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We investigate the predictions of random-matrix theory for the eigenvector statistics and com-
pare them with eigenmodes of kicked tops under conditions of classical chaos. The well-known 2
distribution finds an interesting application with v=1, 2, and 4 for the orthogonal, unitary, and
symplectic universality class, respectively. The change of the eigenvector statistics accompanying
the classical transition from chaotic to regular motion is also considered.

Quantum systems with a chaotic classical limit are
known to display spectral fluctuations well described by
random-matrix theory? (RMT). More recently there
has been an interest in the eigenvector statistics for Ham-
iltonians or Floquet operators.®>~® Again, RMT turns out
reliable under conditions of fully developed -classical
chaos. We shall provide further corraboration to the
latter statement in the present Rapid Communication.

Let ¢} denote the jth component of the nth eigenvector
in a generic N-dimensional basis. The squared moduli

n=1|c"|? obey the statistics given for each universality
class by RMT (Refs. 9-11)
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where COE, CUE, and CSE represent the circular or-
thogonal, unitary, and symplectic ensembles, respectively.

For N> 1 the mean (n) is proportional to 1/N. To ana-
lyze the limit N — oo it is therefore suitable to introduce a
rescaled variable y with unit mean, (y)=1. The above
distributions then take the form
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The first of these is known as the Porter-Thomas distri-
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bution. All three densities are special cases of the so-
called y2 distribution
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The latter is well known as the distribution of the sum
y =Y Y=, x/ for v independent Gaussian random variables
x; with zero mean and variance 1//v.

It is, indeed, most intuitive to find v=1, 2, and 4 for the
orthogonal, unitary, and symplectic case, respectively, in
view of the physical meaning of the quantities 7 in
(1)-(3). In the orthogonal case the eigenvector com-
ponents are generically real (v=1), while in the unitary
case one confronts complex components (v=2). On the
other hand, in the symplectic case n refers to the occupa-
tion probability of a two-dimensional space pertaining to
two eigenvectors sharing the same eigenvalue by Kramers’
degeneracy (v=4).

Perhaps the most natural application of Eqs. (1)-(3) or
(1')-(3") refers to the eigenvectors of a Hamiltonian H or
Floquet operator F in some fixed basis. Equally legitimate
is an interpretation for some arbitrarily chosen state | ¢
in the eigenbasis of H or F. We shall, in the following,
focus on a variant of the latter case, in which the “‘arbi-
trarily chosen™ state | #) is, in fact, generated from an
eigenvector of H or F by a suitable observable A4 as

Aln)
KnlAa4t|m |2

A motivation for studying this case is provided by the
fact that the matrix elements (m|¢)~(m|A|n) some-
times define transition strengths between eigenstates as
|[<{m|¢)|>. We have checked the foregoing predictions of
RMT for periodically kicked tops. Such systems are par-
ticularly suitable for our purpose, since realizations of all
universality classes can be given.'?”'* Moreover, working

| ¢) = (5)
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with periodically driven, rather than autonomous systems,
is advantageous since the eigenphases of the Floquet
operator tend to have a constant mean density throughout
the spectrum.

The dynamical variables of the tops of the three com-
ponents of the angular momentum operator which obey
the commutation relations [J;,J;] =i¢;jxJi. The squared
angular momentum is conserved, J2=/(j +1) with j in-
teger or half integer. The quantum number j fixes the di-
mension of the Hilbert space as N=2j+1. The classical
limit is approached with j— oco. A Floquet operator
without any antiunitary symmetry (generalized time re-

versal) is
K\J? KaJ?
—i 2'], ]exp[—i 2x J, 6)

provided all three coupling constants are nonzero. Quad-
ratic level repulsion has been asertained under the condi-
tion of classical chaos (p = K= K,=15). For K, =0, on
the other hand, there exists an antiunitary symmetry en-
forcing the linear level repulsion characteristic of the or-
thogonal universality class, provided the classical analog
displays global chaos. '?

The presumably simplest top pertaining to the symplec-
tic universality class has the Floquet operator

Fy=exp(—ipJ,)exp

2

. J7
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exp [ - —Ji,-(K.J§+K2[J,,J,l+
+K3l, 0,10 |, Q)

where [, ]+ denotes an anticommutator and j must be tak-
en half integer.!* In fact, for integer j value the Floquet
operator F; belongs to the orthogonal universality class.

We have calculated the matrix elements of J, in the
Floquet eigenbasis normalizing in the sense of (5), i.e.,
(m|J; |n)[{n|J2|n)]| 2. The quantum number j was
chosen sufficiently large for the histograms for

y=lm|J; |}/ n| I} ), 8)

to become reasonably smooth. It may be noteworthy that
smaller values of j are more sufficient for this purpose
than for obtaining good statistics for properties of eigen-
values. Figure 1 presents the histograms obtained. Figure
1(a) refers to the symplectic case (operator F,, j=149.5,
p=K =50, K;=2.5, K3;=20.0), while Figs. 1(b) and
1(c) present, respectively, the unitary (operator F),
j=250, p=1.7, K1=9.0, K;=1.0) and the orthogonal
(operator F,, j=250, p=1.7, K, =9.0, K,=0.0) cases.
Logarithmic scales were used for the abscissas in order to
accentuate the differences between the various distribu-
tions. The dashed lines describe the 2 distribution with
v=4 2 and 1. The solid curves were constructed by
elevating the parameter v from discrete to continuous; an
optimal value of v was then sought by minimalizing the
integrated mean-square deviation between yZ and the his-
tograms obtained. The agreement between the numerical
data for the various universality classes and the respective
predictions of RMT is impressive. Fixing our attention to
the orthogonal case (Floquet operator F,, j=250, K>
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FIG. 1. Histograms of distribution of transition strengths
computed for (a) symplectic, (b) unitary, and (c) orthogonal
dynamics (see text). Dashed lines denote y? distribution with
v=4_ 2 and 1, the solid line shows the best-fit curve.

=(0.0, p=1.7) we now proceed to a study of the quantum
signature of the classical transition from global chaos to
predominantly regular motion as the K, parameter de-
creases towards zero. Figure 2 presents the histograms for
a succession of three values of K;. We could not resist the
temptation of playing the slightly frivolous game of fitting
the y2 distribution with 0 <v<1 to these histograms.
Needless to say, such fits are neither suggested by
random-matrix theory nor by any other rational argu-
ments. The optimal fits displayed in Fig. 2 can hardly be
said to be successful beyond giving the quantitative tend
to flatter distribution for decreasing coupling constant K.
Especially, they do not grasp the migration of the peak to-
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FIG. 2. Transition chaotic-regular motion. Histograms ob-
tained for the F, system with (a) K,=0.0, K, =3.5; (b)
K1=3.0; and (c) K, =2.5. Note the change of scale. Dashed
line shows 7, solid line shows the best-fit curve.

wards smaller values of y as K is reduced. A theory for
the transition is in obvious need.

To investigate the case of strictly regular motion the
classically integrable Floquet operator

Fyme " )

was considered. In an effort to construct a “generic basis”
we have rotated the eigenvectors | j,m) of J;, J% and F3
as R, p,|j,m), where R is a unitary operator character-
ized by three Euler angles a,8,7."> As “transition
strengths” we have taken

—isJ,

y=1¢G,m|R5,e " Rapyl j,m|?. (10)

FIG. 3. Histogram of e % matrix elements, § =0.5 in basis
rotated by Eulers angles (a) a=0.4, = —0.6, y=1.0; and (b)
a=0.9, =1.3, y=0.3.

Figure 3 depicts two histograms based on different sets
of Euler angles [a=0.4, = —0.6, y=1.0 for Fig. 3(a)
and a=0.9, =1.2, y=0.3 for Fig. 3(b)] obtained for the
same coupling constant §=0.5. The moduli of several
transition strengths were equal to 10 ~'®, a computational
zero at our machine. The percentage of elements smaller
than 10 7'% is denoted in the bottom left-hand corner of
each picture; the dashed lines represent the Porter-
Thomas distribution.

Clearly, the distribution in Fig. 3 varies significantly
with the angle parameters. The peak in histogram at
logio(y) ~0.5 has nothing to do with chaos; rather it
should be understood as a remnant of the eigenrepresenta-
tion of F3. The three-parameter rotation R,s, seems in-
capable of producing a generic basis. It is worth recalling
that no such peak was observed in Fig. 2(c). Even though
that case corresponds to predominantly regular classical
motion the eigenbasis of F| seems *“generic enough” (with
respect to the “transition operator” J,) to avoid any such
peak in histogram.

Previous authors*>'®!” have disparate views on the
matter just touched upon, including a wide range of the
best fits for v in x2 distribution describing the transition
from chaos to regular dynamics. We would therefore like
to emphasize again that the height, width, and localiza-
tion of the peaks in Fig. 3 are not universal but represen-
tation dependent. Only the long flat tail of the distribu-
tion P[log;0(y)] is a generic property of regular systems.



RAPID COMMUNICATIONS

1016 FRITZ HAAKE AND KAROL ZYCZKOWSKI 42

We are indebted to Marek Kus, Georg Lenz, and Rainer Scharf for fruitful interactions. Financial support by the
Alexander von Humboldt Stiftung and the Sonderforschungsbereich “Unordnung und gross Fluktuationen* der
Deutschen Forschungsgemeinschaft is gratefully acknowledged.

*Permanent address: Instytut Fizyki, Uniwersytet Jagiellonski,
ul. Reymonta 4, 30-059 Krakéw, Poland.

IT. Yukawa and T. Ishikawa, Prog. Theor. Phys. Suppl. 98, 157
(1989).

2F. Haake, Quantum Signature of Chaos (Springer-Verlag,
Berlin, in press).

3M. Feingold and A. Peres, Phys. Rev. A 34, 591 (1986).

4Y. Alhassid and M. Feingold, Phys. Rev. A 39, 374 (1989).

3J. Brickmann, Y. M. Engel, and R. D. Levine, Chem. Phys.
Lett. 137, 441 (1987).

6Y. Alhassid and R. D. Levine, Phys. Rev. A 40, 5277 (1989).

R. Scharf, J. Phys. A 22, 4223 (1989).

8A. Shudo and T. Matsushita, Phys. Rev. A 39, 282 (1989).

M. L. Mehta, Random Matrices (Academic, New York,

1967).

10T, A. Brody, J. Flores, J. B. French, P. A. Mello, A. Pandey,
and S. S. M. Wong, Rev. Mod. Phys. 53, 385 (1981).

1TM. Kus, J. Mostowski, and F. Haake, J. Phys. A 21, L1073
(1988).

I2F, Haake, M. Ku$, and R. Scharf, Z. Phys. B 65, 381 (1987).

13H. Fram and H. J. Mikeska, Z. Phys. B 60, 117 (1985).

4R, Scharf, B. Dietz, M. Ku$, F. Haake, and M. Berry, Euro-
phys. Lett. 5, 383 (1988).

15E. P. Wigner, Group Theory (Academic, New York, 1959).

16Y. Alhassid and R. D. Levine, Phys. Rev. Lett. 57, 2879
(1986).

17H. Hasegawa, M. Robnik, and G. Wunner, Prog. Theor. Phys.
Suppl. 98, 198 (1989).



