derived from Eq. (9b) in Appendix B, has been used to obtain Eq.
(16a). Similarly, the quantum-mechanical expectation values are given by

BA, BA,—(e/2c)(v
' +

at at
'V

2 2 2e d dk( ikr ) .(
—ikr ) +2e ( )

d (v)+
4m c dt k 3c dt

(16b)

e dk 22—(e/c)( A, v) = — ' f (e'"'v) (e '"'v) + ' (v) " + (16c)

The last term in Eq. (16c) is proportional to d ( v) /dt. Such a term appears in many classical derivations of radia-
tion reaction. In these classical derivations it is neglected because its average contribution can be exactly zero for a
periodic system or go to zero when averaged over an increasingly longer time period for a bound system.

The expression of Eqs. (16), which are given in terms of quantum-mechanical expectation values, can be rewritten in
terms of the current and charge densities of Eq. (5) as follows:

1 dk„.„1J, (r, r) J, (r', r)
z z f z

(e'"'v)~ (e '"'v), = f f ' ' drdr'

J(r, t) J(r', t) [J(r, t) R][J(r', t) R]
4c R R

(17a)

1 dk, ,„.„,;k.„,p(r, t)p(r', t)
„drdr

4m k
(17b)

LARMOR FORMULA

J, (r, t) J, (r', t)
+ dr dr' .

2c R
(19)

In the absence of externally applied fields, Eq. (19) is
equal to Eq. (18) when terms of order of 1/c and higher
are neglected.

In Appendix B, it is shown that Eqs. (15), (16), and (19)
can be combined to give an expression for the time rate of
change of the expectation of the Hamiltonian defined in
Eq. (1):

d(H) d(HO+Hi)
dt dt

dHF

dt

'2
2e2 d(v)
3c

(20a)

which can be rewritten as

From classical electrodynamics, the energy contained
in an electromagnetic field is

HF=(l/8vr) f (E +H )dr . (18)

If only the self-fields are present, this may be evaluated
approximately by substituting in from the fields that are
calculated from the potentials of Eq. (6):

p(r, t)p(r', t)
F 2 R

dr dr'

d ( ( Ho ) + ( HI ) +HF ) 2e ~ d („)
(20b)

dt 3c3 dt

The term on the right-hand side of Eq. (20b) is recog-
nized as the Larmor formula, ' which describes the
power radiated by an electrical charge subject to an ac-
celeration d(v)/dt. Equation (20b) is an expression of
conservation of energy during the emission of radiation
by the atomic system. Equation (20b) is a generalization
of Ehrenfest's theorem to include self-fields so that it can
be applied to the radiation of energy away from an atom-
ic system. If the 1/e terms are neglected, it can be
thought of as a generalization of Eq. (72b) of Jaynes and
Cummings. Equation (20) covers a general atomic sys-
tern instead of the two-level system of Ref. 8; it does not
rely on the dipole approximation and includes a multi-
tude of electromagnetic modes instead of a single mode.
The left-hand side consists of the sum of (Ho), which is
the expectation value of the unperturbed atomic Hamil-
tonian (without self-fields), the expectation of the interac-
tion Hamiltonian of the atomic system with the self-fields
(Hl ), which is obtained from Eq. (14b), and the energy
contained in the electromagnetic self-field surrounding
the atom, HF [which is given to an approximation that
includes terms of order 1/c by Eq. (19)]. The right-hand
side of Eq. (20b) is equal to the classical Larmor formula
for the emission of radiation from an accelerated charge,
provided that the acceleration is equal to the expectation
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of the velocity operator ( v ).
If one is content with an accuracy that neglects terms

of order 1/c, Eq. (20b) provides a constant of motion
that is equal to the sum of the expectation values of the
energy of the atomic system, the energy of interaction
with the self-field, and the energy stored in the self-field.
This suggests that the right-hand side of Eq. (20b) could
be considered to be the expectation value of a Hamiltoni-

an, for the combined atomic system and electromagnetic
field, which is accurate as long as terms of order 1/c can
be neglected. The 1/c terms, of course, give the effects
of the atom irreversibly radiating into the electromagnet-
ic field.

Writing out the constant given by the left-hand side of
Eq. (20b) as a quantum-mechanical expectation, one has,
to an accuracy of 1/c, that

2

(H„,) = (Ho) + (H~ ) +HF = 1 4* + U + dr+(e /2) I f [ ql*(r')4*(r)(l /R)%(r')%(r)]dr' dr

—(e /4c ) f J [[ql'(r')v'%(r')] [%*(r)vol(r)]/R

+[ql'(r')v'%(r')] R[ql'(r)v%(r)] R/R )dr'dr . (21)

Note that the expectation of the above Hamiltonian is
expressed completely in terms of the particle variables
without the aid of the radiation variables. Since the elec-
tromagnetic field is not contained in the Hamiltonian
describing the system, the same predictions will be made
from it, whether the electromagnetic field is quantized or
not. In other words, to order 1/c, quantization does not
matter, and there are no zero-point oscillations.

An expression formally similar to Eq. (21) is obtained
in second quantized theories of matter-field interactions.
However, the analysis contained here remains a one-
particle, nonrelativistic, first quantized analysis. The
wave functions that are contained in Eq. (21) are not to
be interpreted as noncommuting operators.

The expectation expressed by Eq. (21) can be written in
an alternate form using the Fourier transform of 1/R
which is given in Eq. (12):

(H„,) = ( Ho ) + (e /4m. )

(e~k r)(e —rk r)

(elk rv) '(e ik rv)

C2

(22)

QED IN THE COULOMB GAUGE

In 1932, Fermi' proposed a formulation of quantum
electrodynamics (QED) which was based upon a Hamil-
tonian from which the longitudinal components of the
electromagnetic field had been eliminated. In Fermi's
formulation, the effects of the longitudinal electric field
are contained in the instantaneous Coulomb potential of
Eq. (6b). The scalar potential is given exactly by the ex-
pression of Eq. (6b) in the Coulomb gauge. The scalar
potential P in Eq. (1) is then replaced by an expression in-
volving only the distribution of charge at some time t.
Thus use of the Coulomb gauge in QED allows elimina-
tion of the degrees of freedom accompanying the longitu-
dinal electric field at the expense of Lorentz invariance.
The remaining dynamical variables associated with the
degrees of freedom of the transverse electromagnetic field

I

must then be quantized.
Use of the approximation Hamiltonian, whose expecta-

tion is given by Eq. (21), goes one step beyond the Fermi
formulation of QED. Not only have the degrees of free-
dom associated with the longitudinal field been eliminat-
ed, but the use of the first term of Eq. (7) for the vector
potential provides an approximation (good to order 1/c~)
for the effects of self-fields on the atom. This approxi-
mately eliminates the degrees of freedom associated with
the transverse field. The complete elimination of the elec-
tromagnetic fields from the Hamiltonian allows treatment
of the entire system, consisting of atom plus electromag-
netic interactions, in a thoroughly quantum-mechanical
fashion without the need to separately quantize the
Maxwell field. Quantizing the electromagnetic field, with
its infinite number of degrees of freedom, is a procedure
that results in a awkwardly divergent zero-point energy
when followed in QED. Of course the Fermi formulation
of QED is exact, while the approximate Hamiltonian of
Eq. (21) has limited application, because it neglects terms
of order 1/c and higher. Whi1e within its range of valid-
ity, the approximate Hamiltonian of Eq. (21) allows a
complete determination of the state of the system in
terms of the instantaneous charge and current distribu-
tions without reference to the electromagnetic fields; it
does result in a nonlinear, integrodifferential equation
that is difficult to solve.

There is no known exact many-body Hamiltonian
describing the interaction of charged particles. Breit'
and others have developed an approximate Harniltonia,
which is related to the one in Eq. (21), and applied it to
obtain fairly accurate calculations of the energy levels of
the helium atom. However, the Breit interaction term is
intended to account, approximately, for the effect of the
electric and magnetic fields of one electron on the other
electron, while present application is directed toward un-
derstanding the interaction of an electron with itself.

Because all of the electromagnetic fields have been el-
iminated in the approximate Hamiltonian of Eq. (21), it is
a useful common ground for comparing QED and NCT
calculations. Since the electromagnetic field has been el-
iminated, it is irrelevant whether it is quantized or not.
Only the assumptions of Eq. (5) remain to distinguish
such a semiclassical calculation from QED.
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CLASSICAL DARWIN HAMILTONIAN

1 I t. J(r, t) J(r', t)
Darwin 4 2 Jc

[J(r, t) R][J(r', t) R)
R

+, f I. P(r, t)P(r', t)
d d, (23)

The classical current that would be used in Eq. (23) is
given by J=pv. To be consistent, the classical particle

I

When the finite speed of propagation of the elec-
tromagnetic field is taken into account, an exact classical
Lagrangian cannot be written down for two or more in-
teracting charged particles. The interaction of charged
particles, with velocities v small compared with the speed
of light, can be approximately described by a Lagrangian.
Such an approximate Lagrangian was first derived by
Darwin' by neglecting retardation eff'ects associated with
terms of order (U/c) or smaller. As was done in deriving
Eq. (21), the Darwin Lagrangian essentially neglects the
radiation modes and describes the interaction between
moving charged particles in terms of an approximate in-
stantaneous action-at-a-distance term which depends on
velocity. Later, Breit applied an interaction of this form
to quantum-mechanical calculations. Although Darwin's
work was originally applied to a collection of individual
particles, it can be readily generalized to a classical ex-
pression for the Hamiltonian of a continuous charge dis-
tribution which is spread out in space. The resulting
classical Hamiltonian may be written:

Hamiltonian Ho would have to be relativistically accu-
rate to the same order of 1/c as the Darwin interaction
terms. Thus an expression of the form

Ho=p /2m —p /8m c + U(r) (24)

a(a,„,) =o, (25a)

subject to the constraint that the wave function remains
normalized. The resulting equation is

should replace Eq. (14a). This would lead to a correction
for Eq. (2). It will be assumed that the unperturbed
eigenfunctions P and eigenenergies F. are correct to an
order consistent with the other approximations used in
this paper.

VARIATIONAL METHOD
There is a close connection between quantum theory

and the variational principle. Schrodinger first obtained
his wave equation from an application of the variational
method to the Hamilton-Jacobi equation. It has been
shown that the Schrodinger equation is mathematically
equivalent to the Euler's equation, obtained by applying
the variational principle to minimize the expectation of
the Hamiltonian.

Ordinarily, one would think that most of the
quantum-mechanical information had been lost when the
expectations values were taken. However, a wave equa-
tion can be derived from the condition that the expecta-
tion of the Hamiltonian of Eq. (21) should be minimum
under arbitrary independent variations in the wave func-
tion 4' and its complex conjugate +'.

The wave equation can be derived as an Euler-
Lagrange equation resulting from the condition that

Ho+e 4* r' —4 r' dr' —1 2c — +* r' v'%' r'

+(R/R ) [qi*(r')v'qi(r')]R dr' v '%(r)=EV(r) . (25b)

Alternately, this wave equation may be rewritten:

H% =E%,
where the Hamiltonian is given by

J,
H =H +e f ~dr' — f —dr' .v,

R C2 R

or, using the Fourier expression of Eq. (12) again,

ikr (
—ik r )

2~ k

(26a)

(26b)

because the expectation of the Hamiltonian of Eq. (26)
would count the energy of interaction between different
parts of the charge distribution twice. A similar situation
arose in the application of the self-consistent method,
where direct calculation of the expectation from the Har-
tree Hamiltonian would count the electrostatic energy of
interaction between pairs of electrons twice. As in the
case of the self-consistent method, the correct and unam-
biguous procedure is to solve Eq. (26a) for the wave func-
tion and then substitute the result into Eqs. (21}or (22} to
compute the expectation of the energy.

(e '"'v), v
(26c)

C

Although Eq. (26a) looks formally like an eigenvalue
equation, it is not because the Hamiltonian operator H
depends on +.

The expectation of the Hamiltonian in Eq. (26) will not
give the same value as the expectation of Eqs. (21) or (22),

HARTREE SELF-CONSISTENT METHOD

Equation (25b) is reminiscent of the equation which
Hartree first wrote down, based only on intuitive argu-
ments, to calculate the energy levels of multielectron
atoms. In addition to Hartree's average electrostatic
repulsion term, which is equal to the quantum-
mechanical expectation e(1/R ), a new term has ap-
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peared in Eq. (24) which corresponds to the expectation
of(e/c)( A v).

Hartree originally assumed that each electron in a mul-
tielectron atom is described by its own independent wave
function. This wave function is determined by the effect
of an equivalent potential, which takes into account the
combined effects of the nucleus and the "average" effects
of all the other atomic electrons. The average effect of all
the other electrons was calculated by using Schrodinger's
electrodynamic hypothesis. In other words, Hartree as-
sumed that all the other electrons' charges were smeared
out over the volume of the atom according to their prob-
ability densities 4'4.

Hartree went on to point out that this electron cloud
picture provided an intuitive understanding of the first-
order perturbation-theory calculation of the energy levels
of multielectron atoms. It follows from first-order per-
turbation theory that a perturbed energy equals the exact
Hamiltonian average over the unperturbed state. When
independent electron wave functions are used as the un-

perturbed states, first-order perturbation yields a per-
turbed energy which is the same as would be obtained for
electrostatic energy of interaction of smeared out elec-
trons acting as classical charge distributions. The pertur-
bation of the electrostatic repulsion of the two electrons
within a helium atom is by no means small compared
with the attraction of the nucleus. It is thus somewhat
surprising that first-order perturbation theory gives the
correct ground-state energy to about 5% for light atoms.
Of course, perturbation theory can be derived from a
variational principle; so this observation is not logically
independent from ones about the self-consistent method.

In spite of the initial successes of the application of the
Hartree method, it was considered to ". . . stand rather
apart from the main current of quantum theory. . ."'
until it was shown by Slater, ' and independently by
Fock, ' that the Hartree method is mathematically
equivalent to the variational principle, applied to mini-
mize the expectation of the atomic Hamiltonian, when
the trial function is taken to be a simple product of
single-particle wave functions. The variational principle
ensures the highest accuracy of results consistent with
the other assumptions that are implicit in the choice of
the trial wave function. Single-particle wave functions
are not the most general choice for describing a mul-
tielectron atom; thus the Hartree method remains only
an approximation.

In order to get agreement with experiment, Hartree
took care not to allow each electron to act electrostatical-
ly on itself. Hartree obtained satisfactory results only if
the interaction of each electron with its own self-field was
subtracted from the total energy. Equation (25b) is
meant to represent a one-electron atom; so the self-energy
eA'ects, which were eliminated when using the Hartree
self-consistent method, are the important effects in Eq.
(25b).

Application of the Hartree method to the helium atom
provides surprisingly good results when one considers
that it is tantamount to assuming that the effects of elec-
trostatic repulsion of the second electron are equivalent
to those obtained if that single electron s charge distribu-

tion were smeared out over the volume of the atom.
Once again, the Schrodinger electrodynamic interpreta-
tion provides a useful and intuitively appealing method
for computing the bound-state energy levels that are per-
turbed by electromagnetic fields. Although the variation-
al principle provides a mathematical justification for the
validity of this assumption, the intuitive picture appears
to fly in the face of the Born probabilistic interpretation
of 4.

RADIATIVE LEVEL SHIFTS

%=pa g (27a)

where

Hop =E p (27b)

and the atomic transition frequency between the level a
and P, 0 &, is given by

AQ p=E —Ep . (27c)

The coefficients a are time dependent, corresponding to
the Schrodinger picture. Then the terms in the Hamil-
tonian of Eq. (26) can be written:

(e
—ikr) ga a" (p~e

—ikr~a),
a, P

(e '"'v)i= g a ap(p~e '"'v~a)i .
a, P

This allows expression of the total Hamiltonian as

H =Ho+ ( e /2' ) g a a p
a, /3

(28a)

(28b)

Xj e'"' (pie '"'~a)
k

(p~e '"'v~a)i v

C
2

(28c)

The neglect of 1/c terms in the derivation of Eq. (25b)
has the consequence that its solution will include some of
the level shifts which are due to the coupling of an atom-
ic system to an electromagnetic field, but none of the
effects connected with loss of energy to the radiation
field. A description of the transfer of energy, from the
atomic system and its neighboring electromagnetic field
to the electromagnetic far field, requires retention of
terms of order 1 /c, such as the one on the right-hand
side of Eq. (20b). The semiclassical effects introduced
when terms of order 1/c and higher are kept include the
nonexponential spontaneous decay of NCT, which does
not agree with experiment. An approximate calculation
of level shifts that are present when terms of order 1/c
are kept will follow.

In the Schrodinger picture, one can express the atomic
state 4 in terms of a complete set of unperturbed eigen-
functions g as



3710 MICHAEL D. CRISP

The matrix elements of this Hamiltonian are

H„,=(rlHls)—:f &„*H&,dr

=E„5„,+ V„, ,

introducing the definitions

V„,—:g a (t)at3(t)*fiK„~,

(29a)

(29b)

dc(
i = g (Ki'I+K(j)(c c*)c& .

dt
J

(31a)

Since the K's on the right-hand side of Eq. (30a) are
real, it follows that

If there is no degeneracy, this is satisfied only if p= j
and a= 1, or a =p and 1 =j. Including both possibilities,
Eq. (30c) reduces to

and

gap —~ap I ap
rs rs rs (29c)

d(c, c,*) d(a, a,*)
=0,

dt dt
(31b)

where I „Pwas first introduced in Eq. (A4) of Ref. 9 as

A'I „,—= (e /2n. m c ) (P~e '"'p~a)i (r~e'"'p~s)i,dk

(29d)

and 8'( p corresponds to a contribution from the electro-
static self-energy that was subtracted from the Hamil-
tonian, in an attempt to include mass renormalization in
that semiclassical calculation, at the beginning of Ref. 9.

2

fiW ~=+ f (pie '"'[ct)(r[e'"'is) (29e)

The justification for the "renormalization" which is ac-
complished by subtracting the electrostatic term of Eq.
(29e) in Ref. 9 was that it was associated with the
electron's electromagnetic mass and therefore already in-

cluded in the electron mass m. This argument is weak
because, if the electron goes from a well-localized particle
to a charge cloud spread throughout the atom's volume,
the electromagnetic mass changes drastically. Thus the
concept of a charged particle's electromagnetic mass is
difficult to reconcile with the Schrodinger electrodynamic
interpretation of 4*+. A consistent treatment of the
electrostatic self-energy of a charged particle has thus far
eluded NCT.

Replacing the operator v by the operator p in Eq. (29d)
introduces, according to Eqs. (2) and (7), an error of
neglecting terms of order 1/c and higher, which is con-
sistent with previous approximations.

The Schrodinger equation that results from the use of
the Hamiltonian of Eq. (29a) may be written:

dQ(
i fi =E&a& +A' g [KP.~( a a

& ) ]a, ,dt jap
(30a)

which can be transformed to the interaction picture by

a„(t)=c„(t)exp[—i (Ek t/A)],
dc(

i = g [K(~(c ct3)]cdt JaP

Xexp[ —i (E~—E +Et E)t/fi] . —

(30b)

(30c)

Ep —E +E(—E =0 . (30d)

The right-hand side of Eq. (30c) will oscillate rapidly un-

less the condition

and all the c c*=a a' are constant in time. Substituting
the constant c,c,* into Eq. (31a) and using Eq. (30b) to
transform back into the Schrodinger picture, Eq. (30a)
becomes

bEi = —g april t'a, (0)ai(0)* .
J

(32c)

In addition to subtracting the term corresponding to the
electrostatic self-energy of the electron, matrix elements
of the form (l~e'"'v~1)i, which would be exactly equal to
zero if the electric dipole approximation was made, are
neglected because they are small compared with
(1~e'"'v~ j)i when 1%j. The difference in energy shifts, or
transition frequency, between the 1th and mth level is
then

= —g fi(I t' —I ~ )a, (0)a, (0)*,
J

(32d)

which is in agreement with Eq. (18) of Ref. 9. If
a (0)a (0)*=1,Eq. (32d) reduces to 50&,„=—I &™,be-

cause I '" is negligible. Reference 9 does not neglect the
terms of order 1/c, and as a result a nonexponential
spontaneous decay is introduced. This causes the
coefficients a (t)a (t) to vary in time resulting in the
time-dependent frequency shift which is characteristic of
the neoclassical theory.

HIGHER-ORDER TERMS

In the nonrelativistic limit, each successive term in the
expansion of Eq. (7) is less than the preceding term by
less than a factor of ~a/c=a=e /Ac, where co is the
maximum frequency contained in the atomic current J,
and o.' is the fine-structure constant. The Dirac theory of
the electron implies that J=ec%'*a+ can contain velocity
components equal to the speed of light c, if both positive
and negative energy states are present. Thus an expan-

a(
i% = E&+fi g (Ki'i+Kj/)a (0)aj(0)' at(t), (32a)

dt
J

from which the energy-level shifts can be identified as

bE(=iiig (Ki'JJ+K(i')a (0)a (0)' . (32b)
J

If the same semiclassical mass-renormalization argu-
ment used in Ref. 9 is applied to eliminate the electrostat-
ic terms W„,~ from K„,~ in Eq. (32b), then the resulting

energy shift is
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sion of the form shown in Eq. (7) might not be valid in a
relativistic theory.

Retardation effects will now be taken into account to a
higher degree of accuracy by performing the expansion of
Eq. (7) in the interaction picture. This will replace the
expansion in terms of powers of cuba /c by an expansion in
terms of a/cw, where r is the characteristic time in which
the density-matrix elements cle, in the interaction pic-
ture, change. Thus 1/~ will be the order of the radiative
level shift ( —u mc /iri) or the spontaneous lifetime of the
atomic state (-a mc /irt). It will be seen that an expan-
sion more accurate than that of Eq. (7) leads to the ap-
pearance of radiative level shifts that contain coefficients
similar to the Bethe logarithm expression for the Lamb
shift. ' In addition the improved approximation will be
useful for comparison of the results of this paper with
those of others.

Ackerhalt and his collaborators' have formulated
QED in terms of the Heisenberg equations of motion.
They obviated the need for quantization of the elec-
tromagnetic field by eliminating these fields from their
equations. In this way, Ackerhalt et al. studied radiative
level shifts and spontaneous decay in the absence of a
quantized field and its accompanying zero-point oscilla-
tions. A discussion of this work is contained in the book
by Allen and Eberly.

Barut and his collaborators, ' have also formulated
QED in terms of the self-fields of charge and current den-
sity sources. They use the standard electromagnetic
Green's functions to remove the need for quantization of
the electromagnetic field. They solve the resulting non-

I

Ji(k, co) = fdr f dt J, (r, t)exp[ i (k r —cot)]—

V A —(1/c ) = —4m J, /c .
c) A
at2

(33)

The vector potential and the charge current can be
written in terms of Fourier transforms:

A(r, t) =( I/2m) f dk f dao A(k, co)exp[i(k r cot)], —

(34a)

and

J(r, t) =( I /2') f dk fdcuJ(k, co)exp[i (k r —cot)],

(34b)

where the inverse transform is such that

linear integro-difFerential equations by an iteration pro-
cedure, in a manner reminiscent of Hartree's solution of
his self-consistent equations. In so doing, Barut avoided
perturbation techniques which have been identified as a
source of trouble in QED. Barut's work uses a current
j„=e+'y„%',which would reduce to the NCT source
terms of Eq. (5) in the nonrelativistic limit provided that
second quantization is not applied to the Dirac field, %'.

The Coulomb gauge and an expansion of the self-fields
such as the one used in Eq. (7) are not Lorentz invariant,
but one would expect the Barut analysis to parallel the
work presented here in the nonrelativistic limit.

In the Coulomb gauge, the vector potential is related
to the transverse component of the charge current
through the wave equation:

= —(k/k) X X f dr fdtJ(r, t)exp[ i(k r——cot)]
k
k

= —(k/k) X [(k/k) XJ(k, co)] . (34c)

Substituting from Eq. (34) into Eq. (33), one has

A(k, co)=4m.c [1/(c k —co )]Ji(k,co), (35)

which defines the Fourier transform of the vector poten-
tial, for a fixed k, everywhere in the complex co plane, ex-
cept at the simple poles co=+ck.

In classical electrodynamics, a particular solution for
the vector potential, which satisfies Eq. (33), is usually
found by first finding the Green's function response of
Eq. (33) with J,„=J,=J„=6(r)6(t).This would mean
that Ji(k, co) =1 in Eq. (35). The contour integration for
co is then caried out over a path which can give a retarded
or advanced Green's function or some combination of the
two. Finally, the integration over k is carried out and, if
the ~ contour of integration is taken to run below the two
poles, the retarded vector potential of Eq. (6a) results as a
particular solution of Eq. (33).

For the purposes of this paper, the contour that gives
the retarded potential is the one that gives the particular
solution of Eq. (33) which corresponds to the self-field.

However, for the present analysis it is useful to explicitly
carry out the co integration, but not the integration over
k. The approach for carrying out the integration over co

will be to use the convolution theorem, which says that
the inverse Fourier transform of the product of the
Fourier transforms of two functions is the convolution of
the two functions. Except for the coefficient 4m.c, the in-
verse of the Fourier transform of the first factor of Eq.
(35) is

(I/2n) f dcuexp(

idiot)/(c

k co )——

= —(1/ck)sin(ckt) U(t), (36a)

where the unit step function, U(t), is a consequence of
the selection of the retarded potential's contour of in-

tegration.
The inverse Fourier transform of the second factor of

Eq. (35) is given by
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( I/2m )f dao exp( —idiot)J~(k,
co) =j—~(k, t)

=f J,(r, t)e '"'dr

=e(e '"'v)~, (36b)

where Eqs. (34b) and (1lc) have been used to relate this
term to a quantum-mechanical expectation value. The
term j(k, t) can be rewritten in the interaction picture us-

ing Eqs. (28b) and (30b) as

j~(k, t)=e g(p~e '"'v a)~exp( —iQ &t)c (t)c&(t)',
aP

(37)

where the transition frequencies Q
& are defined in Eq.

(27c). Using the expression of Eqs. (36) and (37) to invert
Eq. (35) by using the convolution theorem, the Fourier
transform of Eq. (34a) can be written:

A, (r, t) =(e/2n. ) g f e'"'(P~e '"'v~a)~ f sin(ckt')exp[ i Q—&(t t')]c—(t t')c&—(t t')" dt-' .
a/3 0

(38a)

If we compare Eqs. (30a) and (30c), it is seen that the coefficients in the interaction picture vary much more slowly than
the coefficients in the Schrodinger picture. Thus it is a better approximate to expand c (t —t')ctt(t —t')" in a Tayl«
series than to expand a (t —t')a&(t —t')', as was originally done in Eq. (7). The first term of such an expansion can be

obtained by integrating the last integral in Eq. (38a) by parts and assuming that c ( ~ )cp( 00 )' =0:

A, (r, t)= g f e'"'(p~e '"'v~a)~
4m p

X [1/(ck —Q &)+I/(ck+Q &)]c (t)c&(t)'exp( iQ ttt)—

d [c (t —'t) &c(t
—t')'] exp[i(ck +Q tt)t'] exp[ i (ck ——Q tt)t']+ + dt'

0 dt' (ck + Q tt) (ck —
Q~p)

(38b)

No approximation has been made in going from Eq. (38a) to Eq. (38b). The time integral in Eq. (38b) can be thought
of as the remainder which would be neglected if only the first term in the Taylor expansion were kept. In other words,
making the approximation

c (t t')cp(t— t')' =—c,(t)c&(t)* (38c)

and taking the term c (t)c&(t) outside of the integral sign in Eq. (38a) would neglect the second term in Eq. (38b).
Neglecting the second term in Eq. (38b) allows explicit integration over time in Eq. (38a), with the result being

A, (r, t)= +exp( i Q t3t)c (t)ctt—(t)' f e'"'(P~e '"'v~a)~[1/(ck —Q &)+ I/(ck+Q &)] .
4m p

(38d)

Essentially, the same approximation was made by Ackerhalt' in order to obtain approximate solutions of their time-
dependent Heisenberg equations. The appearance of both terms, 1/(ck+Q &), in self-field calculations was noted and
extensively discussed by Ackerhalt. The matrix element of the atomic interaction for the vector potential of Eq. (38c) is

(r~ A, v~s)= g exp( iQ &t)c (t)cp—(t)' f (r~e'"'v~s)~ (P~e '"'v~a)~[1/(ck —Q &)+ I/(ck+Q &)]
4m ~p

(39)

Nonrelativistic QED calculations of radiative level shifts are usually carried out with only the transverse field taken
into account. In order to facilitate comparison with these QED calculations, the longitudinal field will not be included
in the NCT calculations to follow. In addition, the diamagnetic term (e /2mc ) A is usually ignored in QED calcula-
tions because its contribution to the energy shift is independent of particle momentum. However, in semiclassical
theory the expectation of the diamagnetic energy, which is proportional to ( A, }, is dependent on the atomic state.
Nevertheless, comparison between QED and NCT predictions will be made without including diamagnetic effects.

Writing Eq. (25b) without the electrostatic term e j[%*(r')(1/R)%(r')]dr and the diamagnetic term, the

Schrodinger equation takes the form

dal
iA =E&aI —(e/c) g (l~ A, .v~j)a& .

J

Using Eq. (39) in Eq. (40a), one obtains

(40a)
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Cl
iA

dt

2

c (t)cp(t)'exp[i(0, , —II p)t] f [1/(ck —II p)+1/(ck+II p)]4n ~@J

X(13~e '"'v~a), .(1~e'"'v~j)i c (r) .
dk 40b

'ck
Following the reasoning of Ref. 9, the rapidly oscillating terms of the form exp[ i (—0

&
—

QIJ )t] are neglected unless
I =a and j =p, or I =j and a =p, resulting in a simplified expression:

dc(
ih

dt

2

&
gcj(t)c (t)' f [1/(ck —Al )+1/(ck+Q~ )](l~e'"'v~j)i (j~e '"'v~1)i

4m J
'ck

(40c)

2

pc(t)c (t)' f [1/(ck fI& )+—I/(ck+III )](t e'"'vj~)~ (j ~e '"'v~1)i
4 2 J J lJ IJ

+2 I e'"'v
& j e '"'v j &»—Ik r

c k
In the same way that HEI of Eqs. (32b) and (32c) was identitied from Eq. (32a), a level shift can be identified from Eq.

(40c) when the latter is written in the Schrodinger picture. The resulting energy shift is

+2f (1~e'"'v ~l)i (j ~e '"'v~ j)~
dk

c2 (41)

Ackerhalt and co-workers' also obtain both the
1/(ck —

Q&~ ) and 1/(ck +0&, ) terms in their Heisenberg
equation of motion treatment of radiative level shifts.
They point out that the second terms are neglected when
the Wigner-Weisskopf approximation is made. In QED,
the signer-%eisskopf approximation consists of neglect-
ing transitions to states which do not conserve energy.
This approximation is acceptable for calculating the time
dependence of spontaneous decay, but neglects signi6cant
terms when calculating level shifts which are essential
due to "virtual" transitions which may not necessarily
conserve energy. The additional 1/(ck+QI ) term is
also present in the work of Barut and Kraus. The two
terins, 1/(ck —0» ) and 1/(ck +BI/), first appear in the
expression for the self-field's vector potential of Eq. (38d).

I

and

1/(ck —Al, ) =(1/ck)[1+ 01, /(ck —
Al, )]

1/(ck +Qi, ) = ( 1/ck )[1—Ql /(ck +0(, ) ] (42b)

allows the rewriting of the energy shift as

From the semiclassical derivation contained in this pa-
per, it is apparent that there is nothing which is essential-
ly quantum mechanical that leads to the appearance of
both factors in Eq. (41). They would appear as a conse-
quence of Eqs. (33) or (35) for any classical current source
that could be written as the sum of harmonic com-
ponents.

Use of the identities

2

bE&= — pc (t)c (t)" 2 f [(l~e'"'vj~)i (j ~e '"'v~1)i+(l~e'"'v ~1)i (j ~e '"'vj~)i]
7T J c

+f foal [1/(ck —01 )
—I/(ck +QI )](l~e'"'vj~)i (j ~e '"'v~l)~

z'c' (42c)

COMPARISON WITH BETHE'S CALCULATION

Bethe's' calculation of the Lamb shift starts with the
electric dipole approximation, which sets the terms
e'"'=1. In QED, this assumption can be justified when
mass renormalization, which also involves retardation
terms of the form e'"', is carried out. If the dipole ap-
proximation is not made, then retardation causes the in-
tegrals of Eq. (42c) to converge. This observation was
made in the first footnote in the work of Kroll and
Lamb, which contains a relativistic quantum electro-
dynamic Lamb shift calculation. They report that the re-
sulting S-P»2 shift is calculated to be 1135 Mc/s which

is within 10% of the observed Lamb shift. The radiative
shifts that are found to converge when retardation is in-
cluded in Ref. 9 are similarly of the same order of magni-
tude as the observed Lamb shifts.

The validity of the electric dipole approximation in the
semiclassical theory is unclear. Indeed, the theory of
electromagnetic mass, which is the motivation for mass
renormalization, is difficult to reconcile with
Schrodinger's electrodynamic interpretation of the wave
function. Mass renormalization is carried out in Ref. 9
by subtracting off the electrostatic self-energy. It is
difficult to imagine the physical electromagnetic mass de-
creasing in time as the wave packet of a free particle ex-
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+(l e'"'v)l}~ (j (e '"'vj))~]
dk

c2

(43a)

is similar to the one subtracted by Bethe during the
mass-renormalization process. An expression like the
first one in Eq. (43a), including retardation, does appear
in the QED calculation of radiative corrections to the
levels of a helium atom. Physically, this QED correc-
tion to the helium energy levels, which can be identified
with the Breit Hamiltonian, corresponds to one of the
two electrons emitting a virtual photon which is absorbed
by the other electron. However, Eq. (43a) has been de-
rived in NCT for a one-electron system. Physically, it
corresponds to the single electron interacting with its
own electromagnetic field.

The second term is

2

DEIL' b= — Qt, f [1/(ck Qt/) —1/(ck—+QI&)]

x(l(e'"'vj(),~ (j [e '"'v)l), dk
2f 2

(43b)

The expression of Eq. (43b) is the sum of two integrals,
the first of which is

2

bE ""'=— (E E)—
IJ 4 2 2 I

(I~e'"'v~ j) (jle '"'vll} dk
(Ack EI +E& ) k~— (43c}

can be made to resemble the Bethe logarithm expression
for the Lamb shift by making the electric dipole approxi-
mation, integrating over the angular coordinates, and in-
troducing a cutoff at relativistic values of k. The transi-
tion frequencies 01 are replaced by the unperturbed en-

ergy eigenvalues according to Eq. (27c) to facilitate com-
parison with Bethe's results:

pands. Even in the case of bound states, the electrostatic
self-energy, which would be given by e multiplied by the
quantum-mechanical expectation of the scalar potential
of Eq. (9b}, would change by significant amounts as the
atomic state changed.

The energy shift of Eq. (42c) expresses the radiative
level shifts that are predicted from NCT to a higher accu-
racy than was contained in Ref. 9. It is first noted that
the shift contains a sum of contributions weighted by fac-
tors cj(t)c/(t)'. According to Born's statistical interpre-
tation of 4, these weighting factors would be identified
with the probability of excitation of the jth unperturbed
state at t. This predicted time-dependent frequency shift
appears to be an essential consequence of the NCT as-
sumptions of Eq. (5) and is not found in nature. 24

Some of the terms within the brackets of Eq. (42c) can
be related to Bethe's QED calculation of the Lamb shift.
The first integral,

2

EEL"'=— I [(l~e'"'vj~)~ (j ~e
'."'v~l),

2e m~'ze (l~vjl) (j~v~l)A'c

3~c3& ' o (Tick E—I+E )

(43d)

The NCT result of Eq. (42c) combined with Eq. (43d)
diff'ers from Bethe's' Eq. (5), in that the sum over the in-
termediate states j has to be weighted by the coefficients

c, (t)c, (t)*. This is an important difference and precludes
the use of the summation rules that allowed Bethe to get
his final results. It also implies that the NCT radiative
level shifts will be time dependent and, at a given time,
depend on the relative excitation of the atomic energy
levels.

The second integral appearing in Eq. (42b) contains a
term, —1/(ck +BI~ ), which is similar to results obtained
by Ackerhalt and his collaborators' ' when studying the
QED problem of spontaneous emission and level shifts in
the Heisenberg picture.

Mahanty" has also carried out a more complete calcu-
lation of the NCT frequency shifts than is contained in
Ref. 9. He employed an approach that is different than
the one above. Mahanty uses a contour integral ap-
proach and arrives at a logarithmic expression for the
Lamb shift that is similar to Bethe's.

Barut and his collaborators ' arrive at expressions
for the QED level shifts and mass-renormalization terms
very similar to those of Eq. (41). Although they appear
to be using a relativistic version of the NCT assumptions
of Eq. (5), they do not obtain the weighting coefficients

c, (t)c, (t)' in their expressions for energy shifts that are
derived above. A possible explanation for this may lie in
the papers by Bialynicki-Birula and Barut.

CONCLUSIONS

Expressions similar to the Bethe logarithm calculation
of the Lamb shift appear in the semiclassical calculation
of radiative level shifts, in addition to terms that are simi-
lar to those that are subtracted through mass-
renormalization procedure. However, the semiclassical
terms are multiplied by quantum coefficients ctcr* in a
way that makes the radiative shifts time dependent and
dependent on the excitation of different energy levels.
This seems to be an inescapable consequence of the NCT
assumptions of Eq. (5). These coefficients also prevent
the use of the matrix summation techniques that Bethe
used to get his final expression for the Lamb shift. Even
level shifts based upon the approximate Hamiltonian of
Eq. (26), from which the electromagnetic field variables
have been eliminated, imply the level and frequency shifts
of Eq. (32) which depend on the degree of excitation of
the atomic energy levels. Furthermore, it is more difficult
to rationalize the QED arguments of mass renormaliza-
tion with a semiclassical theory that is based upon
Schrodinger's electrodynamic hypothesis for O. The nat-
ural tendency of a free electron's wave packet to expand
makes semiclassical mass renormalization ambiguous.

APPENDIX A

Equations (11c}and (8) will be derived in this appendix

starting with definition of the Fourier spatial transform,
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which is implicit in Eq. (34),

j(k):—f J(r)exp( —ik.r)dr,

and its inverse,

(Al)

second integral is zero. This allows the identification of
the longitudinal JI and transverse J, parts of J to be

3

J&(r)= f (k/k)[(k/k). j(k)exp(ik. r)dk], (A5)
1

2'
J(r ) = ( 1/2~) f j(k )exp( ik r )d k . (A2)

Any vector j(k) can be written as the sum of a vector
perpendicular to and a vector parallel to any vector k:

j(k) =(k/k)[(k/k) j(k)]—(k/k) X [(k/k) X j(k)] .

(A3)

J,(r)=—

where

'3
1 f (k/k) X [(k/k) X j(k)exp(ik r)dk],2'

(A6)

Substituting this into Eq. (A2), leads to a resolution of J
into two parts:

'3

J(r)=J&(r)+J,(r) . (A7)

Computing directly from Eq. (A6) and using the
definition of Eq. (A 1),

J(r) = f (k/k)[(k/k) j(k)exp(ik r)dk]
1

2m'

3
1 f (k/k) X [(k/k) X j(k)exp(ik. r)dk] .2'

f J, (r)e '"'dr= —(k/k) X )( J r ~
—tkrdr

k

(A8)

(A4)

Direct computation shows that the curl of the first in-
tegral in Eq. (A4) is zero and that the divergence of the

Equation (1lc} follows from using Eq. (5b) in Eq. (A8)
and drawing on the Hermitian properties of the operator
V.

The integral of Eq. (A5) over space can be computed:

f J(r)dr=(1/ m2) f (k/k)[(k/k) j(k)f exp(ik r)dk]dr . (A9)

If the integrands are well behaved, the order of integration over k and r can be interchanged. This yields a 5-function:

(1/2')3 f exp(ik r)dr=5(k) =(1/2~)5(k)/k

Substituting in this result and using Eq. (A 1),

f J&(r)dr=(1/2~) f [5(k)/ki](k/k}[(k/k) f J(r')exp( —ik r')dr'dk] .

(A 10)

(Al 1)

The integration over k can be performed first, and it is simplest to consider that the vector r' is parallel to the k, axis

when doing this integration. Introducing unit vectors in the x, y, and z directions as e„,e, and e„onecan write

(1/2m) f [5(k)/k ](k/k)[(k/k) Jexp( —ik r')dk]

=(1/2m ) f f f 5(k}exp( ikr' cos8) [ [e,cos8—+sin8(e, cosg+e sing)]
0 —1 0

X [J,cos8+ sin8( J,cosg+ J sing)] I d P d (cos8)dk,

(1/2) f f 5(k)exp( ikr'cos8)[2—J,e,cos 8+sin 8(J„e„+J e )]d (cos8)dk
0 —1

= f (2J,e, [sin(kr')l(kr')+2[cos(kr')l{kr'} —sin(kr')l(kr') ]I

—2(J„e,+J e )[cos(kr')/(kr') —sin(kr')l(kr') ])5(k)dk .

(A12)

f J((r)dr=(1/3) f J(r)dr . (A13)

The effect of completing the remaining integral over k is
to take one half the limit of the integrand as k ap-
proaches zero from a positive value. Only one half the
limit is used, because the integral is from 0 to 00 instead
of from —~ to + ~, as is usually the case in evaluating
integrals involving 5(k). Substituting the result into
Eq. (Al 1 }yields the following result:

Combining this with Eq. (A7) provides the result stated
in Eq. (8).

APPENDIX B

First, the identity which was used in the derivation of
Eq. (16a) will be derived here. Starting with the expres-
sion for the electrostatic self-potential of Eq. (9b), the
quantum-mechanical expectation of the electrostatic
self-energy is
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(y )
e j ( rkr)( —ikr)

2m. k

The rate of change of the self-potential is
(

e dk (,„.,
&

d(e "')
dt

(83)

e dk, k., d(e '"')
r, t)= Ik r

r3t 2 2 Q2 dt
(82)

Taking the quantum-mechanical expectation value of Eq.
(82) leads to

which can be seen to be one half of d (P, ) /dt by direct
computation.

Next the details of the derivation of Eq. (20) will be
given. Starting with the left-hand side of Eq. (4) and sub-
stituting in for v from Eq. (2):

d [(mv /2)+ U] d [p /2m —(e/2mc)( A p+p A)+(e /2mc ) A + U]
dt dt

d [p /2m —(e/2c)( A.v+ v A) —(e /2mc ) A2+ U]
dt

(84)

This allows the rewriting of Eq. (4) as

d [p /2m + U —(e/2c)( A v+ v A) —(e /2mc 2) A2]
dt

BA BA
r3t Bt

'V

(8&)

Using the approximate expressions for the self-fields shown in Eq. (9),

A ( )= e dk ikr( —ikr )
2e d(v)

2~c k' ' '
3c dt

itr, (r, t) = e dk eik r( e
—ik r)

2m k

(86)

(87)

In Eq. (85) and again neglecting the diamagnetic term, (e /2mc ) A„which would be of order 1/c according to Eq.
(86), one obtains

d[p /2m+ U (e /4—mc) j(.ve'"'+e'"'v) (e '"'v)2(dk/k )+(2e /3c )v (d(v)/dt)]

dP,
e

dt 4' c dr k 3c dt
(Bg)

where the "chain rule" for time derivatives of Heisenberg operators which evolve under the Hamiltonian of Eq. (1) is

dk B4' + —,'(v V/+V/ v) . (89)

Taking quantum-mechanical expectations of both sides of Eq. (88), identifying the atomic field in absence of self-fields

Ho defined by Eq. (14a), and using the identity d ( P, ) /dt =2( r)P, /Bt ) which was derived above,

d[(HO) —(e /2vr c ) j(e'"'v)i. (e '"'v)2(dk/k )+(2e /3c )(v).[d(v)/dt]I
dt

Noting the equality of

e d4',

2 dt

2;,j(""' &,
27T C

d(e '"'v), dk 2e2 d2(„)+ (.)
dt k 3c dt

(810)

—(e /2' c )j(e'"'v)2.

Eq. (810) can be rewritten:

d(e '"'v)2
( e 2/22r2C 2) ( e

—&k.rV )
dt

d(e'" "v&,

dt
(811)
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d[(HD)+(e/2)(P, ) —(e /2m. c ) f (e'"'v)i. (e '""v)i(dk/k )+(2e /3c )(v) (d(v)/dt)]

d(&e'"'v), (e '"'v), ) . . . d2(v)= —(e'/4n'c') f (dk/k')+(2e'/3c')(v).
dt

hatt

(B12)

Rearranging so that the terms up to order 1/c are on the left and the terms of order 1/c are on the right and using
the expectation of Eq. (9b) for (P, ), one gets

d (Ho) (—e /2' c )f (e' 'v)i (e '"'v)i(dk/k2)

+(e /4tr )f ((e'"')(e '"')+(e'"'v)i (e '"'v)i/c )(dk/k ) dt = —(2e /3c )
d&v)

dt
(B13)

Comparing with Eqs. (14c) and (16c), the second term
within the braces on the left-hand side of Eq. (B13)can be
identified with the expectation of the interaction energy
(Ht ) of the atom with its self-field A, if the term

d v
(B14)

t
' '

dt

is neglected. This term corresponds to energy that is rap-

idly transferred back and forth between the field and the
atomic system. It is usually neglected in classical analy-
ses of radiation reaction by averaging over a period long
compared with an atomic cycle or over an exact period
for a periodic system. The third term within the large
parentheses on the right-hand side of Eq. (B13) is
identified as the energy stored in the electromagnetic field
surrounding the atom which can be obtained by substi-
tuting from Eqs. (17) into Eq. (19).
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