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Density-functional theory (DFT) for finite temperature (T) is used to account for fluctuations of
the transition energies in the average-atom model. These fluctuations lead to absorption bands in
the bound-bound contribution to the total spectrum. The transition-energy fluctuations are related
to the second derivative of the DFT functional Q[n] with respect to the electron density n(r). In
the numerical example (the spectrum and opacity of iron plasma at T=200 eV and solid density),
the Thomas-Fermi (TF) form of §Q[n]/8n (r)8n(r’) is taken. A comparison with a previous ap-
proach based on uncorrelated fluctuations around the TF atom clarifies the meaning of that ap-
proach. The numerical results indicate that the inclusion of interactions significantly diminishes the

absorption bandwidths.

I. INTRODUCTION

The average-atom approach to the atomic physics of
dense, partially ionized plasma close to local thermo-
dynamic equilibrium was initiated a long time ago (see,
for instance, Refs. 1-3). The development of the density-
functional theory*® (DFT) and, especially, its finite-
temperature  version®® has provided a further
justification to the average-atom models. There are, how-
ever, basic problems in applying the DFT approximation
to the calculations of atomic photoabsorption cross sec-
tion due to the fact that the photoabsorption cross sec-
tion is connected to the density-density time-dependent
fluctuations® or, in other words, to the frequency-
dependent polarization.!® Only recently have there been
some attempts to extend the DFT to the time-dependent
phenomena!! (see also Refs. 10 and 12). Even in Ref. 11,
however, the level widths, which are necessary to account
for the bound-bound contributions, were taken from out-
side the DFT formalism. The problem is that
independent-electron polarizability x(r,r’,v) (see Sec.
III) leads to Dirac-function-like transition lines. For this
reason any average-atom model is insufficient in account-
ing for finite lines or absorption bands observed in dense
plasmas. It is known, on the other hand, that the bound-
bound contribution to the Rosseland opacity may be
dominant, especially in the case of photoabsorption of
higher-Z elements. The methods that go beyond
average-atom models and introduce detailed atomic
configurations lead to rather complex computational
schemes.!>!* For higher Z these schemes have to be ad-
ditionally supplemented by some elements of statistical
treatment like, for instance, the Lanczos collective vector
or Monte Carlo methods. "’

In the case of high-density plasmas and many-electron
atoms the photoabsorption cross section is often charac-
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terized by many lines that merge into broad bands. If
one is not interested in the details of the photoabsorption
spectrum but only in a crude model, an alternative way of
description may be to use, from the beginning, a fully sta-
tistical approach. This idea was at the origin of the pa-
pers by Shalitin, Stein, and Ron'® and Stein, Shalitin and
Ron.!” These authors calculate the electron-density fluc-
tuations around the Thomas-Fermi (TF) average-atom
solution'® to account for the fluctuations in atomic ener-
gy levels which, in turn, produce the (postulated) Gauss-
ian line shapes. Their derivation is based on some statist-
ical considerations about as they call it “uncorrelated
fluctuations” and they do not use directly the density-
functional character of the Thomas-Fermi atomic model.
As follows from the comparison with our results (in the
simplified TF version), their final expressions for the level
widths do not include the Coulomb contribution despite
the fact that the Coulomb term may be important (see
Sec. V of this paper).

In the present paper we follow the same idea but conse-
quently use the density-functional theory at finite temper-
ature. In Sec. II we present the average-atom model. It
is simplified with respect to the DFT atom since, follow-
ing Refs. 3 and 14 we take the contribution of continuum
electron states to the density in the form of the Thomas-
Fermi expression. Section III recalls the standard (gold-
en rule) formula for the absorption cross section stem-
ming from the independent-particle approximation which
is the usual starting point leading to the bound-bound,
bound-free, and free-free contributions.

In Sec. IV we consider the fluctuations around the
DFT solution. The average-atom model which gives only
the equilibrium quantities such as the potential and elec-
tron density may be obtained by minimization of the
grand thermodynamic potential. The DFT formalism is
based on a functional Q[n ], which provides a certain ap-
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proximation to this grand thermodynamical potential in
the vicinity of the equilibrium. We use the same func-
tional to calculate the probability of density fluctuations.
Our procedure is the standard one:'® assuming that these
fluctuations are small and Taylor expanding the function-
al around its equilibrium value we relate this probability
to the second functional derivative of  with respect to
the electron density. A brief description of the DFT
theory and the formal derivation of 8Q[n]/8n(r) and
82Q[n]/8n(r)dn(r'), [n(r) is the electron density] is
given in the Appendix A.

Our final formula for the line “width” is obtained by
averaging the bound-bound cross section with the fluc-
tuation probability. If the dependence of the oscillator
strengths and of the Fermi factors upon the density fluc-
tuations is neglected, our procedure leads to Gaussian
line shapes. In Sec. V we illustrate the method by taking
the Thomas-Fermi form of 8°Q[n]/6n(r)8én(r’). The
numerical example is given for iron plasma of solid densi-
ty at a temperature of 200 eV. Some details of the
Thomas-Fermi formalism may be found in the Appendix
B.

II. ATOMIC MODEL

In the self-consistent average-atom model we use the
quantum Schrodinger states for the bound-electron densi-
ty, while the free-electron contribution to the density is
treated via the Thomas-Fermi expression3, i.e., we set for
the electron density

nin)= 3 2L+ D0 | 2R | 4n0, @)

i bound T
where

-2 11p _ _
ns(r) h3fE>0dpf 7| eVt —p ||, @2)
with

2

-P _ _

E > eV (r)—pu, (2.3)
and

f(x)=[exp(x)+1]7! (2.4)

The bound states are found from the Schrodinger equa-
tion

2
—{;vZ—eVsc(r) V(1) =E¥,(r) , 2.5)

by the phase function method.?’ The self-consistent po-
tential V(1) is

eV (r)=eVy(r)+V,(r); (2.6)

where V(r) is the electrostatic part which is determined
by the electron and nuclear charges via the Poisson equa-
tion

V2eV (r)=4me’n(r) , 2.7

with the boundary conditions
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2
eVa(r) — Ze” (2.8)
2o |
dvy
d (ro)_ y rzro; (2.9)
with 7, being the radius of the Wigner-Seitz sphere,
3 |12
= , 2.
ro yr— (2.10)
and n, the atomic density. ¥V, (r) is the exchange-

correlation potential (see Appendix A). In practical cal-
culations we apply the V,.(r) from Ref. 3 (see also Refs.
21 and 22). The chemical potential u is found from the
condition of neutrality of the atomic sphere.

III. THE PHOTON ABSORPTION CROSS SECTIONS

The golden rule formula (see, for instance, Refs. 1, 10,
and 11) gives for the absorption cross section

8mlve?

o,(v)=——r— Imfdrdr rrxRe,r'v),  (3.1)

where XR(r,r’,v) is the retarded polarization.9 In the
independent-particle approximation

)(R(r,r’,v)=)(§(r,r',v)

=[O ()W ()W (r)
hv—(E;— E,-)+n7 ’

=2 2 (3.2)

where
E,—n

fi=f T

The one-particle states are the bound and free eigenstates
of our self-consistent V(r). Equation (3.2) may be writ-
ten in the form

o,=0%+o¥+0olf; (3.3)
where the superscripts b and f denote to which part of
the spectrum (b, bound, or f free) belong the initial and
final states (i,j) of Eq. (3.2). This approximation, Eq.
(3.2), leads to the 8-line form for the line (bb) transitions:

3,02
bb(yy) = 8mve

Sl R e AIIC A TN

ij € bound

X8(hv—E;+E;). (3.4)

Let us note that the cross sections of Egs. (3.1), (3.3), and
(3.4) correspond to net processes, i.e., the correction for
stimulated emission is already included.'!

IV. THE ABSORPTION BANDS CONSIDERED
AS DUE TO THE FLUCTUATIONS
AROUND THE AVERAGE-ATOM DENSITY

Our statistical approach to the absorption band forma-
tion is based on the density-functional theory which may
be seen as justifying the average-atom model. As present-
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ed in Appendix A the atomic density n(r) [and the self-
consistent potential ¥ (r)] may be viewed as stemming
from the minimum condition

8Q[n(r)]=0. 4.1

(In fact, our scheme is not a full DFT one since we take
the TF free-electron contribution. We disregard in what
follows the difference due to this approximation.) Let us
now consider an (assumed small) correction to our aver-
age electron density n(r). We set

n'(r)=n(r)+8n(r) . 4.2)

According to the fluctuation theory!® the probability for
Sn may be expressed as

P[8n]~exp(—8Q/T) ; (4.3)

where 8() is the change of the grand thermodynamic po-
tential introduced by 6n(r). We will now assume that
Sn(r) is small and use the expansion

2
80[n+8n]§% :nflz[n]yn
320
=1 Y e AN
=1[drdr S n) B (e L 18n (1) B (e 5

(4.4)

since 6Q/6n’[n]=0. Any 8n(r) gives the following po-
tential correction:

én(r') 8ch
Vir)=e? !
edV(r)=e [dr [ Ln1on(D)
= [drK(r,r)én(r) (4.5)
with
Kinry=—— 4+ 2 s 4.6
T lP— on [n]6(r—1") . (4.6)

The potential correction edV(r) leads, in turn, to the
first-order corrections to the eigenvalues E;:

8E;= [ |W,(r)[2%e8V(r)dr ; 4.7)

i denotes here any state, bound or free, which we write as
i €S (S is the whole spectrum). Equations (4.5)—(4.7) pro-
vide a linear relation between 8n(r) and 8E;. Since we
have

P[8n]=exp(—82Q/T) , (4.8)

with 8%Q given by Eq. (4.4), i.e., bilinear in 8n(r), the
probability of 8E;; i €S, will be a generalized Gaussian:?

P[8E, ,k €S ]=exp . 4.9)

1
—5 3 4;8E,8E
ij

We have assumed that the operator from Eq. (4.7) is in-
versible, and set
1
7820=§ S A4,8ESE; . (4.10)
ijES
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We will now average the bound-bound transition cross
section, Eq. (3.4), upon the density fluctuations. The
meaning of this operation may be seen as follows. In the
radiative transfer problems one is interested in the spatial
and temporal dependence of radiation intensity. The ab-
sorption mean free path is a macroscopic quantity orders
of magnitude larger in comparison with atomic dimen-
sions. The photons traversing a plasma medium are ab-
sorbed by atoms (or ions) which are in different states [we
describe these atoms here as fluctuating around an aver-
age atom with different electron-density deviations
dn(r)]. On the macroscopic, hydrodynamical spatial
scale we may use therefore &,(r), the cross section aver-
aged over all possible fluctuations. In the case of the b-b
contribution, this averaging procedure leads to finite
linewidths. One should stress, however, that we take into
consideration only static fluctuations while dynamic pro-
cesses (collisions, etc.) are beyond the scope of the present
treatment. The statistical approach using the electronic
density as the main parameter is also different from the
methods which are based on detailed structure of the
bound-bound transition arrays.!*!* This problem has
been discussed in Ref. 16. Let us remark finally that the
broadening connected with the Stark effect due to the
neighboring ions could be, in principle, included in the
present statistical approach if one follows Refs. 8 and 24
and introduces the functional Q[n,p] with p(r) being the
ionic density inside the correlation sphere.

In order to simplify our model we will neglect the
dependence of the oscillator strengths and of the Fermi
factor upon the density (or energy) correction. So we will
take into account only the Dirac &’s and their depen-
dence on the initial and final energies E; and E;. In other
words, we set

7"(v)= [ P[8n]dsno™(v)

_ 8mve?

3 2 z(fi_fj)|<wilr|wj>|2

ij:bound

where
=C[ [1 d8Ecexp |—+ 3 A4,.8E,SE,
kEeS 2 r,sEeS
X8(hv—E;+E;,—8E; +dE;) .
4.12)

C in Eq. (4.12) is the normalization constant.”® The in-
tegration of Eq. (4.12) is performed in Appendix C, and it
is found that

2
(x)= N
fijtx P| " 2aE,?

1
—_— , 4.13
[277’(AE,J )211/2 x ] ( )

where
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(AE;P=(A4"1); =204 ™) +(47h);; . (4.14)
In Eq. (4.14) A 7! represents the inverse of matrix A
from Eq. (4.12). The matrix 4 ! is the covariance ma-
trix (8E;8E; ) (see Ref. 23, pp. 13 and 25):

(SESE,)= [ [ [ [drdr dr dr,)|¥,(r)]2K (r,r,){8n(r,)8n(1,))K (r,,r")|¥,(r')[?,
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(8E;8E;)=(A4)"ij . 4.15)

Thus AE;; is totally determined by the covariance matrix
(8E;8E;). We will now calculate this average directly
using Egs. (4.5)—(4.8):

(4.16)

where the “covariance matrix” of the density correlations may be identified as

-1

2
>0 =Tx(r,,15) ;

Bntron (e =T 5ot Son(ey)

[see Eq. (A20), Appendix A]. Hence the final conclusion is

(AE;)*=(8E,8E;) —2(8E,8E;) +(8E;SE; ) ;

where

(SESE))=T [ [ [ [drdr dr dr,|¥,(0)K (r,r)x(r,, 1)K (r,,r)| ¥, (r")]? .

This is our main result. It allows one, in principle, to cal-
culate separately the ‘linewidth” for each particular
transition { —j, provided that the static linear-response
function x(r,,r,) is known. Let us note, however, that
even in the DFT with local expression for V,_, the calcu-
lation of ¥(r,r’) and even of ¥y~ !(r,r') is not straightfor-
ward since in order to get it one should invert y,(r,r’)
[Eq. (A13)]. In the numerical example below we will
focus our attention on the Thomas-Fermi approximation
to Xof(r,1’).

We remark finally that the Gaussian form of lines [Eq.
(4.13)] is due to the approximation when we neglect all
dependence of ®’(v) upon &n(r) except that of E; and
E; in the Dirac &’s. In general, if the full dependence of
the oscillator strengths and of the Fermi factors upon
on(r) is taken into account, the line-shape function may
be different from the Gaussian one.

V. EXAMPLE: THOMAS-FERMI FORM OF y,(r,r’)

The Thomas-Fermi theory leads to (Appendix B)

(XEF)*’(r,r'):%%’,fa(r—r') , (5.1a)
eV (r)+
%%‘,f=%(2m prrinp_ Tﬂ (5.1b)

According to Eq. (A20) (Appendix A) we set for the in-
verse of the linear-response function

2 1124
e _y
|r—r

—1(p oty (,TFy—1(n
x (rr')=(xy ) (r,r')+ | 5’

The exchange-correlation potential V,. at nonzero
temperature has been calculated in Ref. 21 (see also Ref.
22). We use, however, the simpler expressions taken
from Ref. 3 (the exchange correction interpolated be-
tween T=0 and T = oo, asymptotic values of the correla-
tion correction at T'=0), since, as our numerical example

(4.17)

(4.18)

(4.19)

indicates, the contribution of dV, /dn to the statistical
broadening seems to be small. By keeping only the first
terms in Eq. (5.2) and neglecting consequently the
exchange-correlation part of Eq. (4.6), we get from Egs.
(4.18)-(4.19) the result derived by Shalitin, Stein, and
Ron.!® These authors have obtained it in a different way
with no direct reference to the formalism of the DFT.
For instance, they do not get the Gaussian form of f;;(x),
Eq. (4.13), and only suppose it because of the statistical
nature of their considerations. From the point of view of
our derivation Shalitin et al. took into account only the
noninteracting part of electron response treated in TF ap-
proximations [xaf(r,r')]. Actually, the Coulomb part
[the second term in Eq. (5.2)] cannot be neglected as we
will see later on. This Coulomb term complicates the cal-
culation since ¥~ !(r,r’), given in Eq. (5.2), cannot be so
easily inverted as the independent-particle part
(xdF)~! (r,r'). If one neglects the second and third
terms in Eq. (5.2) one gets immediately

_ 6n(r)
eV

with 8n /8eV(r) being the inverse of the right-hand side
(rhs) of Eq. (5.2). This leads to the result of Ref. 16.
When the full form of Eq. (5.2) is retained the inverse of
x~!(r,r’) has to be calculated numerically. In order to
do it let us first simplify our problem by taking the
squares of the wave functions [Eq. (4.19)] already aver-
aged with respect to the magnetic quantum numbers m;
and m;. That is we take

x&K(r, 1) 8(r—r'); (5.3)

+1,

1
h 1 |‘Pni,imi(r)|2=ER3i,i(r) ,

1

W, |2=
o,

(5.4)

where R, 1(r) denotes the radial wave function. This
step seems to be justified since anyway the Thomas-Fermi
Xo¥(r,r'), with its local 8(r—r’)-like dependence cannot

give a realistic model of the splitting of lines [we believe
that xo(r,r') from DFT, Egs. (A13), may be more useful
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for this purpose]. Another point is that we are interested
in transition lines as provided by the average-atom model

where f(r) denotes any function and

which obviously leads to the degeneracy with respect to Virr)= 1 8V cln] 1 8(r—r')
: ’ ’ 2.2 ’

the magnetic quantum number. Now it is easy to see max(r,r’) &n dme’r
from the form of Eq. (4.19), that the approximation, Eq. (5.5
(5.4), reduces our problem to a spherically symetric one. :
Denoting symbolically integral operators ¥ and H, Hirr= 1 eV 8r—r) 56)

(Vf)r)= fdr'r’zV(r,r')f(r') , (5.5) ’ e dn(r) 4m? :

(Hf)r)= fdr’r’ 2H(r,r")f(r"), (5.6)  we write Eq. (4.17) as

J
(8E,8E,)=e>T | drr* | dr'r'?R} , (r)IV(V+H) 'W1(r,r')R? , (r') . (5.7
i j n‘,ll ol

The most convenient representation for calculating the
operator product in square brackets will be of course
(R, Ii(r)]z, with #n;,/; belonging to the whole spectrum.
It corresponds to the expansion

IRn‘.,li(r”2

o » (5.8)

Sn(n)= 3 a1,

ni,IiEb, f

which may be viewed as natural, with a, ; being the
(A}

correction to the Fermi-Dirac occupation number [see

Eq. (2.1)].
Our formulas Egs. (4.14), (4.15), and (5.7) allow one to
calculate independently the linewidth AE;; for each pair

i,j. We have found moreover that the matrix operations
J

[
of Eq. (5.7) are in practice independent of the number of
elements of the basis R,?‘,,i(r), i€S. In particular, the

results for AE;; have been found to be independent of the
presence of the R,fl_ i ,‘_(r) belonging to the free spectrum.

This part of the basis has therefore been neglected and we
took only R 3 1. (r),i € bound states.

Below we present some results obtained for iron plas-
ma at T=200 eV and of solid density: p=p,=7.8
g/cm?. In Table I we list the following.

(i) The energies of transitions.

(i) AE};, the linewidths calculated from the expression

corresponding to that of Shalitin, Stein, and Ron'® with

(8E,8E,)*=eT [drr? [dr'r' R} | (r) VH'W)r,r R} | (r') (5.9
where
(Vf)r)= [ar e W, rf (e, (5.10a)
Vi(r,r)= — (5.10b)
max(r,r’)
(iii) AE;;, the linewidths obtained with the full expression, Eq. (5.7).
(iv) AE}, the linewidths obtained from Eq. (5.7) but with the exchange term in Eq. (5.5') neglected:
(8E;8E;)*=eT [drr® [dr'r'?R2 | (r)[V*(H+ VO~V N rIRY L (r) (5.11)

TABLE 1. Transition energies and half-widths AE; [Eqs. (4.14) and (5.9)], AE;; [Eqs. (4.14) and

(5.7), and AE* [Eqgs. (4.14) and (5.11)].

Nr i—j Energy (eV) AEj (eV) AE;; (eV) AE,—}’
1 1s—2p 6339 72.1 57.7 65.6
2 1s—3p 7128 126.1 97.3 104.6
3 1s—4p 7307 158.9 117.6 123.9
4 2s—2p 97.8 10.72 7.65 9.21
5 2s—3p 886.5 59.54 414 45.4
6 2s—4p 1066 100.42 67.7 71.8
7 3s—3p 31.4 2.13 1.46 1.65
8 3s—4p 210.8 43.70 27.8 30.0
9 4s —4p 10.96 2.80 1.76 1.81
10 2p—3s 757.2 70.4 49.8 54.1
11 2p—4s 957.1 106.5 73.1 77.3
12 2p—3d 834.7 62.9 45.3 49.1
13 3p—4s 168.4 432 27.5 29.9
14 3p—3d 46.0 7.74 4.30 6.07
15 3d —4p 133.5 52.1 32.7 36.1
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The inclusion of the operator V* into the linear response
[compare Egs. (5.9) and (5.11)] lowers all the ‘half-
widths.” This is obvious since both operators H and V*
are positive definite. The contribution coming from the
operator H [Eq. (5.6)] is dominant. This effect is even
more visible at higher temperatures. For instance, at
T=1000 eV and at p=p, the difference between AE;; and
AEj is mainly of the order of 5-10 % of AE;;. We have
tested the domain of temperatures 7, 10-1000 eV, and
densities p, py/10-10p,, and found that for most cases
and transitions this difference was smaller (but of the
same order) than AEj. A typical value was 20-70 %;
however, there were still some transitions with 100% and
more.

The local exchange-correlation term also diminishes
the bandwidths. The difference between AE;; and AE} is
of the order of 10%. The same order of contribution due
to the local exchange-correlation part of the linear
response has been observed in Ref. 10 where the authors
used the DFT formalism to approximate the frequency-
dependent polarization.

In Table II we present some opacity results calculated
using the b-b contribution obtained from the above
values of “level widths” (AE;;). The description of the
numerical methods and the formulas for the b-f and f-f
cross sections may be found elsewhere.?>2% The formulas
for the total Planck (k,) and Rosseland (kg ) mean opaci-
ties! (see, also, Refs. 25 and 26) are

4
k _15|h fw dvvk'(v)
P g | T | Yo explhv/T)—1"°
_ 15 | h =  dvviexp(hv/T)
kR "‘_4 e 2 ’
47* VT | Yo [exp(hv/T)—1Vk'(v)

where k'(v)=[0,(v)+0.,u]1/m,. In our example the
scattering term is very small and in fact can be neglected.
The absorption cross section o,(v) consists of the
bound-bound (bb), bound-free (bf), and free-free (ff)
contributions [see Eq. (3.3)]. The importance of these
contributions may be inferred from the Rosseland and
Planck mean opacities calculated with some of these con-
tributions neglected. As follows from Table II the dom-
inant are the bound-bound transitions (see, for instance,
Ref. 13). The result from the SESAME Astrophysical Li-
brary”’ is kx (Rosseland opacity)=2679 (cm?/g) and k¢
(Rosseland opacity without the contribution of
lines) =988 (cm?/g) (see Ref. 28). The agreement seems

TABLE II. Planck (kp) and Rosseland (kg) opacities for
iron (Z=26) at T=200 eV, p=p,=7.8 g/cm®. The transitions
taken into consideration are listed in the first column. b denotes
“bound,” f is “free.” The values from the Astrophysical Li-
brary SESAME (Ref. 27) are (see Ref. 28) kg =2679 cm?/g, k¢
(without lines) =988 cm?/g.

Transitions included kp (cm?/g) kg (cm?/g)
bb, bf, ff, scattering 6644 2956
bb, bf, scattering 5854 2543
bf, scattering 2958 1098
ff, scattering 790 55
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FIG. 1. Frequency-dependent total absorption spectrum

k(v)=[o,(v)/m,1/[1—exp(—hv/T)] for Z=26 (iron),
T=200eV, p=p,=7.8 (g/cm?). k(v)isincm’/gand vineV.

to be relatively good.

In Fig. 1 we show the total absorption k(v)
=[o,(v)/m,1/[1—exp(—hv/T)] (with m, the atomic
mass) in ¢cm?2/g as a function of the photon frequency v
(in eV).

VI. CONCLUSIONS

We present a statistical approach to the absorption
bands in dense, partially ionized plasma. Our formalism
is based on the finite-temperature density-functional
theory. It allows us to preserve a consistent model in
which the probability of fluctuations around the average
atom is obtained from the density dependence of the
DFT functional Q[n]. This functional is minimized with
respect to the electron density n(r) when one looks for
the DFT equilibrium solution, i.e., the average-atom
model.

In the simplest version of DFT, which is the Thomas-
Fermi expression of }[n], the presented formalism leads
to closed formulas for the AE;;—the widths of the transi-
tion lines. In this case, when the Coulomb and ex-
change-correlation contribution to 8*Q[n]/8n(r)dn(r’)
is neglected, our results reduce to that of Shalitin, Stein,
and Ron.!® The numerical example of iron at T=200 eV
and solid density shows, however, that especially the
Coulomb contribution is non-negligible. Our formalism
may lead to interesting conclusions when a more involved
form of the linear-response function x(r,r’) is retained.
The inclusion of the dependence of the oscillator strength
and of the Fermi factors upon the density perturbation
can lead, in principle, to non-Gaussian shapes of lines.

In its simplest Thomas-Fermi version the formalism al-
lows us to estimate the bound-bound contribution to the
opacity of dense, partially ionized plasma close to the lo-
cal thermodynamic equilibrium.
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APPENDIX A: THE FORMALISM OF DENSITY-
FUNCTIONAL THEORY AT FINITE TEMPERATURE
AND THE FORMULA FOR 82Q[n ]/86n(r)én(r’')

As proved in Refs. 6 and 7 in a grand-canonical ensem-
ble at a given temperature T the density distribution n(r)
uniquely determines the quantity ev(r)+pu (e positive)
where v is the external potential and u is the chemical po-
tential. For a given v(r) and p there exists a functional of
n'(r):

Qo4 [n'(0]=— [[ev(D)+pln’(r)dr' +Fn'(1)],
(A1)

which has an absolute minimum for n'(r)=n(r) [the
correct density corresponding to v(r) and p]. This
minimum value is equal to the grand potential.

As proved in Ref. 6 for any n'(r) different from n(r),

Q‘ev+p[n’(r)] > Q’eu+;.4[n(r)] .
In the local-density approximation one writes F[n'(r)] as

Fln'(n)]=G,[n"(0]+%- fd dr ”—I(—E—’"—r‘lf—l

+F, [n'(D)], (A2)

where

G;[n'(D)]=C[n'(r)]—TS[n'(1)] ; (A3)

is the F[n'(r)] corresponding to the noninteracting elec-
tron gas where S;[n'(r)] denotes its entropy. This elec-
tron gas may be described in terms of one-electron
Schrodinger states:

_1#

> m (A4)

VZ—ev'(r) |Wi(r)=E/¥(r) ,

where the relation between n’(r) and v'(r) is given
through

n'(r)=23 f/I¥i(r)|?, (A5)
-1
’ ’ E - '
fi=filE{—p')= |exp l +1 (A6)
The entropy of the ideal electron gas is
(A7)

S,[n']=—2 lzf,.'lnf,.'+<1—f,-')1n(1—f,.’) ] )

F,.[n'(r)] is the correction so that F;[n'(r)]+F, [n'(r)]
gives the full exact F[n'(r)]. It is approximated here by
a local expression. From the above formulas one may
calculate formally

80 — _ _ 2 , n,(r,)
) ev'(r)+u —ev(r)—ute fdr )
+ OFse 1y (A8)
Snr [n ] M

The condition for minimum is obviously
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[n]=0, (A9)

’(r)

which leads to the self-consistent scheme by connecting
€V, (1) +p,, to the electron density n(r):

eV (1) — #eq=~ev(r)-—p+e2fdr '”_(?‘
FVeeln(n]; (A10a)
where
8F
xc[n(r)]—. [n(r)] (Al()b)

In the case of the atom v(r)=Ze/|r|. Following Ref. 7
we note that the condition Eq. (A10a) leads to the equa-
tion for ev’(r)+p' and not for ev’(r) alone.

Using Eq. (A8) we get for the second derivative?

520 _Sev(n)+p) e?
8n'(r)én'(r') dn'(r') lr—r'|
8%F,,
8n'(r)8n’(r')
The first term on the rhs of Eq. (A11) may be written ex-

plicitly. ev’(r) is the trial (external) potential and n’(r)
the inhomogeneous density of an noninteracting electron

(A1D)

gas immersed in the field of this potential. Hence we
have
8n'(r)= [ dr'xo(r,r')edv’(r) , (A12)

where xo(r,r’') is the static linear-response function of
noninteracting electron gas. It may be calculated as the
real part of retarded polarization at ©=0:°

Xolr,r')=RellX(r,r',0=0)
WO, (WO () f — f)

=23 , (A13)

where W;(r) are the eigenstates of the potential v, (r). A
useful relation used in Ref. 30 (see also Ref. 10) is

xo(r,r’)———ﬁlmf da)f(ﬁco)GR(r,r 0)G&(r'1,0),

(A14)

relating xo(r,r’) to the retarded noninteracting Green
function of the potential ev,,(r):

Wi (r')¥,(r) )
0—(E;—p, ) /fitin’

—1

GR(r,r",0)= 22 (A15)

ffiw)= [1+exp (A16)

fio
T
G {} (r,r',w) fulfils the equation

ﬁZ
———V—ev, (1)~ |G (r,r,0)=—8(r—T1'),

2m

(A17)
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with the “outgoing-wave” boundary conditions. Let us
also remark that Eq. (A8) may be viewed as

50

&n'(r) =8evg(r)=ev'(r)—ev,(r) ; (A8")

(we set u,, =p) and, at n'(r)=n(r);
820 _ Bev'eﬁ(r) . )
8n'(r)dn'(r')  on'(r') ’ (A11)

(see Ref. 29) where the rhs is the inverse operator to the
DFT linear-response function x(r,r’) since

én'(r)

P (A18)
Sev g (r')

[n]=x(r,1) .

The inverse operator is defined in the standard way:?’
[ary! (A19)

From Egs. (A11), (A11’), and (A12) we get the following
relation between the DFT linear-response function

(r,r")x(r",r')=8(r—1") .
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Xo(r,r'), and the second functional derivative of the

grand thermodynamic potential with respect to the elec-
tron density 82Q[n]/8n(r)én(r’):

820

=1 o
sn'(non (r) LMY (BT

— a1 , €
= , +
XO (l'l') lr_rll

8°F,,
T woen @)
In the local-density approximation we obviously have
8°F . 8°F,,
sn'(0)on'(r')  6n' Ar)

(A20)

8(r—r') (A21)
APPENDIX B: THOMAS-FERMI MODEL AS DFT

As noted by Mermin® the finite-temperature Thomas-
Fermi theory (see Ref. 18) may be obtained through

x(r,r'), the independent electrons response function minimization of the following Q[n’'(r)]:
[
n[n'(r)]=ifdrdp Tin{l1—f |+ —Lz—ev'(r)—u'
h3 T |2m
1| p* e’ n'(r)n'(r')
+[ev'(r)—p'lf T |2m —ev'(r)—u’ ——fdr[ev(r)+y]n’(r)+—2—fdrdr’-—l;—_—;,l— ,
(B1)
[
with n'(r) and ev’(r)+pu being connected by where
1 : / , _— B6
n’ h3f pf T —p———ev(r)—# , (B2) f dyy expy x)+1 ’ (B6)
N with the boundary conditions
where
Ze? dvrg
1 evp — ——, vrp(rg)=0, ———(ry)=0 (B7)
= 3 TF » Urrlrg ) 0 )
f(x) expx)+1 (B3) r—0 dr
By straightforward differentiation we get the TF version and rq the atomic radius. Similarly, we get
of Eq. (A20): 2 , 2
d 80 by 4 . (B
50 . . )4 )t zfd . n'(r') dn'(r)én'(r') dn'(r') lr—r']
Sn'[n e (n ' —en(r) —pte "Tr=r] comparing with Egs. (A11), (A18), and (A20) we get
B4
BV e = N (e Jote
where ev'(r)+pu are the functional of n’(r) because of Eq. ev'(r’)
(B2). Also _2m(2m)’T'?
- PE 1—1/2
ev(r)==2%
i T TR ) (B9)
is the potential of the nucleus (Z atomic number). The T ’

condition 8Q[nrp]/6n’=0 may be easily transformed
into the usual form of the TF equation. In the case of a
finite, spherically symmetric neutral atom we have

167%eX(2mT)*"?
—’—hg‘__ 172

evrr(r)+ure

2 =
Veevg(r) T

’

(BS)

The independent-electron linear-response operator is lo-
cal in the Thomas-Fermi model.

APPENDIX C: PROOF OF EQ. (4.13)

A simple way to prove Eq. (4.13) is to make use of the
formula (see Ref. 23, p. 25)
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+ N ~
f IT ax,exp(—1x"Mx—Bx)

r=1

=(2m)V/%(detM )~ %exp(—1B’M 'B), (C1)
where M is an N X N positive definite matrix, and x and B
are vectors in the R " space. Equation (C1) may be easily
proved by diagonalization of the quadratic form in the
exponential.

Substituting the Fourier transform for the Dirac func-
tion we get immediately for f;;(x) [Eq. (4.12)]

[ak [ 1 d8E,exp ~% S 4,8E,5E,

teSs

+ik(x—8E,+8E,) | . (C2)
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The term that is linear in 8E in the exponential may be
written as

—ik(8E;—8E;)=—ik 3, By"/'8E, , (C3)
PES
where the vector B{"/ is defined as
(D8
BiI=5,,—5,, . (c4)

We are now able to perform the integration over
I1. d8E, by applying Eq. (C1). We get

fyxr=o= [ "ak exp =63 B4,

s

XBU | . (CS)

Using again Eq. (C1) in Eq. (C5) we find Eq. (4.13).
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