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Transition to turbulence in a discrete Ginzburg-Landau model
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We present a numerical study of the onset of turbulence in a discretized version of the complex
Ginzburg-Landau equation. The transition point is determined by computing Lyapunov exponents,
which show a first-order transition at a parameter value a, below the linear stability threshold for
the uniform state. On further decreasing the parameter, the finite-time Lyapunov exponent remains

positive only up to a characteristic transient time, after which the vortices get entangled and the

asymptotic Lyapunov exponents become zero. The finite-time exponent goes to zero at a, & a& as a

power law.

The transition to turbulence in spatially extended
dynamical systems is currently a field of very active
research with many important open questions. The clas-
sical field of hydrodynamical turbulence is complemented
by a wide range of other phenomena showing complex
motion, e.g. , in chemical reactions, liquid crystals, and
surface waves as well as simplified models in the form of
coupled map lattices or cellular automata. Chemical re-
actions like the Belousov-Zhabotinsky reaction provide
beautiful examples. In a stirred reactor this system can
undergo a Hopf bifurcation and thus go into a temporally
periodic spatially uniform state. In the absence of stir-
ring, inhomogeneities appear which affect the local
periods and thus tend to dephase the different parts of the
system. In two dimensions (shallow dish} one observes
target patterns, spiral waves, or vortices and the dynamics
can be quite complicated. '

In the present work we determine the transition to tur-
bulence in a two-dimensional coupled map lattice intro-
duced in Ref. 4 (from now on referred to as I) which
closely resembles the complex Ginzburg-Landau partial
differential equation (PDE) and which should, therefore,
be a good model for the dynamics of an extended system
close to a Hopf bifurcation. The transition point is found
by computing the largest Lyapunov exponent of the sys-
tem.

The complex Ginzburg-Landau equation is derived
by assuming that the "order parameter" A, which is a
complex field giving the amplitude and phase of the
lowest temporal Fourier mode, is small and slowly vary-
ing in space and time. It then takes the form

A =pa —(1+i~a)l Al'~ +(1+iP)~'~,

where p, a, and P are real numbers. The parameter p is
the usual Landau coefficient: Negative p implies a quies-
cent state (A =0), whereas positive )u, gives nonzero
values to the order parameter. In fact there is a homo-
geneous solution A =&pe ' "' for positive p, and it is
seen that the frequency of this periodic state is ~=a.'IM.

The linear stability of the homogeneous rotating state
can be investigated by standard techniques. As long as
1+aP) 0, it is stable, but when 1+aP&0, long-
wavelength modes (lkl &k, ~ ll+aPl' ) will be ex-

ponentially enhanced. In this analysis only small fluctua-
tions around the uniform state are taken into account.
The periodicity of the phase variable leads, however, to
the possibility of topological defects in the form of vor-
tices as in the planar XY model or superfluid helium
films. At the center of the vortex the phase is singular,
but, by letting the modulus vanish, A itself remains well
defined. When vortices are present the phase field is not
single-valued: The total variation of phase on traversing
a loop enclosing one or more vortices is an integer multi-
ple of 2m. .

Our choice of model was motivated by several different
considerations. First of all, especially in the coupled map
version to be described below, it is a computationally
very simple system which has an interesting transition to
turbulence. It is also quite closely related to experiments,
the main problem being that our model is driven uniform-
ly so one has to find good ways of pumping chemicals
into the reactor homogeneously. The simple topology
gives hope of understanding the "mechanism" underlying
the transition in terms of interacting vortices, maybe to
some extent analogous to the "coherent structures" of
hydrodynamical turbulence. Further, the system allows
interesting comparison between equilibrium and none-
quilibrium dynamics: by setting a=@=0 and adding
noise, we get a dynamical description of the Kosterlitz-
Thouless transition in, e.g. , superfluid helium films.

The coupled map lattice is described in detail in I and
we shall only briefly recapitulate. It consists of two parts:
a local map A '=F ( A } representing the two first terms of
(1) and a nonlocal part representing the complex heat
equation which results from omitting the local terms.
The properties of the local map F are very simple. In
contrast to most of the literature on coupled map systems
they are completely nonchaotic. Without the diffusion
term (1) can be written as r =pr rand P'= ar—. The—
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general structure of this can be easily reproduced by
maps r„+ i

=f ( r„) and P„+i
=P„—war„, where the map

f has an unstable fixed point in 0 and a stable one in
r =v'p. Specifically, one can choose f as the exact in-
tegral r(t +r) =pr(t) i[i@+(1—X)r(t) ] of the radial
equation with A, =e

The heat equation has the solution A (t +ro)
=exp[ ro(1+i g)V ]A (t). As nonlocal map we thus take
A =[1+(vo/M)(1+iP)b, ] A, where b, is a discrete La-
placian' and M is an integer that determines the range of
the effective interaction. The limit M~~ reproduces
the exponential above (except that t) and V are not pre-
cisely the same). We take M to be around 5, large enough
to ensure that short-wavelength instabilities do not occur.

The full map lattice can now be written
A„+&(r)=+(A„(r)). For our simulations we have used
periodic boundary conditions on L XL lattices with L be-
tween 25 and 200. One can again ask for linear stability
of the homogeneously rotating state A„=&pe ' "'"and
the resulting criterion (replacing 1+aP) 0) is

1+2[p,l(1—s)]raP) 0 where s =f'(&p) =exp( 2pr—),
and it is seen that the new stability criterion approaches
the old one as ~~0. In the following we shall vary a
keeping the other parameters fixed. Our standard
configuration has been @=0.2, r= 1, r&=0.2, and P= —1

and here the uniform state is linearly stable for
a&az=0. 82. Most earlier work in this field '" has fo-
cused on the region close above the linear stability
threshold. Here the homogeneous state is unstable and
vortex-antivortex pairs nucleate. Our approach (as de-
scribed in I) has been to look at the states generated by
random initial conditions (which then would contain a
large number of vortices) and ask when such states would
become turbulent. The transition point found in this way
actually lies in the linearly stable region.

We determine whether states are turbulent by comput-
ing the largest Lyapunov exponent. The standard
method is to follow the growth of a randomly chosen
tangent vector iterated by acting on it with the Jacobian
matrix of the map. In Fig. 1 the logarithm of the length
of the iterated vector versus the discrete time n is plotted
for a 50X50 lattice. The Lyapunov exponent is the aver-
age slope of the curve, which, in Fig. 1, is clearly
positive —around 0.02 averaged over 7000 iterates. The
value of a is here 0.74, which is below the linear stability
threshold. At lower values of a something interesting is
seen, as illustrated in the inset: We get a positive slope
only for a finite time T (around 2000 in the figure) and in-
sofar as one can extract a well-defined slope from times
less than T, it is possible to assign a positive "finite-time
Lyapunov exponent" k&. Figure 2 shows the variation of
T with the parameter a (fixing other parameters and sys-
tem size). First of all the plot shows a large scatter: T
depends strongly on the choice of random initial
configuration! However, the data show a sharp increase
in T around o;=a, =0.75 consistent with a divergence of
T. The true, asymptotic Lyapunov exponents are only
nonzero above a] and the exponent jumps there from 0 to
some positive value (around 0.02). To test this, it is cru-
cial to know what happens when the size of the system is
varied and see if we can extrapolate sensibly to the "ther-
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FIG. 1. The logarithm of the length of an iterated tangent
vector ~t„~ vs discrete time n for a=0.74. The inset has
a=0.71 and shows that the turbulent state is transient. It only
has a positive Lyapunov exponent up to n = T.

modynamical limit" L ~ ~. Figure 2(b) shows a plot of
transient time T as function of size L and again we ob-
serve a large scatter from different initial conditions. On
top of the scatter there appears to be an overall increase
with L. The increase seems very slow for L larger than
around 100, but our data are not sufficient to determine
whether the curve actually continues to increase slowly,
maybe even logarithmically, or saturates.

We have also measured the Lyapunov exponents in a
different, more "direct, " way. A given configuration of
our system is slightly perturbed by rotating the A field at
a single site by a small angle (typically 10 ). We then
follow the evolution of both the perturbed (A„') and the
unperturbed ( A„) system and monitor their "distance" at
equal times. As a measure of distance we have chosen
simply

d„= g ~A„'(r) —A„(r)~ (2)

At =(a —a, )', (3)

with v=0. 5. Clearly, the closer we get to a, the harder
it is to find a good estimate of kI, thus the considerable
error bars. In contrast to T, the Lyapunov exponents, A.I

and the Lyapunov exponent emerges as the slope of lnd„
vs n. The results obtained in this way were always com-
patible with the results obtained from the growth of
tangent vectors (as in Fig. 1). Figure 3 shows the results
of such computations. The squares represent values of A,

&
on a hexagonal lattice obtained by iterating a tangent
vector, whereas the triangles are obtained on a square lat-
tice using Eq. (2). As seen on the figure there seems to be
a well-defined point +=a, =0.5, where kI becomes zero
and the variation can be fitted fairly well as
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of the transients show no systematic variation with I..
In the turbulent state, whether transient or not, the

number of vortices fluctuates strongly due to creation
and annihilation of vortex pairs. The statistical proper-
ties, such as the mean vortex density or A,f, are reason-
ably independent of the initial condition as opposed to T
itself. The final state (n ))T) in the transient turbulent
regime e, & a & a& contains typically a few entangled vor-
tices. In the entangled state, as described in I, the centers
of the vortices are stuck and although they continue to
send out waves the Lyapunov exponent is zero. Opposite
vortices basically attract (for a=p=o this is the logarith-
mic attraction responsible for the Kosterlitz-Thouless
transition ), but the spiral arms (which are not present
for a=P=O) can screen each other, strongly giving rise
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FIG. 3. The Lyapunov exponent as a function of the parame-
ter a. The squares were obtained by iterations of a unit tangent
vector (as in Fig. 1) on a hexagonal lattice. The triangles were
obtained by measuring the distance [Eq. (2)] between two near-

by states on a quadratic lattice. For a less than ai=0. 75 the
turbulent state is transient and the Lyapunov exponent is only
defined for a finite time T. The true Lyapunov exponent is zero
below a& as shown by the dotted line. The curve is a power-law
fit as Eq. (3) with v=0. 50 and e, =0.48. The threshold of
linear instability for the uniform state is at a& =0.82.
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FIG. 2. (a) The transient time T vs the parameter a with
L =50 and P= —1.0. Note the divergence around a =0.75. (b)
The transient time T vs the system size I. e is fixed at 0.60.
Each point corresponds to a particular random initial state and
the large scatter indicates a strong variation with initial condi-
tion.

to entanglement. The time scale T seems to be deter-
mined by the event that one vortex (or maybe two) starts
outgrowing the others. Within a few hundred time steps
it can then eat up most of the others, leaving a final state
of a few entangled vortices. And the occurrence of this
event depends on very particular conditions related to
small details in the state and is thus strongly dependent
on the initial condition. In a larger system more vortices
are competing and it may not be unreasonable that the
turbulent state can persist for a longer time. A recent
analytical calculation' of the equations of motion for an
interacting vortex-antivortex pair leads to a sequence of
bound states that might describe entangled configura-
tions.

If, as discussed earlier, T(L)~ co for L~ oo in the
whole parameter interval [a„a,], the transient tur-
bulence will become genuinely turbulent. In that case the
infinite system will have a continuous transition probably
at a value close to the a, that we already determined.
We would then expect the true Lyapunov exponent to
scale as (3) close to the transition. One might ask wheth-
er it is possible to give an analytic estimate of the param-
eter value at which the transition to turbulence takes
place. Far away from the core the spirals basically gen-
erate plane waves and it has therefore been conjectured'
that the transition point should be determined by the
"sideband" instability of the periodic state with that par-
ticular wavelength. We have checked this for the param-
eters of Fig. 3 and also for p=O and find that the transi-
tion point a, to transient turbulence coincides with the
corresponding linear instability threshold within our nu-
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merical accuracy. ' One should note that the existence of
a transition to turbulence for P=O rules out any
correspondence with the linear instability of the uniform
state, whereas the sideband instability predicts a, =1.2,
which roughly corresponds to the numerical simulations.
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