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Differential excitation cross sections for electron impact on Li+:
A study of continuum coupling effects
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Differential excitation cross sections for the transitions from 1 'S to 2'S, 2'S, 2'P, and 2'P in
He-like Li are calculated in the distorted-eave and close-coupling approximations in order to
study their sensitivity to continuum coupling effects. Comparisons are made between nonunitarized
distorted-wave, 5-state unitarized distorted-wave, 5-state close-coupling, and 11-state close-coupling
calculations. The results indicate that the shape of the cross sections, as a function of scattering an-
gle, can be signi6cantly different for the various levels of approximation, even when the total cross
sections are in reasonably close agreement.

I. INTRODUCTION

Although many calculations and measurements of
differential cross sections have been made for electron im-
pact with neutral atoms (see, for example, Ref. l), little
work has been done on differential cross sections for
electron-ion collisions, mainly because of the lack of any
experimental data. However, relative measurements of
differential cross sections over a limited range of angles
have been made, and it appears that measurements of
partial cross sections over a range of scattering angles
may now be possible with a new generation of electron-
ion scattering experiments. For this reason, we have
made a series of differential excitation cross-section cal-
culations to investigate the sensitivity of such cross sec-
tions to various levels of scattering approximation.

We have performed distorted-wave and close-coupling
calculations for the 1'S~2 S, 1'S~2'S, 1'S~2 P,
and 1 'S~2 'P excitations in He-like Li+. This particu-
lar ion was chosen since close-coupling calculations ' of
the total cross sections for all the above transitions have
been reported, a measurement of the total cross section
for the 1 'S ~2 P excitation has been made, and

I

differential cross-section calculations using a nonunitar-
ized distorted-wave approximation have been per-
formed. ' In the present study, we compare differential
excitation cross sections for Li+ calculated in nonunitar-
ized distorted-wave, 5-state unitarized distorted-wave, 5-
state close-coupling, and 11-state close-coupling approxi-
mations. These results should provide an indication of
the sensitivity of electron-ion differential cross sections to
the details of the scattering approximation.

The remainder of this paper is arranged as follows. In
Sec. II we give a brief summary of the theory of
differential electron-impact cross sections for ions, and
discuss the computational methods that we have em-
ployed. In Sec. III the results of our various calculations
are presented and compared with each other and with
prior work. Finally, in Sec. IV, we provide a brief sum-
mary of the calculations and discuss their implications.

II. THEORETICAL METHODS

The scattering amplitude for electron-ion scattering
from an initial state a; L;S;ML Ms to a final state
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where the first term in large parentheses represents pure-
ly Coulombic scattering in the elastic channel; q is the
charge of the ion; k, and kf are the linear momenta of
the incident and scattered electrons, respectively; l, , mI,

I

and m;, and lf, mI, and mf are the orbital angularf
momentum, orbital magnetic, and spin magnetic quan-
tum numbers of the incident and scattered electrons, re-
spectively; u& is the Coulomb phase shift; P is used to
represent the quantum numbers MLS specifying the initial
and final terms in LS coupling; the symbol C is used to
signify the Clebsch-Gordan coefficients; T» "(/3, ~pf ) is

i f
an element of the T matrix for a given total angular
momentum L, total spin S, and parity II, connecting the
channel p;/; with the channel pflf, and the T matrix is
related to the S matrix and the R matrix by the equation

T=1—S=— 2iR
(1 —iR )

(2)
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After some Racah algebra, one obtains the equation for
the differential cross section in atomic units per steradian
(a.u./sr) as

The differential cross section is then determined by
squaring the scattering amplitude, averaging over the ini-
tial states, summing over the final states, and multiplying
by the ratio of the final to the initial linear momenta:
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where the first two terms occur only in the elastic channel, j, is the momentum-transfer quantum number employed by
Salvini, and M(p; /;/3flfj, S ) is defined by the equation
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which is within a phase factor of Salvini's definition of
M.9

We have written a program similar to Salvini's
MOMTRANF code that calculates differential cross sec-
tions using Eqs. (4) and (5). The program reads R ma-
trices or T matrices from a distorted-wave or close-
coupling calculation and generates total and differential
cross sections and plots of differential cross sections as a
function of the scattering angle 0.

For the results presented here, all orbitals were gen-
erated using Fischer's Hartree-Fock (HF) program. '

The 1s orbital was obtained from a Hartree-Fock calcula-
tion of Li+ 1s . The 2s, 2p, 3s, 3p, and 3d orbitals were
obtained from frozen-core Hartree-Fock calculations for
the appropriate 1sn1 configuration.

The nonunitarized distorted-wave (DW) and the 5-state
unitarized distorted-wave (UDW) calculations were per-
formed with our distorted-wave code for which the con-
tinuum electrons are determined in a full Hartree-Fock

potential. In these calculations, we did not force ortho-
gonality between the continuum and bound orbitals with
the same angular symmetry, but rather included the ex-
change overlap terms within the distorted-wave poten-
tial. " The close-coupling (CC) calculations were per-
formed using the IMPACT code of Crees et al. '

The configuration-interaction (CI) target states and an-
gular algebra for the distorted-wave and close-coupling
calculations were generated using the program COLALG. '

The COLALG output files were modified for the distorted-
wave calculation to exclude all coefficients associated
with bound channels and add the coefficients for the
exchange-overlap terms. For the DW, the 5-state UDW
and the 5-state close-coupling (CC5) calculations, the CI
target states were obtained by mixing the even-parity
configurations 1s, 1s2s, 2s, and 2p, and the odd parity
configurations 1s2p and 2s2p; however, 2s, 2s2p, and
2p were treated as correlation configurations, and only
the five terms arising from 1s, 1s2s, and 1s2p were in-
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eluded within the R matrix for the UDW calculation and
within the coupled equations of the CC5 calculation. For
the 11-state close-coupling (CC11) calculations, the target
states were generated from the even parity configurations
1s, 1s2s, 1s3s, 1s3d, 2s, and 2p, and the odd
configurations 1s2p, 1s3p, and 2s2p, with 2s, 2s2p, and
2p again being treated as correlation configurations
only.

All calculations presented here were made for partial
waves from L =0 up to a maximum L, L,„, of 20. In
order to test for convergence, we compared differential
cross sections for different values of L,„at an energy of
9.0 Ry, which was the highest electron energy employed.
We found that the spin-changing transitions 1 'S~2 S
and 1'S—+2 P have converged with L,„=10. The
spin-allowed transitions converge more slowly; however,
the 1'S~2'S transition has easily converged with a
value of L,„of 15, while the dipole-allowed transition
1 'S~2 'P has converged with L,„=18. Of course, for
higher electron energies, higher partial waves would be
required.

TABLE II. Excitation cross sections (10 ' a.u.).

Transition DW' DW UDW' CC5 CC11'

1 'S —2'S
1'S—2'S
1'S—2 P
1'S—2'P

Electron energy = 5.2 Ry
4.8 1.389 1.417

5.945 5.274
11.240 9.944
8.776 7.663

3.282
4.450
7.718
6.985

2.427
2.910
5.128
4.324

1'S-2 S
1 'S-2 'S
1 'S-2'P
1'S—2'P

Electron energy
0.523
4.097
2.619

12.716
2.6

= 9.0 Ry
0.493
4.065
2.537

12.199

0.597
2.873
2.212

12.014

0.617
2.479
2.287

10.621

Nonunitarized distorted wave, Itikawa and Sakimoto, Ref. 7,
determined by integrating their differential cross sections.
Nonunitarized distorted wave, this work.

'5-state unitarized distorted wave, this work.
5-state close coupling, this work.

'11-state close coupling, this work.

III. RESULTS

In Table I we present theoretical energies for excitation
from the 1 'S ground-state term to the 2 S, 2 'S, 2 P, and
2'P terms for Li+, calculated using the two CI target
states mentioned in Sec. II, in comparison to the
corresponding experimental excitation energies. ' The
largest improvement of these energies over the cor-
responding single-configuration HF energies comes
from configuration interaction with the correlation
configurations 2s, 2s2p, and 2p . Also shown are the
theoretical energies calculated by Christensen and Nor-
cross using their target model 3; this model was chosen
for comparison because, of the targets which they em-
ployed in their calculations, it most closely resembles our
choice of target states. Their energies are in somewhat
better agreement with experiment than ours because they
optimized their radial functions to improve the energies,
rather than using single-configuration HF orbitals within
a CI calculation.

In Table II we compare total excitation cross sections
determined from our DW, UDW, CC5, and CC11 calcu-
lations at energies of 5.2 and 9.0 Ry. Also shown are ap-
proximate values of the total cross sections for 1 'S~2 S
transition at an energy of 5.2 Ry and the 1 'S~2 P tran-

sition at an energy of 9.0 Ry from the nonunitarized
distorted-wave calculations of Itikawa and Sakimoto.
These were determined by numerically integrating the
differential cross sections taken from the curves in their
paper over the solid angle. The total cross section from
their DW calculation for the 1 'S~2 P transition at an
energy of 9.0 Ry is in excellent agreement with our DW
calculation. However, their DW value for the 1 'S~2 S
transition at an energy of 5.2 Ry is seen to be about 3.5
times our DW value. We investigated the sensitivity of
this particular cross section to the distorting potential;
however, we found only small variations in the total cross
section, and therefore are unable to explain the large
difference between the results from these two calcula-
tions. Sakimoto and Itikawa have also made differential
cross section calculations for the 1 'S ~2 'S and
1'S~2'P excitations, but they were done at different
electron energies and their results are, therefore, not in-
cluded here.

We also notice from this table that coupling with the
1s31 configuration, included in the CC11 calculation, has
a rather significant effect on the total cross section, espe-
cially at the lower energy. This may indicate that cou-
pling with the 1s41 configurations is also important.

TABLE I. Excitation energies (in Ry).

Transition Target 1' Target 2b Target 3' Experimental

1'S—2 S
1'S—2'S
1'S—2 P
1'S—2'P

4.332
4.471
4.486
4.573

4.330
4.467
4.485
4.572

4.344
4.476
4.503
4.579

4.338
4.478
4.504
4.573

'Target 1. 'S, 1s +1s2s+2s +2p; S, 1s2s; ' P, 1s2p+2s2p; with HF frozen-core orbitals, this work.
Target 2. 'S, 1s +1s2s+1s3s+2s +2p'; 'S, 1s2s+ ls3s; ' P, 1s2p+1s3p+2s2p; with HF frozen-

core orbitals, this work.
'Target 3. Target model 3, of Christensen and Norcross, Ref. 5.
Experimental energies from Ref. 14.
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TABLE III. Comparison of close-coupling total cross sec-

tions in units of 10 ' cm at an energy of 5.2 Ry.
IO

Transition CC5' CC5 CC5' CC11 Expt. '

1 'S —2'S
1'S—2'S
1'S—2 P
1 'S—2'P

9.2
12.4
21.1

18.9

7.8
7.2

19.1
17.8

9.2
12.5
21.6
19.6

6.8
8.1

14.4
12.1

15.6

'5-state close coupling, Wyngaarden, Bhadra, and Henry, Ref.
4.
"5-state close coupling, Christensen and Norcross, Ref. 5, using

their target model 3.
'5-state close coupling, this work.

11-state close coupling, this work.
'Experimental value, Rogers, Oslen, and Dunn, Ref. 6, at an en-

ergy of 5.23 Ry.

L
CA

ci
IO

However, in the case of neutral He, comparison of the to-
tal collision strengths calculated from S-state, ' 11-
state, ' and 19-state' 8-matrix calculations for the
1 'S~2 P transition indicate that only a small additional
improvement is obtained by including the 1s4I states in a
19-state calculation.

In Table III we compare our CC calculations of the to-
tal cross sections at an energy of 5.2 Ry with the CC5 cal-
culations of Wyngaarden et aI. and those of Christensen
and Norcross using their target model 3 (Ref. 5). As can
be seen, our CC5 results are in good agreement with
those of Wyngaarden et al. , but the CC5 results of
Christensen and Norcross are significantly lower. These
lower cross sections are presumably due to the better tar-

IO
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FIG. 2. DifFerential cross section for the 1'S~2'S transi-
tion in Li+ at an energy of 5.2 eV. Dashed curve, DW calcula-
tion; long-dashed-short-dashed curve, UDW calculation; dot-
dashed curve, CC5 calculation; solid curve, CC11 calculation.

get states that were employed in their calculations. Also
shown in this table is the experimental total cross section
of Rogers et al. for the 1 'S~2 P transition at an ener-

gy of 5.23 Ry. Our CC11 cross section for this transition
is in the best agreement with this value, although still
nearly 8% lower.

Plots of our DW, UDW, CC5, and CC11 differential
cross sections for these 1s ~21 transitions at an energy of
5.2 Ry are shown in Figs. 1 —4, and for an energy of 9.0
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FIG. 1. Differential cross section do /dQ in units of a.u. /sr
for the 1 'S~2 S transition in Li+ at an energy of 5.2 Ry. Dot-
ted curve, DW calculation of Itikawa and Sakimoto, Ref. 7;
dashed curve, DW calculation, this work; long-dashed —short-
dashed curve, UDW calculation; dot-dashed curve, CC5 calcu-
lation; solid curve, CC11 calculation.
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FIG. 3. Differential cross section for the 1'S~2 P transi-

tion in Li at an energy of 5.2 Ry. Same notation as in Fig. 2.
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FIG. 8. Differential cross section for the 1'S~2'P transi-
tion in Li at an energy of 9.0 Ry. Same notation as in Fig. 2.

continuum coupling included in the CC5 and CC11 cal-
culations causes much more complex interference effects
as a function of scattering angle. In fact, the CC calcula-
tions show two distinct minima for the 1 S~2 S transi-
tion and a pronounced decrease in the large-angle
backward-scattering cross section in the case of the
1'S~2 P transition. It is also interesting to note how
the limited coupling included within the UDW approxi-
mation also reflects this more complex angular depen-
dence.

At the higher energy of 9.0 Ry, the differences in shape
between the DW and CC calculations for the spin-
changing transitions (Figs. 5 and 7} are somewhat less
pronounced, although still much larger than one would
expect on the basis of the relatively small differences in
the total cross sections. In the case of the transition to
the 2 S term, continuum coupling effects cause a much
larger decrease in the cross section at intermediate angles
and two distinct minima persist in both close-coupling
calculations. For the 1'S~2 P excitation, the four
curves have similar shapes for scattering angles less than
90', but the strong coupling included in the CC5 and
CC11 calculations causes a marked decrease in the large-
angle backward-scattering cross section; this effect is only
weakly reflected by the limited coupling included in the
UDW approximation.

The complex variations of the CC differential cross sec-
tions with scattering angle are much less severe for the
spin-allowed excitations to 2 'S and 2 'P. In the case of
the 1'S~2'S excitation, the CC calculations have a
much deeper minimum than the DW calculation at an
energy of 5.2 Ry (Fig. 2), but this difference is less pro-
nounced at the higher energy (Fig. 6). For the dipole-
allowed transition 1 'S~2'P at 5.2 Ry (Fig. 4}, the CC
cross sections are quite different from the DW result,
especially at large angles; however, at an energy of 9.0 Ry

(approximately twice the threshold energy), the curves
are beginning to converge, especially for small scattering
angles (see Fig. 8). The better agreement in this case is
due to the fact that the cross sections for the dipole-
allowed transitions, especially for higher electron ener-
gies and smaller scattering angles, are much more depen-
dent on high partial waves, which are not nearly as sensi-
tive to continuum coupling.

Although there are some significant differences be-
tween the magnitudes of the cross sections from the CC5
and CC11 calculations at the lower energy of 5.2 Ry, it is
interesting to note that, for all transitions, there is good
overall agreement with respect to the shape of these cross
sections. This seems to indicate that the most important
coupling effects have been included within the 5-state cal-
culation. It is also important to observe that for all tran-
sitions, the variation in the shape of the cross sections
with energy is large and unpredictable, especially for the
two CC calculations, and it is most pronounced for the
spin-changing 1 'S~2 S and 1 'S~2 P transitions
(compare Fig. 1 with Fig. 5 and Fig. 3 with Fig. 7). This
would make any interpolation of the differential cross
sections as a function of energy virtually impossible.

The differential cross sections are also sensitive to the
details of the calculation within the DW approximation.
From Fig. 1, we see that our DW calculation of the
differential cross section for the transition 1 'S~2 S at
5.2 Ry is significantly lower than that of Itikawa and Sak-
imoto, as one would expect from a comparison of the to-
tal cross sections. However, from Fig. 7, we see that our
DW calculation for the 1'S~2 P transition at 9.0 Ry
has a somewhat different shape than that of Itikawa and
Sakimoto, especially for the larger scattering angles,
even though the total cross sections appear to be in good
agreement. Finally, Sakimoto and Itikawa have also
performed a calculation for the 1 'S~2 'P transition at
an energy of about 9.15 Ry. Their differential cross sec-
tion appears to have a shape similar to that obtained
from our DW calculation and is in close agreement with
our DW cross section for small scattering angles; howev-
er, their cross section is about 56% of our DW result for
a scattering angle of 180'.

Finally, it is interesting to note that the variations of
the differential cross sections with scattering angle deter-
mined from our CC calculations for Li+ at 5.2 Ry are
similar for all transitions to those determined from a 19-
state R-matrix calculation for neutral He by Fon et al. '

This is true even though their calculation was performed
at an energy 1.5 times the threshold for the 1'S~2 S
transition, while 5.2 Ry corresponds to about 1.2 times
this threshold in Li+. These similarities in the Li+ and
neutral He calculations are somewhat surprising when
one considers the difference in net charge and electron
energy between the two cases.

IV. CONCLUSIONS

We have performed distorted-wave, unitarized
distorted-wave, and close-coupling calculations for the
1s~21 transitions in Li in order to investigate the sen-
sitivity of differential cross sections to the level of scatter-
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ing approximation. The shape and magnitude of the
differential cross section has been shown to be extremely
sensitive to the level of continuum coupling included in
the calculation. Thus it appears highly unlikely that the
distorted-wave approximation will produce reliable
differential excitation cross sections, at least for lower
stages of ionization. This is true even when the total
cross sections are in close agreement. Additional calcula-
tions will be needed to investigate how far this sensitivity
will persist as a function of ionization stage.

As new generations of electron-ion collision experi-
ments are developed, which produce differential cross
sections with respect to scattering angle, or partial cross

sections over ranges of angles, we will surely have more
severe tests of electron-ion scattering theory.
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