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Ionization of atoms in intense laser pulses using the Kramers-Henneberger transformation
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We present a general technique for the numerical calculation of the behavior of an electron in

an intense laser field, by the direct integration of the time-dependent Schrodinger equation in the
Kramers-Henneberger frame. We give results for a model potential; these include above-

threshold ionization spectra for the transition regime to over-the-barrier escape. We also show

how satellite spectra can develop in long pulses.
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U~ is a phase-transformation operator that removes the
A term from the Schrodinger equation and U2 represents
a shift to the accelerated frame of reference. The applica-
tion of the KH transformation to the p A gauge
Schrodinger equation results in the transformed wave

The most direct method of studying the effect of intense
laser fields on atoms is to integrate the time-dependent
Schrodinger equation. A time-domain approach is also
necessary if one wants to model present experiments that
involve laser pulses of typically a hundred femtosecond
duration. ' We shall present what we believe is an irn-

proved method of calculation using the time-dependent
Schrodinger equation that allows us to examine the be-
havior of atoms in realistic pulses without the use of ex-
tremely large amounts of computer time. Such a calcula-
tion also offers the possibility of producing above-
threshold ionization (ATI) spectra at higher intensities
than was previously possible.

The basis of our technique involves the integration of
the time-dependent Schrodinger equation in the
Kramers-Henneberger (KH) frame, the use of this
frame being crucial in the reduction of computer time
needed. The KH frame is the frame of motion of a free
electron in the applied laser field and previous work has
shown how this frame can be used to good effect in Flo-
quet calculations for constant amplitude fields. The
frame has also been used to interpret the results of previ-
ous time-dependent calculations. 5 We have performed
the first time-dependent calculation that directly uses this
frame, by doing so we take advantage of the fact that a
wave packet quickly becomes free in this frame, as we ex-
plain below.

The wave functions in the laboratory (lab) and
Kramers-Henneberger (KH) frames are related by a uni-
tary transformation:

pKH(r t ) =UIU2lltl b(f t )

where

a(t) =—m4- A(r)dr.

In this representation of the Schrodinger equation the
applied electric field appears only in the time-dependent
part of the potential. So in the KH fraine the effect of the
laser field on an escaping electron wave packet during the
ionization process decreases as the effect of the potential
decreases. Hence, once an electron passes beyond the
range of the potential it can be described as a free-
electron wave packet. This allows us to perform pulse cal-
culations of realistic length with much greater ease than if
we were working in the laboratory frame. In the laborato-
ry frame, the length of pulse that can be used is restricted
by the dimensions of the space grid. Once an electron
wave packet has reached the edge of the grid, the calcula-
tion must stop to prevent the wave packet back-
propagating and interacting with the field. In the KH
frame, however, since the eff'ect of our field is localized,
the wave packets at the edge of the grid are free and they
can be allowed to reflect back from the boundary and
propagate back towards the core until such a time as the
fastest moving wave packet begins to interact with the
core again; this allows a smaller grid to be used.

In our calculation the field is treated classically within
the dipole approximation as a monochromatic infinite
plane wave. The effect of the pulse length, and shape of
the pulse envelope, can be readily modeled by the ap-
propriate variation of the time-dependent parameter a(t).
The calculation we present here is for a one-dimensional
potential, which makes the calculations particularly rapid.
The technique is, of course, not limited to one dimension.
The initial state in the calculation is a bound state of the
zero-field potential, with boundary conditions being im-
posed by the edge of the grid. The time evolution is per-
formed in the KH frame using a standard Crank-
Nicholson finite-difference iterative method. At the end
of the evolution, the free-electron energy spectrum is cal-
culated by transforming the evolved wave function back to
the d E frame and then overlapping with the zero-field

function satisfying the following differential equation:

lfi, ' — V + V(r+a(t)) QKH(r, t),8y&H(r, t)
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where
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positive energy eigenfunctions. A Convex C120 vector
processor is used for the calculation, which operates, for
our routines, at approximately one-eighth the speed of a
Cray 1S computer. Further details of the calculation are
planned to be published.

The general method of calculation is applicable to any
potential but for the results that we present here, we have
used the potential
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v 1+x
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c(r) =cp+nui+ar' Eo2/4ro'. — (8)
Stationary phase analysis of the continuum amplitude cal-
culated using the above expression predicts minima at the
following energies:

EG (2n+ 1) 'y'
s;„(t)=so+neo —,+f(Eo)4' ~ 2/3

where f(Eo) is some function of peak electric field, % is
the number of cycles of the laser field in the pulse, and

(9)

This has the advantage that it has a Coulomb tail and
hence gives a high-lying Rydberg series, with parity as a
good quantum number. In addition, it is the same poten-
tial that was used by Javanainen et al. , which enables us
to directly compare our results with theirs. When calcula-
tions are performed using the same parameters as those of
Javanainen et al. , exactly identical ATI spectra are ob-
tained with considerably smaller and coarser grids and
larger time steps.

The pulse envelope used has an electric field given by

E(t) =Eosin sin(rut), (7)

where T is the pulse length. Because of the smooth turn-
on of the field, fewer harmonics of the field are present
and so the population of the atom remains initially in the
ground state and is not immediately elevated to the higher
bound states. We have taken advantage of the reduction
in CPU time afforded us by the use of the KH frame and
have performed calculations for pulse lengths that are
used at present in experiments. Figures 1(a) and 1(b)
show typical results from our calculations where the pa-
rameters used correspond to those of a Kr-F laser with
pulse lengths of 53 and 200 fs. There is good agreement
of the peak positions with those predicted by the formula
for the free-electron energy, sf =eg(I)+mo —

a; (I), where

eg (I) is the ground-state energy, which is negligibly shift-
ed in the intensity range of our calculations, n is the num-
ber of photons absorbed and a;(I) is the ionization poten-
tial of the atom.

In addition to the main peaks, numerous satellite peaks
are observable on the high-energy side. These "rainbow"
features can be interpreted as being due to the quantum-
mechanical interference of the waves produced at the
same electric field on the rising and falling edge of the
pulse. ' The largest amount of ionization which gives the
main peak occurs at the peak electric field when the field
is slowly varying. A simple model to explain this effect as-
sumes that the translational energy of the ionized electron
can be written as
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FIG. 1. Electron spectra for (a) 53- and (b) 200-fs pulses.
The parameters used correspond to those of a Kr-F laser, with

0.25 pm and intensity 10'4 W/cm2. The calculations used
16384 grid points at a grid spacing of Ax =0.2 and 150 time
steps per cycle of the laser field and took approximately 50 min

and 3 h of CPU time, respectively. The insets show the detailed
satellite peaks of the first ATI peaks.

n 0, 1,2, . . . . Analysis of the minima of the subpeaks of
Figs. 1(a) and 1(b) give results that closely agree with
those predicted by Eq. (9). The fine detail of these oscil-
lations will, of course, be affected by spatial averaging in a
real experiment. We are at present undertaking a detailed
study of the formation of the satellite peaks for various
pulse shapes.

Using the same pulse shape, the effect of increasing the
laser intensity has been studied. Figures 2(a)-2(d) show
the effect of increasing the intensity from 10'4 to 5 && 10'5
W/cm . Multiphoton ionization (MPI) is not the only
process by which electrons can escape. ' As the electric
field increases, the potential barrier at the maximum field
becomes thinner and tunneling can occur. Also at higher
fields, the top of the potential barrier can be below the
ground state and provided that the laser frequency is
small compared to the atomic frequency, the electron can
pass over the barrier and ionize. Unlike MPI and tunnel-
ing ionization, escape over the barrier does not produce
peaks in the energy spectrum because of the short lifetime
of the bound state. An estimate of when over-the-barrier
(OTB) ionization can occur can be obtained using a static
field approximation and it yields the result that OTB ion-
ization can occur when the electric field E is such that
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