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A new fundamental thermodynamic property has been proved for classical electromagnetic zero-
point radiation. Aside from a proportionality constant, classical electromagnetic zero-point radia-
tion is shown here to possess the unique spectrum that is suitable for establishing a thermal equilib-
rium state with a set of fluctuating classical electric dipole harmonic oscillators at the temperature
of absolute zero. As a consequence of this analysis, one can see that according to the fundamental
thermodynamic definition of absolute zero temperature, the following traditional view in thermo-
dynamics is an unnecessary thermodynamic restriction: namely, that all fluctuating motion and ra-
diation must vanish at 7 =0 for classical physical systems. Indeed, as shown here, this restriction
can violate the third law of thermodynamics if the spectrum reduces to zero by being proportional
to T. The analysis in this article involves the calculation of (1) the change in internal energy, (2) the
work done, and (3) the heat radiated for a quasistatic displacement of electric dipole nonrelativistic
harmonic oscillators immersed in random classical electromagnetic radiation. The calculations in-

clude full nonperturbative evaluations of retarded van der Waals thermodynamic functions.

I. INTRODUCTION

A reversible isothermal thermodynamic operation is
analyzed here that consists of the quasistatic displace-
ment of classical electric dipole oscillators. These fluc-
tuating electric dipoles interact with each other and with
random classical electromagnetic radiation at some equi-
librium temperature 7. The radiation is assumed to have
Gaussian stochastic properties that are isotropic and
homogeneous in space. A number of thermodynamic
quantities are calculated, such as the internal energy for
this system and the heat flow during this reversible iso-
thermal process. Aside from a proportionality constant,
only one nonzero radiation spectrum is found to result in
no heat being radiated off into space when the oscillators
are slowly displaced from each other: namely, the spec-
trum of classical electromagnetic zero-point (ZP) radia-
tion (see Refs. 1-5 for reviews).

This result of no heat transfer is precisely what we ex-
pect to find for a system in equilibrium at the tempera-
ture of absolute zero. More specifically, a system is
defined as being at absolute zero when no heat flow Q can
occur out of the system during any reversible isothermal
process performed on the system.® Consequently, aside
from a proportionality constant, classical electromagnetic
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ZP radiation possesses the only nonzero spectrum suit-
able for establishing an equilibrium state with the electric
dipole oscillators at a temperature of absolute zero.

This requirement of Q=0 at 7=0 must also be
satisfied in order for the third law of thermodynamics to
be true. Indeed, according to the Nernst-Simon form of
the third law,” not only should Q=0 during an iso-
thermal reversible process at 7=0, but also the ratio of
Q /T should approach zero in the limit of T—0. Conse-
quently, the third law of thermodynamics is shown here
to place a further restriction on the spectrum of incident
radiation. This restriction is tested on two radiation
spectrums that have been extensively studied in the phys-
ics literature.! %17 The familiar classical Rayleigh-
Jeans (RJ) radiation spectrum is found to violate the
third law of thermodynamics, while the classical elec-
tromagnetic zero-point plus Planckian (ZPP) radiation
spectrum satisfies it.

The above two results fit in nicely with arguments
made by a few researchers during the past 27 years or
50,!7>°712 that previous analysis®!*!® on the thermo-
dynamic behavior of classical charged particle systems
have not included an important element in their reason-
ing:'"12 namely, classical electromagnetic zero-point ra-
diation. Indeed, as will be argued shortly, if a statistical
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equilibrium configuration is at all possible for a system of
classical charged particles, then at a temperature of abso-
lute zero there must exist a ‘“‘zero-point” classical elec-
tromagnetic radiation, as well as a zero-point oscillating
motion for the charges.

Of course, ZP fields and ZP motion are normally asso-
ciated only with quantum-mechanical systems and are
quite foreign to the traditional ideas of classical physics.
However, a qualitative way of understanding why ZP
fields and ZP motion should be a natural part of the ther-
modynamic behavior of classical charged particle sys-
tems, is to think in terms of Earnshaw’s theorem.!® Ac-
cording to this theorem, a system of classical charged
particles cannot exist in static, stable equilibrium.
Hence, if an equilibrium situation for charged particles is
at all possible, then the charges must be following a fluc-
tuating, oscillatory path in space. The oscillating charges
produce fluctuating electromagnetic fields, which in turn
act upon the charges. Thus any possible equilibrium situ-
ation must involve the presence of electromagnetic radia-
tion, as well as an oscillatory motion for the charges,
even at a temperature of absolute zero. All motion of
charges would then possess a stochasticlike character.
These qualitative ideas correspond to what we observe in
nature: at 7=0, molecular activity does not cease; it has
a zero-point motion.

Including ZP radiation in determining the behavior of
classical charged particles brings classical theory closer
to experimental observation. 17520-23 1ndeed, on the
basis of the existence of classical electromagnetic ZP ra-
diation, a number of predictions and calculations have
been made that agree with quantum theory: for example,
(1) classical derivations of blackbody radiation,!!"1%2423
(2) van der Waals force calculations, 2632 (3) correct be-
havior for a charged particle in a simple harmonic-
oscillator potential,”’ (4) explanations for quantum optic
effects,?>23 as well as qualitative ideas for' (5) tunneling,
(6) diffraction, (7) interference, (8) the Heisenberg uncer-
tainty principle, and (9) atomic stability. 33

This classical theory is often referred to as stochastic
electrodynamics (SED). A major test of SED will be es-
tablishing whether or not atomic stability is indeed pre-
dicted, and whether the radiation emitted by a classical
atomic system yields an appropriate equilibrium state for
the net thermal radiation. If true, as in the simplest case
of a massive stationary nucleus, then we would have a
specific example of statistical equilibrium between a clas-
sical charged particle system and classical electromagnet-
ic radiation.

Presently, however, work by other researchers provides
arguments for why SED cannot satisfactorily describe the
physics of atomic systems in nature (Refs. 16, 17, 20, 21,
and 34-36). For example, a charged particle oscillating
in certain classes of nonlinear binding potentials has been
shown to be in equilibrium with Rayleigh-Jeans radia-
tion, rather than classical electromagnetic ZPP radiation,
and to follow the behavior of Maxwell-Boltzmann statis-
tics, rather than the statistical behavior predicted by
quantum theory.'®!” Moreover, some researchers have
claimed that a classical hydrogen system must ionize due
to the influence of classical electromagnetic ZP radia-

tion.3*3%
37

Nevertheless, as I have recently shown,’’ this other
work is based on perturbation analysis that is not ap-
propriate for actual atomic systems. Moreover, as
Boyer®® and myself’’ have recently emphasized, past tests
of SED on nonlinear mechanical systems (Refs. 13-17,
20, 21, 34-36) should be restricted to systems of charged
particles interacting strictly via electromagnetic forces.
Only in this way can a proper connection be made with
real atomic systems in nature. Testing SED on charged
particles oscillating in somewhat arbitrary binding poten-
tials that are not of electromagnetic origin, simply does
not adequately approximate the physics of real atomic
systems.

Thus the status of SED is still uncertain. This paper
does not change that status. Indeed, the analysis de-
scribed here has a number of limitations. The most
significant one is that only a simple model of a classical
atomic system is again treated: namely, an electric dipole
nonrelativistic simple harmonic oscillator. The advan-
tage of this system is that the mathematical treatment is
clear. Consequently, this system has often been treated in
both the quantum and classical literature when modeling
various properties of atomic systems (e.g., van der Waals
forces, optical properties of materials, specific heats of
crystals, etc.). A second advantage is that a close connec-
tion is known to exist between the classical and quantum
theories for this system.? Nevertheless, this classical di-
pole oscillator model is certainly not a sufficiently accu-
rate representation of atomic systems found in nature to
claim that the results found here must also hold for a real
atomic system described via classical physics. Thus these
results would be more significant if, for example, the con-
siderably more difficult case of a classical hydrogen atom
was treated. >’

Moreover, other criticisms can be made about the
analysis in this paper. For example, only the change in
the total energy is calculated for the thermodynamic
operation of quasistatistically displacing the dipole oscil-
lators. This treatment is in keeping with the usual ther-
modynamic definition of T=0, which only requires that
we examine the total heat flow out of the system. Still,
other interesting and important questions exist about the
system, such as what is the spectrum of the radiated ener-
gy as the oscillators are slowly displaced, and what is the
relationship of the spectrum of the radiated energy to the
spectrum of the thermal radiation? These questions are
not examined here.’

Nevertheless, despite these limitations, this paper does
make a contribution to the study of the thermodynamics
of classical electrodynamic systems. Specifically, the cal-
culations contained here show that a classical electro-
dynamic system can possess a nonzero fluctuating energy,
yet still satisfy the fundamental thermodynamic definition
of the temperature at absolute zero. Consequently, the
traditional view in classical physics that all motion must
stop at 7=0, is an unnecessary restriction that has been
imposed on classical systems. Indeed, as shown here, this
restriction can violate the third law of thermodynamics,
and may have resulted in a fundamentally flawed view of
the equilibrium behavior for classical charged particles
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and classical electromagnetic radiation.

Instead, by allowing nonzero electromagnetic fields and
nonzero particle motion at T=0, we are able to fulfill the
traditional thermodynamic definition of T=0, as well as
the third law of thermodynamics, for this electric dipole
oscillator system. However, these results could only be
obtained by restricting the incident radiation spectrum to
be given by p;,(@)=kw’/c?, where k is an arbitrary con-
stant greater than or equal to zero, c is the speed of light,
and o is the angular frequency. Since this spectrum is
precisely the spectral form for classical electromagnetic
ZP radiation, we obtain the derivation that aside from
the proportionality constant «, only the classical elec-
tromagnetic ZP radiation spectrum will satisfy the 7=0
thermodynamic conditions imposed here for this system
of dipole oscillators.*’ This result points favorably to-
ward classical electromagnetic ZP and ZPP radiation as
possessing the appropriate spectrums to be in equilibrium
with classical electrodynamic charged particle systems.

Moreover, in further support of these results, a few
suggestive arguments are given here that the propor-
tionality constant k should be nonzero in nature. These
arguments are meant to motivate the speculation that ZP
motion and ZP radiation might be an essential part of the
thermodynamic behavior of classical charged particles.
Clearly, however, these arguments are only suggestive
ones, and should not be construed as “proofs.” The ear-
lier argument involving Earnshaw’s theorem falls under
this category, since it was based on the condition of, *. . .
if an equilibrium situation for charged particles is at all
possible, then . . . ol

Thus, despite the proof contained here that
pin(@) =k’ /c* yields satisfactory results for the T=0 be-
havior of the electric dipole oscillators, and despite the
suggestive arguments that «%0 in nature, the final
answer on the question of classical electromagnetic ZP
radiation has not been shown, and will not be shown, at
least until the difficult, but physically important problem
of classical atomic systems with Coulombic binding po-
tentials has been carefully treated.

As for the outline of the present paper, Sec. II sets up
the calculations needed for finding the change in internal
energy of a system of N electric dipole oscillators when
they are slowly displaced from each other. Section III
finds the steady-state behavior for the oscillators, while
Secs. IV and V find the change in internal energy and the
work done, respectively, during a reversible isothermal
displacement of the oscillators. Section VI calculates the
heat radiated off into space and derives the ZP radiation
spectrum as a result of the demand that Q=0 at T=0.
In Sec. VII the third law of thermodynamics is shown to
hold for ZPP radiation, but not for RJ radiation. Section
VIII contains concluding remarks on the work described
here.

Finally, before turning to the analysis in this paper, I
want to mention that there are a number of quantities
calculated here for a classical charged oscillator system
that should carry over to the analogous QED case, but
which apparently have not been calculated before via the
usual methods of QED. A close connection between SED
and QED is known to exist for a nonrelativistic charged

particle in a simple harmonic-oscillator (SHO) potential,?
which is precisely the system treated here. In the past,
Renne*? has calculated, via QED, retarded van der Waals
forces at T=0 for electric dipole nonrelativistic simple
harmonic oscillators. His calculation is particularly in-
teresting because it does not require the usual quantum-
mechanical perturbation methods, and so is exact, at least
within his nonrelativistic treatment of the problem.
However, extending this calculation to nonzero tempera-
tures is nontrivial. Boyer accomplished this task quite
easily via the different calculational method of SED. %>

In the present paper several additional properties are
calculated for this system, such as the change in internal
energy, work done, and heat radiated for a slow displace-
ment of these oscillators at a fixed temperature. In a
planned, separate paper®’ these quantities will be calcu-
lated for even more general reversible thermodynamic
processes, so that T does not need to be held fixed. In
this way, a general state of entropy can be derived,
specific heat can be obtained, and the other usual thermo-
dynamic functions can be calculated.

II. DESCRIPTION OF ENERGY CALCULATION

Here we will set up the calculations needed to analyze
the operation of slowly displacing N neutrally charged
classical atomic systems from some initial positions in
space, to some final configuration, while in equilibrium
with incident classical electromagnetic radiation. Let us
assume that the atoms are sufficiently far separated at all
times that the dipole fields from each atom form the dom-
inant means of interaction between the atoms. In this pa-
per we will calculate the change in energy associated with
displacing these atoms.

In order to make this problem tractable, at the present
time we must resort to modeling the atoms as electric di-
pole oscillators. The oscillator model we will consider
here is related to the oscillator model treated in Refs. 8,
11, 12, and 29-32, which used a Drude-Lorentz approxi-
mation for an atom or molecule. This Drude-Lorentz
oscillator-particle model was taken to be electrically neu-
tral, but with a fluctuating electric dipole that obeyed a
linearized form of the Lorentz-Dirac equation of motion
that would arise from a charged point particle oscillating
in a simple harmonic-oscillator potential.

The following further elaboration of this model gives
one possible simple means for picturing the physical con-
struction of such an oscillator. We can think of the oscil-
lator as arising from a classical charged point particle
with rest mass m and charge +e that oscillates inside a
spherical uniform charge distribution with net charge
—e. When this spherical charge distribution is unac-
celerated,** the oscillating +e particle will be acted
upon by an isotropic SHO potential in the rest frame of
the —e charge distribution. For points at large distances
compared to the radius of the —e spherical charge distri-
bution, the electromagnetic fields of this oscillator-
particle model will be that of a time-varying electric di-
pole.

For times ¢ <1, let the centers of these N electric di-
poles be held fixed at positions Z,y,for A=12,...,N.
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Likewise, for times t;; <1, let the centers be held fixed at
positions Z , ;. Between times ¢; and ¢y, let us assume
that the electric dipoles are slowly displaced from the ini-
tial to the final positions. By making t; —¢; sufficiently
large, a quasistatic operation can be realized.

Let V be a volume in space that contains the N parti-
cles. Let (1) U, (t) be the internal energy at time ¢ within
this volume YV due to the particles and electromagnetic
fields, (2) @ be the electromagnetic energy that flows be-
tween times ¢; and t{; into V, and (3) W be the work done
by external forces in moving the N particles from one set
of coordinates to another in the time interval between
time ¢; and t;;. Conservation of energy then demands
that

AU = U (1) — Ui 17)
=Q+W . (1)

where the signs are such that if positive work is done on
the system of particles, then its internal energy increases.
Upon taking the expectation value of Eq. (1), the first
law of thermodynamics is obtained, where Q=(@)
represents the heat flowing into YV in the form of random
electromagnetic energy. Here, we will calculate Q by
evaluating W=(W) and AU,,=(A%,, ). By finding
Q, we can then calculate the change in caloric entropy.
Now let us identify all the parts of %, that will con-
tribute to AU, between times ¢; and t;. Besides the
electromagnetic energy of interaction due to the electric
dipoles and any incident radiation, we must include the
mechanical internal energy of each fluctuating electric di-
pole. In keeping with our Drude-Lorentz model, we will
treat the mechanical internal energy as arising from a +e
point charge oscillating inside a SHO potential, due to a
surrounding — e uniform sphere of charge. Hence
_ 3 * 2 1 3 (g2 2
U= 3 (m*yo et o— [ PxE+BL), @
A=1
where m * is the bare mass of the oscillating +e charge of
the A-labeled electric dipole,
21-172
Zy 4
c

1_

Y+a4=

and z, 4, and z, , represent the position and velocity, re-
spectively, of the (+e)- 4 oscillating point charge. Also,

N
Elolein+ 2 (E+A+E7A) 5 (3)
A=1

and likewise for B,,, where E,, and B;, are the incident
electric and magnetic fields, E, , and B, , are the re-
tarded electromagnetic fields due to the oscillating +e
charge of the A4 electric dipole, and E_ , and B_ , are
the retarded electromagnetic fields due to the —e sphere
of charge in electric dipole A.

The following terms:

1
WEMMzgfcvdu[(EM)ZﬂBM)z], (4)
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which occur in Eq. (2), are singular; these terms represent
the electromagnetic energy in YV due to each of the
(+e)-A oscillating point charges, while ignoring the
presence of the remaining charges. Here, we can use the
results of the work of Teitelboim and co-workers*®*’
where a mass renormalization procedure was described to
remove these singularities.

Following the procedure in Refs. 46 and 47, the energy
term in Eq. (4) can be split into two parts. Let

Eis=E, +4+E, 4, )

and likewise for B, 4, where E, , , and E, , , are the
velocity and acceleration fields, respectively, associated
with the (+e)- 4 particle.*® Here, E, , , and B, , , are
proportional to R "%, and E, , , and B, , , are propor-
tional to R ~!, where R =|x—z, 4(¢,)|, x is the point in
space at which the fields are to be evaluated, and z ,(t,)
represents the position of the (+e)- A4 point charge at the
retarded time t,=t —R /c.
We can then write that

ﬂEM,*A:fﬂ,d3x[u+A(—2)+u+A(*3] ) (6)
where
1
u+A(*2):§[(Ea,+A)2+(Ba,+A)2] , (7)

1
u+A(—3:§[2(Eu,+A'Eu,+A JH(E, 4+ 4 )y
+2(Ba,+A'Bu,+A)+(Bu,+A)2] . @)

Thus u , 4_,, contains only terms proportional to R -2
while u , ,_; contains the remaining terms that are pro-
portional toR ", n 2 3.

The first and second terms on the right-hand side (rhs)
of Eq. (6) are nonsingular and singular, respectively. If
we were to integrate the second term in Eq. (6) over all
space, instead of just over YV, then the work of Teitelboim
and co-workers*®*’ shows that we can identify this ener-
gy term as a singular “bound” electromagnetic energy
that can be combined with the bare mass energy term
m*c?y, 4 to yield a nonsingular result. One then ob-
tains mc?y . ,, where m is the experimentally measured
mass, plus the term

_d|le
e (P ©)

W |

Uschow. + 4=

which is the Schott energy term. This result follows*
from cP?in Eq. (8.7) in Ref. 47.

However, since we are considering the case where each
of the terms in Eq. (6) is integrated over a finite volume
%V, rather than over all space, then we must change the
above procedure slightly. Let YV represent all of space ex-
cluding the volume V. Then,
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U Az;,l my 4 4¢ “ar 37(71‘—/‘4) “f,vd XUt 4(-3 +fyd x g[(Elot) F(Byo)*]— AE:, Uy 4(-3
(10
f
The sum of the terms in the curly brackets in Eq. (10) Upn, - a=—~— f d’x[ +(B_ 7] . (13)

equals the sum over all particles of the material energy
term plus bound electromagnetic energy term for each
particle. In this way we remove the singularities associat-
ed with the individual ( +e)- 4 particles.

Before proceeding with evaluating A%, and its expec-
tation value, however, there remains one other singular
quantity that needs to be taken into account. If the in-
cident radiation is one of the two candidates usually con-
sidered for providing thermal equilibrium, namely, RJ or
ZPP classical electromagnetic radiation, then

1
Uemin=(— 3 2 2
EM.in <37T fwd x(Em+Bm)> (11)

is indeed singular, so that (%, ) is singular as well.
However, in our final result we are only interested in the
change in (%, ), and not in the actual value of { U,,,).
Thus, for incident radiation with stochastic properties
that are stationary in time, as occurs for RJ or ZPP radi-

ation held at a fixed temperature, then

AUgyin = Upniin(t1)— Upm (1) =0, (12)

thereby removing this singularity. Hence AUgy, ;, will
only make a contribution in a situation best described via
the statistical properties of the radiation changing be-
tween times #; and #;, such as occurs when there is a
change in temperature of the radiation. >

Let us now make a few observations and simplifying
assumptions in order to cast A%, into a form that can
be explicitly evaluated. Consider the terms

fdsz +E,,+2B_,B, ) ——fdxqs

1 A
S e Pedix B(d 4B )

At time t; the fields of the (—e)-A4 spheres are purely
Coulombic. Let us redefine f;; slightly to be the time at
which the (—e)- 4 spheres have not just stopped moving,
but have stopped moving for at least a time R, /c, where
R, is the largest diameter associated with the volume V.
Then the fields of the (—e)-A spheres will also be
Coulombic within V at time ¢,;. Consequently, at times

t; and ty; and for points x within YV, B_ ,(x)=0 and
E_,(x)=—V¢_ ,, where
13 e 7
2R3|X ZA' 2R’ {X ZA\SR
b 4(x)= . (14)
}—}—x:z_—l’ |x—Z,|>R
4

Here, R is the radius of each of the —e spheres of charge,
and Z , is the position of the center of the (—e)-4
sphere. Also, in Eq. (14) the zero reference of ¢_ , was
conveniently chosen so that ¢ _ , =0 at |x|=0c. As can
be seen, at times #; and ?y; the force of each (—e)-4
sphere on the (+e)-A particle oscillating inside the
sphere is given by the SHO force eE_ , = —(e?/R*)8z 4,
where 6z , =z, ,—Z ,. The oscillating particle’s natural
angular frequency is then

2 e’
W= mR3 (15)

We can now evaluate the following term that is in Eq.
(10):

(V-E, 4)— I ﬁ,dxn (¢ 4E; )

(16)

Here, the volume integral in the first line on the rhs was evaluated using (1) the fact that V-E, , = +e4783 (x—z, 4),
(2) plus Eq. (14), and (3) the implicit assumption that the (+e)- A oscillating particle lies within the (—e)- A4 sphere,
which is in keeping with our SHO electric dipole model. As for the constant energy term of —3e?/(2R) in Eq. (16),
this term drops out when computing A%;,,. Also, when we compute { A%,,, ) we will be able to neglect the surface
term in Eq. (16), provided that the surface & of the volume %V is far removed from all particles, and provided that
|z, 41/c << 1. (This last nonrelativistic approximation will be used throughout our energy calculations.) Under these
conditions, ¢ _ , varies as 1//x| on &, and E | , can safely be approximated on § by*
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[X—Z+A(t,)]>(

[x—z, 4(1,)]—

z, 4(t,)

Ix—z. 4(t,)] | X

.Z.+A(t,)
c

E.  (x0=E, ,(xn="1

’

Ix—z, 4(2,)|—

Z+ 4

3
[x—z, 4(z,)] l

(17)

which also varies as 1/|x| on &. (Above, |z, 4|/c terms were dropped, and |z, ,|/|x| <<1 was assumed.) If the sur-
face & happens to be a sphere, then i=x/|x| and 7-E, , , =0 on &, so then the surface term in Eq. (16) vanishes. In
general, though, we will be able to ignore this surface term when computing its expectation value, since

(24 4(2,))
x X xx_+.’i__
< ?sudlxﬁ-(¢_AE+A)>z¢°‘,d2xﬁ. = o , (18)
and (%) must equal zero for an oscillating bound charge.
Also, the following term in Eq. (10):
e 3 - 3 _ 1 PPN
= f(yd xE_A-E_A—gfﬁAsphered xb_ 4p- 4 Egixd xf-(¢_ 4E_,), (19)

will be nearly the same value at times #; and ¢, with the difference being the above surface term that vanishes for & far

removed. Hence we can ignore this term in computing A%,,,.

Similarly, let us assume that the surface & of V is far enough from all the electric dipole oscillators that

f d3x u _
i~ +A(—3

makes a negligible contribution when computing AU,

Combining the above, we then obtain that the left-hand side (lhs) of Eq. (1) is given by

y 1e2d Y| maog 1 "
AU = 2 1leld 2|y 62, ——— G dxf-(é_E, ) |+ [ d° } :
int AE:I MY +a€ 37, dt(?’+A) A2:1 2 (dz 4) 47r¢“‘ xn-(¢_ 4E; 4) f‘v X UgM "
(20)
where
, N , , N
uEMzg 2:4 [(Eosc-a,A) +(Bosc~a,A) 1+ 2 [Eosc,A'Eosc,B+Bosc,A'Bosc,B]
A=1 A/,‘i?
N
+2 3 [Ege 4 Eint By 4 Bl H[(E )2+ (B,)?] | . Qn
A=1

Here, E,. 4=E;, +E_,, so Eq., ,=E;.,, and
similarly for the B fields. When we compute the expecta-
tion value of Eq. (20) in Sec. IV, we will obtain that the
Schott energy term and the surface term in Eq. (20) will
drop out. Also, for the isothermal process considered in
the present paper, the [(E;,)’+(B;,)*] term in Eq. (21)
will not contribute to (A%, due to Eq. (12). (Howev-
er, these terms will be important in the planned work of
Ref. 43, which will consider reversible processes where
the temperature does change.)

Now AU, is in a convenient form to begin calculating
its expectation value.

-
II1. STEADY-STATE SOLUTION FOR OSCILLATORS

At time ty, the electric dipole oscillators are in steady-
state equilibrium with the incident radiation. Let us
again constrain our definition of ¢y, slightly and require
that z; be sufficiently greater than the time at which all
the electric dipoles have stopped being moved, so that we
may also treat the electric dipoles as being in steady-state
equilibrium with the incident radiation at time #y;.

Let us confine our attention to incident radiation fields
that are described by a Gaussian process and that satisfy
conditions of homogeneity and isotropy in space. As dis-
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cussed in Ref. 1 (see also Ref. 3), the free incident fields in
a large cubic region of space with side length L can be ex-
pressed by

1853

cident fields to the phase angle 6, ;, which is taken to be
a random variable with a uniform probability density dis-
tribution between 0 and 27. For each n and A, 0,5 is as-

372 sumed to be independently distributed.
E.(x,0)=3 3 27 h ()€, » For the RJ and ZPP situations, respectively, A, is
" mas12 | L ' given by
X k-x—wt+06,,), (22) kgT
cos( 1) nA (hgy = B’ , 27)
. 32 ~ 2
Bin(x,t)=2 2 _l"— hin(a))(kx’e\n,)\)
n A=12 fiw fiw
(h = | — th
X cos(k-x—wt +6,,) . 23) zep)"= 15 o eoth o T @8
Here, periodic conditions have been applied, When T—0, h ;pp reduces to the zero-point case of
2T
= ,h,,n,={0,+1,£2, ...}, (24)
k=-""n, ngn,n,=| J (hZP)ZEﬁ_coE ' 29)
2
and .
As shown in Ref. 37, when L — 0, so as to enclose all
e =8 25) of space, then we can let
n, n SA?
3/2
k"E\n,;\:O . (26) ax(k)E i elgk,)\ (30)
Here, o=c|k|. The above representation of the fields
conveniently attributes the stochastic properties of the in- and obtain
J
E (x,8)= Y fd3k hin(0)€(k)H[a; (ke /(@ ~kX) 4 g% (k) il ~kx)] | (31)
=12
B (x,0= 3 [d% h,()[kX&(k)][a, (ke @ k¥ 4g8(Kk)etlor k] (32)
A=1,2

Here, €, (k) is simply a relabeling of €, ; via the transfor-
mation of n—k in Eq. (24). Also, one can show that’’

(ay (kpdaf (ky)) =8k, —ky)8; s, (33)

(a;\l(kl)alz(k?_))=<a{l(k1)axz(k2))=0. (34)

In this paper we will find restrictions imposed on the
function A% in order for the incident radiation to qualify
as thermal radiation. Since [4;,(w)]* can be shown to
satisfy

wZ

pi,,(a))=—3[hm(a))]2 , (35)
c
where p, (@) is the incident spectral electromagnetic en-
ergy density

L GEP+B ) = [“doo.
o (B +(B,)= [ “dwpyle) (36)

then our restrictions on hZ immediately apply to p;,.
[From Eqgs. (27)-(29) and (36), we see that Ugy ;, in Eq.
(11) is indeed singular for the above spectra; however,
this singularity is eliminated in our calculations via Eq.
(12).]

We now need to determine the effect of the incident

-

fields on the behavior of the fluctuating electric dipoles,
which we are treating here as though they each consist of
a small —e uniform sphere of charge with a +e charged
point particle making small oscillations inside. As usual
in SED,! 3 let us approximate the equation of motion of
the (+e)-A oscillating particle by

mdi = —mawidz . +mI8Z

N
te |EnZ 0+ 3 Boop(Za,t) |, 37
(B 4)

where Fz%(ez/mc:’). Here, (1) the particle was treated
nonrelativistically, (2) the Abraham-Lorentz approxima-
tion was used for the radiation reaction force, (3) the
z/c X B part of the Lorentz force was ignored, and (4) the
dipole approximation was used in replacing the Z , +8z ,
spatial argument in the E fields by Z ,.

We will treat Eyx.p=E pt+E_p and
B, 5 =B.p+B_p as being due to a time-varying elec-
tric dipole, which for our model equals p(7)= +edzg(1).
Consequently, let us replace E . 3 and B, p in all subse-
quent calculations by the electric dipole fields Eg  and
By p, where
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1 o 3
[Ey B(x,t)],~=—_—f doexp(—iot) | 3 10(x—Zg,0)pp(0) | , (38)
! \/211' — o0 j=1
1 ® . LA
B, p(x, 1)}, =—F—+—= dwexp(—iwt) Hx—Zg,0)pp(®) |, (39
[By,5(x,1)] Vo f_w p ]EIPJ B>@)Dp;
[
and IV. EXPECTATION VALUE OF A%,
2 . ) ikix =2 Let us now compute the expectation value of Eq. (20),
M (X —Zp,0)=(V;V;+k75,;) x—2Z,| |’ (40)  assuming that Eqgs. (42) and (44) yield the correct steady-
' state behavior for times t <¢{ and t;; <¢t. The first two
; 3 ilx =2 terms in Eq. (20) can then be simplified immediately.
x—Zg,0)=ik 3 €,V |——— (41) : : :
Pij B> Pl il Vi Ix—Z] Since we are evaluating Eq. (20) at times where we as-

Here, V,=09/0;, and pg(w) is the Fourier transform of
ps(t). For |x—Zg|#0, Egs. (40) and (41) are equivalent
to the expressions of Egs. (16) and (22) in Ref. 31; howev-
er, the above expressions also contain the correct singular
properties of the dipole fields in the limit of
|x—2Zz|—0.5%!

Equation (37) is a linear stochastic differential equation
in the coordinates 6z ,, 4 =1,2, ..., N, with eE, acting
as the driving term. [Alternatively, Eq. (37) can be writ-
ten in terms of the electric dipoles p , =edz 4,.] We will
assume that the steady-state behavior is given by the usu-
al Fourier transform solution. Let

sume the oscillators follow a stationary stochastic process
in time, we may drop the Schott energy term and the sur-
face term in Eq. (20). For example, at ¢; and ¢y,

d

(E[m,,>21>=%<w+u2>=o. 47

Here, the expectation value is computed by taking an en-
semble average over identical oscillator systems, but with
different realizations for the ’s in the incident fields in
Egs. (22) and (23). Likewise, the expectation value of the
surface term in Eq. (20) drops out due to Eq. (18).

In keeping with our nonrelativistic equation of motion

1 w » for the +e oscillating charges [i.e., Eq. (37)], where we
82,,(t)=:7——ﬂ_f_mda)e 18Z 4 (@), (42)  have assumed that |8z , | /c <<, then
1 % ot t
E(x,1)=—= doe 'E(x,0) . (43) 1
v TTf—w (my+Ac2)]§;lz L;—‘S'ZAP (48)
B
Hence
57 . (0)=-5 N (MY E,;(Zp,0) 44) The expectation values of the energy terms in Eq. (20)
4= Bz= 1 Z‘l £ lass T ey are listed below. Evaluating the potential and kinetic en-
/ ergy terms below of Upg and Ugg follows the same pro-
where cedure as in Ref. 31. Also, evaluating the electromagnet-
Clw)= -’42 —iTw 45) ic energy term Ugy ,.9, is not too difficult. However,
0 ’ obtaining the two remaining electromagnetic energy
e »,7:4]?( Z,~Zz,0) terms is considerably more involved. Due to the length
M 4, 5/(0)=8 455, —(1—8 4p ); Cla) of the calculations, this work has been placed in Appen-
dix A and reserved in AIP’s Physics Auxiliary Publica-
(46) tion Service (PAPS).%? The final results are
|
N I maog « 1 XN 3 w2
_ 2\ — 2 1 -1 0
UPE__ A2=1< 2 |52A| > ﬂfo da)hmlm C A'Bz=li’j2=l(M )Af;Bj aABSij o y (49)
N N 3
Ue= S <—”liaz,,|2>=7rf dohIm |- S S (MY 40584850 | (50)
4=1 2 c A,B=1ij=1
ivj
N 1
UM pa-0a = 2 2o f d’x{ By 4 Bpg 4 +Boy 4'Bpa 4
2 8m Yy
o 5 1 N 3 — e 2
:‘)Tf d(l)hmlm 'E 32 | EI(M )Al,Bj SAB.E&AU ) (51)
AB=1ij=
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N
1
Uempn= 2_ ?T;fwdsx<E,@,A'E,‘D,B+BD,A.B1),B>

AB=1
A+B
N 3
) 1 _
zﬂf doh,Im c 2 (M) 45,5
0 AB=1ij=1

N 2
Usmpn= 2 —f d3x<ED,A'Ein+B2),A'Bin>
2,87y

=7rf0wda)hi2nlm

IS 1 [
C (M) 4,5
C 5517 ’j

The energy term in Eq. (53) was obtained by assuming
that the surface & of the volume V enclosing all the par-
ticles was far removed from any of the particles.

Two quantities appear in Egs. (51)-(53) that have not
been discussed yet: Re(E 4,.p;) and § 4;;. Both terms de-
pend upon the precise shape and size of V. However,
these quantities drop out completely upon adding Egs.
(51)-(53). Hence we obtain the interesting result that the
sum of the electromagnetic energies in Egs. (51)-(53) is
essentially independent of YV, at least for YV sufficiently
large.

Appendix A analyzes the fairly complicated quantity
E 4;.p; in some detail, so it need not be mentioned further
here. However, the less complicated quantity of & ,;
deserves a few remarks, as it has an interesting property
associated with it. Here,

_ (X—ZA ),-(X“ZA )j
i Ix_ZA!Z

Ix—2Z ,|?

k4
&Aijzzr—fwd3x (54)

In the limit where YV becomes infinitely large, then
& 4i;— , so that both Ugy 9,.9, and Ugpy g.in become
singular. This result should not be too surprising for
Ugm, pa-pa» Which is probably a more familiar quantity
than Ugy ¢.,- Here, Ugy 5.4, equals the electromagnetic
energy cross terms of (1) the oscillator fields and (2) the
incident fields driving the oscillatory motion, while

2
e
+(1-8 45)—Re(E .5,
( SAB)mw e( Al,Bj)

e2
+—-—(1-643)
mw

] ) (52)

82

SAB—mw (=& 4 +id; k)

_Re(EAi;Bj)—n?j'(ZA —ZB?w)

UgM, pa-pa TEPresents the electromagnetic energy radiated
by the N oscillators into %V, if we treated each oscillator
as being a separate energy source and ignored the in-
terference between fields. The electromagnetic energy ra-
diated by a single fluctuating dipole will fill all of space if
it is kept in a steady-state motion for all of time. The en-
ergy density of this radiated energy falls off as 1/R? at a
distance R from an electric dipole. Hence, when in-
tegrated over all of space, a singular result is obtained,
which is precisely what we should expect for an oscillator
that radiates out energy for all of time. Of course, for a
finite volume V, § 4;; is indeed finite. For example, when
Y is approximately a sphere of radius R, with oscillator
A at the center, then we explicitly have that
8 4;;=48,k*R. Consequently, Ugy n,.9, in Eq. (51) is
then directly proportional to the radius of V.

However, what is satisfying about the above results in
Egs. (51)-(53) is that the sum of these electromagnetic
energy terms is finite, even when V— 0, so that the
singularities in the individual terms precisely cancel.
This result should be expected, since the sum of the ener-
gy terms in Egs. (49)—(53) must be equal to (1) the work
required by the incident radiation fields to change N +e
charged particles from being at rest to following the
steady-state oscillatory motion of Egs. (42) and (44),
minus (2) the electromagnetic energy that will flow out of
YV during this process. We of course expect this work to
be finite, as well as the net energy that flows out of V.

Summing the electromagnetic energy terms in Egs.
(51)-(53) gives, with [ =2(e?/mc?),
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UEM\m = UEM,Da Da T UEM,KO*Z) + UEM,fD-m

w 1 N 3 B
:wfo dohZIm < S 3 (M 1)41;81

AB=1ij=1

8A38 21Fa)

- € |0 —
+(1 5AB)mm Mi(Z 4 —Zp,0)

d‘,’g)(ZA _ZB,(U)

+
@ do

] ) (55)

The subscript EM|in on Ugy;, is meant to indicate that Ugy ;, in Eq. (11) has not been included, since it drops out in
(AU,,). However, this term will need to be included for the processes considered in the planned, separate paper (Ref.
43) mentioned earlier, which analyzes situations involving a nonzero change in Ugy ;.

Adding Egs. (49), (50), and (55), and using Egs. (45) and (46), yields

Ue +Upp+ Ui =7 [ “dohiIm | L 3 3 (Mg |~ C--M gy g+ M lc—ng (56)
KE PE EM]in o in C Rt &2 Ai;Bj do Ai; Bj A1, By do
This expression can be simplified by using the matrix identity
_ d
(M™Y. ————Indet(M) , (57)
4 B] aMB] Ai
plus the symmetry property M ;. 5;=Mp;. 4, to obtain
d 3N 1 dC
Ugg + Upg + Upnmin = ﬂf dwh?Im ——=Indet(M)+ == —3N = ’
— b 2. d
=—7 [ "do(h;,)*=—Im[In det(M)+3N InC] . (58)
0 do

f

Alternatively, we can rewrite the term above in be able to deduce (@) and the change in entropy. For-
parentheses concisely as In[C3Vdet(M)]. However, the tunately, most of the calculation for (W) has essentially
form of Eq. (58) is helpful since it exphcltly shows the already been done for us in Sec. III of Ref. 31. There, the
simple additive parts of the net energy: namely, (1) the expectation value was found for
part associated with 3N InC, which is due to N electric
dipoles fluctuating independently in three-dimensional N
space, plus (2) the term In[det(M)], which contains the Frona()=(p V) |EW(Z ,0)+ 3 Eg p(Z 4,0)
entire electromagnetic interaction energy between the 2k
ﬂuctuating electric dipoles. To see that this last state-
ment is true, note that In[det(M )] is the only part of Eq.

(58) that depends on the positions Z , of the electric di- —p 4% |BilZ 4, 0)F 2 Bos(Z4st) |,
. . B=1
poles, via M, .5 in Eq. (46). Moreover, as B# A
|Zg—2Z 4| — for all A5B, so that the dipoles become
infinitely far apart from each other, then M ;. 5; —3§;;, so (60)
In[det(M )] —0, via Egs. (40) and (46). ) ) o
The expectation value of Eq. (20) is then given by which represents the Lorentz forge acting on electric di-
1 pole A4 due t;) the 1fn01den}: rad;latlon and dlue to tge ellec-
tromagnetic force from the other N —1 electric dipoles.
Uine = ﬂf dolh, )Z—Im[ln det(M)]) (59) This cilculation was carried out for the case where all N
! simple harmonic electric dipole oscillators were held
where |[' means to take the difference in the quantity in-  fixed at positions Z ,, 4 =1,2,...,N. [In terms of our
dicated above, when evaluated at the electric dipole final simple oscillator dipole model described in Sec. II, the
positions Z 4y, A =1,...,N, and the initial positions (+e) spheres should be pictured as being held fixed while
Z,, the ( —e) point charges are free to oscillate.]
From Egs. (78) and (79) in Ref. 31,
V. EXPECTATION VALUE OF W (Fp,, (0)=—V, U, , 61)
DURING A QUASISTATIC PROCESS 4
Since we have found the expectation value of A%, in — o [hin(@)]?
Eq. (1), we now need to turn to finding (W), in ord:nE to ﬂ-f do Im{Indet[M(a)]} , (62)
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where V, in Eq. (61) means to differentiate with respect

to Z,. Thus Uy=UyZ,,...,Zy) is a function of the
positions Z , of the dipole particles via M ,;.5; in Eq.
(46), just as was the case for the interaction energy part in
Egs. (58) and (59), which also arose from the In[det(M)]
term.

External forces must be applied to each of the N elec-
tric dipoles in order to hold them at fixed positions. Let
F.. 4(t) be the external force acting on electric dipole
p 4(t) that prevents the electromagnetic force in Eq. (60)
from displacing the center of the electric dipole. Clearly
we expect that

(Fop, ()=—(Fpro 4(1)) . (63)

In evaluating the expectation value of the work done
by applied external forces in displacing the electric di-
poles, our analysis will be considerably simplified due to
our restriction that the electric dipoles are moved at an
infinitesimally slow rate. The ‘““fast” time fluctuations of
the electric dipoles p 4, 4 =1,..., N, are then not cou-
pled to the very slow motion of the positions Z ,(¢) of the
dipole particles. Consequently, we can make the follow-
ing quasistatic approximation:

Iy N
W:+<ft, dt ¥ Z,,(t)-FCX,,A(t)>
A=1
iy N
zfl dt 3 Z (1) Fe 4(0)
! A=1

t N

=[ a3 7,0V, UgZy(1),Z0), ..., Zy(0)
! A=1

L Zy ] (64)

h

=Uy(Z(1),Z,(1), .

Thus the work done by the external forces only de-
pends on the initial and final positions of the dipole parti-
cles when they are displaced at an infinitesimally slow
rate from one point to another, just as was the case for
AU, in Eq. (59). Consequently, our quasistatic opera-
tion of moving the electric dipoles is a reversible opera-
tion in the thermodynamic sense, since all of the work
done in displacing the N dipole particles can be returned,
or, rather, this work is equal to the negative of the work
done during the reverse displacement (see p. 163 of Ref.
6).

VI. HEAT FLOW

A. Calculation of Q and demonstration
of the special status of ZP radiation

From Egs. (1), (59), and (64), we have that
Q=AU —W

=—7 [ do (hin)"%[lmlndet(ﬂ_l)]

z
N (hm)z 1

ImIndet(M) (65)

We are now in a position to prove that classical elec-
tromagnetic ZP radiation satisfies a very special property:
namely, that Q=0 for a quasistatic displacement of the
dipole particles. To show this result, let us consider all
incident radiation spectra that satisfy

[hin(@)] Im Indet(M)|°Z5F =0 . (66)

As is shown in Appendix B,? ZP radiation satisfies this
property, as does ZPP and RJ radiation. Since
Im[In det(M )] does indeed equal zero at ©=0 and w= oo,
then our natural expectation should be that Eq. (66) holds
for any other reasonable candidate of h;, as a thermal
equilibrium spectrum. Indeed, if other factors could be
taken into account for the oscillators, such as relativistic
effects for the high-frequency motion of the oscillating
particles, and particle instability at high energies (particle
annihilation and creation), then it seems reasonable to ex-
pect that such cutoff mechanisms will provide even
stronger reasons for being able to ignore the high-
frequency component contributions of the above product.
In proving Eq. (66) for ZP and ZPP radiation, the ®= 0
case was the part that needed to be checked carefully,
since h%p and hZpp both go to o as w— . Neverthe-
less, Eq. (66) was indeed found to hold for these two
cases, even without taking the effects just mentioned into
account. (The planned work of Ref. 43 will prove more
generally that Eq. (66) must hold true for classical elec-
tromagnetic thermal radiation.)

Integrating the first term in Eq. (65) by parts, and using
Eq. (66), yields

dh3n+h_f-n_
dw w

Q=—17'fooC do

X[ImIn det(A_l)’Z"—Im In det(A_l)’Zl] .

(67)
Hence, when

[hin(@) ) =ko , (68)

or p;,=kw>/c? from Eq. (35), then we have the very spe-
cial result that 0=0. Classical electromagnetic ZP radia-
tion corresponds precisely to this spectral form, where «
is equal to #/(27?).

B. Discussion on heat flow

When the incident radiation corresponds to thermal
radiation, then it can be characterized by a single temper-
ature T. The dipole particles are treated here as a small
system that interacts with the rest of the universe, which
we have in turn approximated as being a heat reservoir at
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a temperature 7. Slowly displacing the fluctuating dipole
particles allows heat to flow in the form of electromagnet-
ic radiation. This heat flows either into or out of the en-
vironment surrounding the particles, but the temperature
remains fixed because of the heat reservoir approxima-
tion. Thus the process we have considered is a reversible
isothermal one.

For the two candidates that are usually considered for
constituting classical thermal radiation, namely, RJ and
ZPP radiation [Eqgs. (27) and (28)], Q in Eq. (67) does not
in general equal zero. This result is certainly what we ex-
pect for nonzero temperature situations, since heat typi-
cally flows between two interacting systems for a reversi-
ble isothermal operation. However, when T=0 for two
interacting systems, then no thermal energy is available
to be exchanged between the two systems, via the
definition of the temperature of absolute zero.®

We have just seen the interesting result that Q=0 for
ZP radiation, thereby satisfying the definition of absolute
zero. What about for RJ radiation? This case works
also, but in a rather trivial way: when T=0, hg;(0)=0
from Eq. (27), so from Eq. (65) or (67), Q=0. Indeed, we
can view the RJ case at 7=0 as being but a special case
of Eq. (68), namely, where k=0.

Thus, although ZPP and RIJ radiation both satisfy
Q=0 at T=0, in the RJ case no radiation is present at
T=0. Hence, from Eq. (44), p ,=edz ,=0, so that no
particle fluctuating motion is present either. Each of the
energy terms in Eqgs. (49)—(53) is trivially equal to zero.
Indeed, any candidate for thermal radiation that reduces
to no radiation at T=0 will also yield Q=0 [see Eq. (67)].

In contrast to this situation, when T=0 for ZPP radia-
tion we have the very nontrivial case of nonzero incident
radiation and fluctuating motion for the oscillating parti-
cles. For this very special case where (h; )*=kw and
k70, there exists a zero-point energy associated with the
electric dipole oscillators, as seen by the nonzero values
of the energy terms in Egs. (49)-(53). The total change in
internal energy upon displacing the dipole particles, as
given by Eq. (59), is also nonzero at T=0. However, it is
precisely matched by the work done in displacing the
particles, as given by Eqgs. (64) and (62). Thus, despite the
nonzero radiation and fluctuating motion at T=0, still
heat does not flow for the reversible isothermal process
we have examined, which must indeed be the situation
for any candidate of radiation that is to qualify as
thermal radiation.

Consequently, for a brief moment we find that the RJ
and ZPP spectra are acceptable as thermal radiation
spectrums. This situation will change in Sec. VII when
we examine the third law of thermodynamics. Moreover,
the planned work of Ref. 43 will discuss much more obvi-
ous reasons why RJ radiation fails quite badly as a

M

DANIEL C. COLE 42

thermal radiation candidate: for example, an infinite
amount of energy is required to change its temperature in
a finite region of space.

Of course, if we are willing to demand that a nonzero
fluctuating behavior must exist at 7=0 for our electric
dipole systems, just as is observed for atomic and molecu-
lar systems in nature, then we already have enough infor-
mation to rule out RJ radiation as a thermal radiation
candidate, as well as any other spectrum that reduces to
zero at T=0. By combining this demand with the result
of the next section (i.e., Sec. VIC), we obtain an impor-
tant restriction on the appropriate spectral characteris-
tics of thermal radiation: namely, that at 7=0 the
thermal spectrum must reduce to a zero-temperature ra-
diation spectrum of the form p,,=kw?/c?, k70, as this
zero-temperature spectrum not only satisfies Q=0, but it
is the only nonzero spectrum that can in general yield this
result.

C. Uniqueness of p;, =k /¢ result

Intuitively it seems fairly clear by looking at Eq. (67)
that in order for Q=0 for all possible choices of the ini-
tial and final positions of the N dipole particles, and for
any value of N, then we must have that (h,,)*=ko. To
quantify this observation, we should first note that, clear-
ly, (h,,)’ =k is a sufficient condition to achieve this re-
quirement. To prove that (h;,)*=kw is also a necessary
condition, let us consider one special case where its neces-
sity can easily be recognized: namely, by restricting our
attention to the case where N=2, and by using a reso-
nance approximation.

Let Zg —Z ,=7%R, so that the two dipole particles lie
on a line in the Z direction, separated by a distance R.
One can then show that

ﬂg(zs”‘ZA,a)):ﬁ,-j?T;?(ZB—-ZA,w) ) (69)

and

For a small displacement &R,
Im mdet(M)iP:aRaiRIm Indet(M) .

Here we can make use of the algebraic identity
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in order to extract the denominators |Ct(e?/m)n?|,
which are what enable the resonant calculation to be car-
ried out. Following the steps on pp. 569 and 570 of Ref.
32, or pp. 1653 and 1654 of Ref. 30, then for the unre-
tarded van der Waals condition of wyR /c << 1, we obtain

3 2 e
QNSRié _%+h_i2r\ EERC £ p?
2 <5 do © © 0=0,_
(73)
where
12
Wi+= m%i%n{? (74)

Thus we have extracted the important quantity

dh,)? (h,)?
_—+—

do w

’

evaluated at the six resonant frequencies for the system:
0+, i=1,2,3. We could reduce Eq. (73) further by ex-
panding each of the six terms about w,, but we need not
bother. At this point it should be clear that the only way
for Q to equal zero, no matter what frequency w, we
choose for our pair of oscillators, is when (4,,)*=kw, or
pin =Ko’ /c>.

Thus we have found an interesting and fundamental
property for ZP radiation that can be added to the list of
other properties that have already been discovered by
others: for example, Lorentz invariance of its stochastic
properties, '*!! and the fact that it does not give rise to
velocity-dependent forces.'"1%%% We will return to these
properties, and others, in Sec. VIII. Now let us examine
the restriction imposed on a thermal radiation spectrum
by the third law of thermodynamics.

VII. FURTHER RESTRICTION:
THIRD LAW OF THERMODYNAMICS

According to the Nernst-Simon form of the third law
of thermodynamics,” “The entropy change associated
with any isothermal, reversible process of a condensed
system approaches zero as the temperature approaches
zero.” This form of the third law is ideally suited for our
purposes, since we have carried out calculations for an
isothermal, reversible process.

For this situation, the change in caloric entropy S, is
given by

AS, = % , (75)

where Q has been calculated in Eq. (67). Hence, to satisfy
the third law of thermodynamics, we must have that

Q

=0. 76
T (76)

lim (A =1
Tlino( Sea) }nﬁn0

Here we should note that we are dealing directly with
the thermodynamic definition of entropy, where AS,, is
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related to temperature and heat flow as in Eq. (75). Thus,
following Boyer’s arguments, !> we are not making the ad-
ditional assumption usually made in statistical mechanics
that S, is equal to S, where S}, = (S} 0p Jo T kplnid,
Q) equals the number of microstates (or complexions) of a
system that result in the same macrostate, and  is de-
duced by the usual methods in statistical mechanics.**
Nevertheless, despite the fact that we are not attempting
to equate S, and S, S, most certainly does have a
statistical basis here, as it was calculated by finding the
expectation value of the electromagnetic energy that
flows out of a volume %V enclosing the dipole particles,
when the particles undergo a quasistatic displacement.

In Eq. (67), the only part of the expression for Q that
depends on temperature arises from the two A7 terms.
Consequently, the following condition on A2, of

any
do W

I =0 77
Tlino T (77)

is certainly sufficient to satisfy the third law of thermo-
dynamics. Using the resonance approximation, as in Sec.
VIC, we can argue that Eq. (77) is also a necessary condi-
tion.

Let us now test the above thermodynamic restriction
for the situations of RJ and ZPP radiation. From Egs.
(27) and (77),

d(hgy) N (hgy)?
do 103

k
=2 (78)

sza)

1

T

which does not satisfy Eq. (77). Indeed, a direct substitu-
tion of Eq. (27) into Egs. (75) and (67) confirms that Eq.
(76) cannot in general be satisfied by the RJ radiation
spectrum.

From Egs. (28) and (67), for ZPP radiation,

1 d(hZPP)2 4 (thP)2
T dw 0]
1 fw # 1
=5 79
T Tl'2 szT . h2 ﬁw ( )
S 2k, T
For small T,
1 1/T?
= SVE b R (80)
TZ . hz (0] 1 (0]
S 2k, T 2Pk, T

As T—0, the denominator in Eq. (80) goes to o much
faster than does the numerator of (1/7?). Hence Eq. (79)
has the limiting value of zero as T—0, so that Eq. (77) is
satisfied.

Thus we see that for the system of fluctuating electric
dipoles considered here, RJ radiation violates the third
law of thermodynamics, while ZPP radiation obeys it.
Boyer was the first to recognize that ZPP radiation might
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satisfy this thermodynamic property.>> To verify this

point he needed to introduce some assumptions about
how energy fluctuations were related to caloric entropy.
These additional assumptions were not required in the
present calculations, yet we indeed confirmed Boyer’s
prediction. Here, we obtained an explicit evaluation of
AS_,, which enabled the third law of thermodynamics to
be tested directly for an incident radiation spectrum
pinzwzhizn /C3.

VIII. CONCLUDING REMARKS

Contrary to what one might intuitively guess, the laws
of thermodynamics do not inherently require zero radia-
tion and zero fluctuating motion at T=0 for classical
electrodynamic systems. However, the appropriate equi-
librium radiation spectrum at 7=0 must be restricted in
form. In this paper we saw that to have an isothermal
quasistatic displacement of electric dipole oscillators with
no heat being radiated off into space, which is the condi-
tion of absolute zero temperature, requires that the in-
cident radiation spectrum be given by p;,=kw’/c*. This
spectral form agrees precisely with the spectrum of classi-
cal electromagnetic ZP radiation.

Thus we now have a fundamental thermodynamic
property for classical electromagnetic ZP radiation that
can be added to the list of properties for classical elec-
tromagnetic ZP radiation discovered by others. In par-
ticular, the stochastic properties of ZP radiation are that
it is homogeneous and isotropic in space, stationary in
time, and Lorentz invariant.! The demand of Lorentz in-
variance'®!! yields the same requirement of p,, =«w®/c*
as found here. Other properties of ZP radiation are that
(1) it does not yield velocity-dependent forces, '"1233 (2) it
has an invariance property under scattering by an electric
dipole SHO moving at an arbitrary velocity, ' (3) its spec-
trum is invariant for an adiabatic compression of a cavi-
ty, 12 (4) it preserves the adiabatic invariants of mechani-
cal systems without harmonics,® (5) it gives rise to
thermal effects associated with acceleration,?4%31:3257
and (6) the expectation values of products of its fields
agree with the quantum-mechanical expectation values of
the symmetrized product of corresponding quantum field
operators.2

Of course, for the properties above such as (a) Q=0 at
T=0, (b) Lorentz invariance, and (c) properties (1)—(4)
above, a null radiation field (such as RJ radiation at
T=0) also satisfies these same properties, but in a very
trivial way. For example, a null radiation field is indeed
Lorentz invariant since observers in different inertial
frames all see the same thing: no radiation. Such a null
field is but a special case of the required spectrum we de-
rived at T=0 of pin=Kw3/c 3 but where k=0. However,
this choice of k does not yield the T=0 physical proper-

ties of electrodynamic systems we observe in nature, such
as their T=0 fluctuating motion, and the existence of
Casimir and van der Waals forces at T=0.

Choosing the correct value of k for the 7=0 thermal
equilibrium radiation spectrum, so as to obtain agree-
ment with physical systems at T=0, is also of crucial im-
portance in deducing the physical properties of classical
electromagnetic thermal radiation and mechanical sys-
tems at nonzero temperatures. After all, the thermo-
dynamic analysis of classical systems changes consider-
ably once one allows nonzero radiation to be present at
T=0. As noted in Ref. 11, this point can clearly be seen
by comparing the derivations presented in Refs. 8 and 11
for the classical electromagnetic thermal radiation spec-
trum. The two derivations differed in their assumptions
about the T=0 radiation. Assuming null radiation, or
k=0, for the T=0 radiation, led to the conclusion that
RJ radiation® was the appropriate classical electromag-
netic thermal radiation spectrum at nonzero tempera-
tures; in contrast, assuming that the 7=0 spectrum was
given by p,,=k(w/c)® with k=#/27%, led to the deduc-
tion of ZPP radiation'' as thermal radiation.®

Thus the assumption of null radiation for the T=0
spectrum was critically important in the conclusion
formed by early researchers that RJ radiation resulted in
thermal equilibrium conditions with classical electro-
dynamic systems.®!"'!2 This particular apparent incon-
sistency between classical physics and observation was
one of the important factors that helped to persuade early
researchers that classical physics was simply inadequate
for describing the behavior of atomic systems.

However, we have seen that k=0 is an unnecessary
thermodynamic restriction for classical electromagnetic
thermal radiation. Indeed, as shown here, this choice of
k results in a violation of the third law of thermodynam-
ics under the following condition: namely, when the
thermal radiation spectrum reduces to zero as 7 —0 by
being proportional to 7. This situation is precisely the
one that occurs for RJ radiation.

Finally, we have noted in this paper that there are a
number of other suggestive reasons why we should expect
that « should not be assumed to equal zero for classical
thermal radiation. In particular, if an equilibrium situa-
tion is possible for classical electromagnetic radiation and
classical charged particles, then on account of
Earnshaw’s theorem, the only possible mechanism for at-
taining equilibrium is via the existence of nonzero radia-
tion and nonzero fluctuating motion, even at 7=0. Com-
bining this reasoning with the deduction of the thermo-
dynamic analysis presented here that the spectrum must
be of the form p,,=«(w/c)’, yields that x must not equal
zero for classical electrodynamic systems. The nonzero
choice of k=7#/27* then brings us the closest to experi-
mental observation.
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