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Relativistic stimulated Brillouin and Raman scattering in a laser-produced plasma
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An investigation is made of the relativistic effect on the nonlinear stimulated scattering of large-

amplitude laser radiation in the presence of the self-generated magnetic field in a laser-produced

plasma. The relativistic Vlasov equation expressed in terms of the guiding-center coordinates has

been solved to obtain the response of the magnetized plasma electrons. It is noted that the extreme

relativistic effect increases the growth rates of the stimulated scattering by a factor of c/v„where c
and v, are the free-space speed of light and thermal velocity of the plasma electrons.

I. INTRODUCTION

Extensive investigations have been made on the stimu-
lated Brillouin scattering (SBS) and stimulated Raman
scattering (SRS) of a considerably large-amplitude laser
radiation with or without magnetic field in a plasma. '

However, with the advent of the very-high-power sources
of electromagnetic radiation, viz. , high-power lasers, the
directed component of the electron velocity in a plasma
may become quite large, comparable to the free-space ve-
locity of light. In such cases, the effects of relativistic
electron mass must be taken into account. A limited
number of attempts have been made using the relativistic
fiuid equations to investigate the relativistic effects in
laser-plasma interactions. In this paper we have made
a rigorous investigation of the stimulated Brillouin and
Raman scattering using the full relativistic kinetic equa-
tions.

The spontaneous generation of megagauss magnetic
fields has been discovered in a laser-produced plasma due
to a variety of reasons. " The magnetic field is self-
generated in a direction transverse to the direction of
propagation of the incident laser radiation and for reso-
nance absorption perpendicular to the plane of polariza-
tion of the electric field of the incident laser radiation.
Thus the incident laser wave may be considered to be
propagating in the upper hybrid mode in the presence of
the self-generated magnetic fields. '

In Sec. II we have solved the full relativistic Vlasov
equation expressed in terms of relativistic gyrokinetic
variables to obtain the relativistic nonlinear response of
plasma electrons in the presence of the self-generated
magnetic field. Since the electron plasma frequency is
much greater than the electron cyclotron frequency in
the laser-produced plasma, the high-frequency response
of electrons is taken to be unmagnetized; only the low-
frequency response being magnetized. Then, following
references we obtain the growth rates for the SBS and
SRS in the extreme relativistic and nonrelativistic limits
in Sec. III. Finally, a brief discussion of the results is
given in Sec. IV.

II. RELATIVISTIC VLASOV EQUATION
IN GUIDING-CENTER COORDINATES

We consider the propagation of a large-amplitude
upper hybrid laser radiation (pump) in a homogeneous,
collisionless, and hot plasma along the x axis with its
electric field polarized in the xy plane when the self-
generated magnetic field B, is taken in the z axis

Eo= Eoexp[ i (too—t —kox)],

Bp=ckp X Ep /top

where

Eo = troy
Eo, =0,

2~c COp

13p=
N N CO0 p c

Here, to =(4sre nolm)'~ and to, =e8, /mc are the non-
relativistic electron plasma frequency and electron cyclo-
tron frequency, respectively; —e, m, no, and c are the
electronic charge, electron rest mass, unperturbed equi-
librium electron density, and the velocity of light in a
vacuum, respectively. On account of the nonlinear in-
teraction of this electromagnetic pump wave (top, kp) with
an electrostatic perturbation (to, k)—an electron plasma
wave for stimulated Raman scattering or an ion acoustic
wave for stimulated Brillouin scattering —a scattered
sideband is generated (cot, k, ; co, =to —top, k&=k —kp).
The upper sideband (to+top) is neglected as it is con-
sidered to be off resonant for the nonlinear interactions
under investigation.

The three-wave nonlinear parametric interaction is de-
scribed by the relativistic Vlasov equation. In the phase
space of position vector r, the world velocity v, and the
time t, a collisionless plasma can be described by'

+ .Vf ——E+ —V„f=0,
dt y m yc
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where

v=yr,

y
—

( 1 r2/c2) —1/2 —
( 1 + 2/ 2)1/2

(4)

acquire relativistic velocities due to the incident and scat-
tered laser radiation only.

Using the identity

exp[ i—(tot —k x)]=—exp[ i—(cot —k x )]
and the overdot denotes derivative with respect to time.
The relativistic equation of motion in terms of the world
velocity v is given by

mv= —eE—evXB/ye .

We express Eq. (3) in terms of the relativistic gyrokinetic
variables, ' i.e., the guiding-center coordinates
xg =x—v Xto, /co„ the magnetic moment p=mu f /2co„
the gyrophase angle 8 of the perpendicular velocity (i.e.,
the angle v~ makes with the x axis), and the parallel
momentum p, =mv,

Xg exp[in (8—5)]J„(k~p), (9)

where J„ is the Bessel function of order n and p=vl/co,
we can express

E'= EoexP[ i (t—oot —kox }]g exP(in 8}Jo

i kP—exp[ i (—tot —k xs )]g exp[in (8—5)]J„

+E,exp[ i (to—, t —k, xg )] g exp[in (8—5,]J„',

aF . aF . aF . aF , aF
at+" a*, +"a„+ aO

' 'a,
where we decompose the total distribution function as

F =fo+fo(coo, ko)+f (io, k)+f, (to(, k)),

(6)

F= f0+exp[ i(too—t koxg)]
—g exp(in 8)f„

+exp[ i (tot ——k xg )]g exp[in (8—5)]f„

(10)

fo and f ~
are the high-frequency distribution functions

corresponding to the incident and the scattered laser
waves, f is the low-frequency distribution function due to
the electrostatic perturbation mode ( to, k }, and f0 is the
equilibrium distribution function taken as Maxwellian'
in the world velocity space v at temperature T, :

f0=no(m/2n. T, )' exp( mu~/2T, )
—.

Here, we take f0 as Maxwellian as u, «c. The electrons

I

+exp[ i (to—, t
—k, x )]

+exp[in�(8

—5, )]f„' .

In Eqs. (10}and (11) P is the amplitude of the electrostat-
ic low-frequency mode, J„=J„(kop), J„'=J„'(k&~p), and 5
and 5& are the angles that k~ and k&z make with the x
axis. Using the relativistic equation of motion, Eq. (5),
we obtain

( —i PocosO+ sinO)exp[ i (toot——kzxg ) ]g exp(in 8)J„
C n

eE] vl
( —iP, cosO+sinO)exp[ i (to, t ——k, xg )]g exp[in (8—5, )]J„'

C n

+ieP exp[ i (tot ——k.xg )]g n exp[in (8—5)]J„, (12)

co, eEp„ kpvl
8= + —i Posin8 —cosO+

mvl fCOp
exp[ i (tout ——koxs)] g exp(inO)J„eZ„(k,„+iP, k „)u,+ —i P, sinO —cosO+

mvl /CO)
exp[ i (to, t —k—, x )]g exp[in (8—5, )]J„'

elk~
exp[ i (tot —k.x—)]g exp[in (8—5)]J„',

mv g
(13)

eEp kpvlcosO
xg= 1—

mco gap
exp[ i (toot —kox )—] g exp(in 8)J„

eEi (ki +iPiki )uicosO
+ 1—

mao, QCt) [
exp[ i (to, t —k—, xg )] g exp[in (8—5, )]J„'

iegk~sin5

mes,
exp[ i (tot —k x—)]g exp[in (8—5)]J„, (14)
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3'g
= eE0

iP0
mco,

k0UisinO

QN0
exp[ i—(to0t —k0x )]g exp(in8)J„

eF. , u, sin8(k1„+ip, k, )+ ip, — exp[ i—(co, t —k, x )]g exp[in (8—5, )]J„'
m doc /COD

ie pk1 cos5
+

mco,
exp[ i (t—ot —k x )]g exp[in (8—5)]J„, (15)

i =z=p, /my . (16)

In deriving Eqs. (12)—(16) the electric field of the scattered wave is assumed to be similarly polarized as the incident
laser wave with p, =p0(0~1) and the prime on the Bessel function J denotes derivative with respect to its arguments.
Substituting Eqs. (12)—(16) in the relativistic Vlasov equation, Eq. (6), we obtain the following relativistic linear
response of electrons:

eE~~ p0cos8+i sin8

T co0 n to /'Y

eE, P, cos 8+i sin8
f1 = — viJ„'fo,

Te CO1 nCOc/
(18)

T, co —neo, /y
(19)

III. RELATIVISTIC GROWTH RATES

Using Eqs. (12)-(16) the nonlinear relativistic Vlasov equation for electrons for the low-frequency electrostatic mode
can be written as

NL~f + 1( ~ )0 df + 1( ~ )1
Bt ' ' Bx

'0 '1 '0 '1 '0
df +,(. )0 f +1( )1 df +1(8)0 df +1(8)1 df ()

Bx '
Bp, ' Bp ' 88 ' B8

(20)

where the superscripts 0 and 1 indicate the incident and scattered laser waves. Using Eqs. (12)—(19) in Eq. (20) and on
simplification we obtain the relativistic nonlinear distribution function for electrons for the low-frequency mode due to
the beating of the incident and scattered laser waves as

i (to nto, /y)—

X
ik) eE0y kpUicos~

2m Q7 QCOp

ik0eE, k,„+ip, k,
J„ft'+ 1 —

ut cos8 Jt'f„
2m co yco&

Ek iyeE0y1' 1'
p

2m Nc

k0Uisin8
JOf 1+ eE0y Bf,'

( —i P0cos8+ sin8) u1 J„
2N P

r0
T

eE1 k1„+tp1k1+ —ip, sin8 —cos8+ ui inJ1'f„
2mUi /COD

()f„eE0 k0ut
(
—ip1 cos8+ sin 8) v 1

Ji' + —ip0sin8 —cos8+
2coc Bp, 2mv1

iiJOf 1

(21)

In deriving Eq. (21) we have assumed that k and k, lie in the plane perpendicular to the magnetic field, i.e., the XY
plane. This is possible as the maximum growing modes propagate in a plane transverse to the direction of the self-
generated magnetic field. ' ' '

Now we obtain the nonlinear density Quctuation associated with the low-frequency electrostatic mode from the rela-
tion

n =exp[ i (tot —k x—)]f f f g exp[in (8—5)]exp[ ikiuisin(8 —5)/co, )]f„"u—idvid8d8, .
n

(22)
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We consider very-high-power level of the pump wave,
so that the electrons of the plasma acquire high relativis-
tic quivering velocities. Therefore we may write y)&1
and y=(1+v /c )' =u/c. On carrying out the in-

tegration with the approximation kv, & ~, we obtain

2kok~ cook, „1+
e),kp

CO COp

1+
Q)~

ikpk,
cos5+ 2' )

(26)

where

2kpki cook,X=— 1+
N coikp

CO COp

1+
2 Q)

lkok) Cv 7T

cos5+ 4'�)Ve

(23)

(24)

Since we restrict ourselves to the laser-produced plas-

mas (co ))co, ) we may consider the high-frequency
response of electrons to be unmagnetized. ' ' From Eq.
(3) the nonlinear distribution function for the scattered
sideband may be obtained from

ie (1+k, v/ye@, )

2m Q)i

We have retained n =0 terms only in Eq. (23) as
kv, «~, has been assumed. The nonlinear response of
ions has been neglected as it is smaller than that of elec-
trons by the mass ratio m /m, , where m, is the mass of an
ion in the plasma. However, their effect may be included
in the linear dielectric function of the low-frequency elec-
trostatic mode.

Following the same procedures we obtain the nonlinear
density perturbation for the nonrelativistic consideration
(y=1}as

v XBp
X EV f"*+E' V f + V f

pc

lef o kp'v
fo ——— (Eo v) 1+

T~p QCt) p

ee ',f"=— (k v) 1+
Te CO CO

(28)

(29)

where the symbol e denotes complex conjugate of the
quantities involved and

n (nonrel. )=nve Eo E, I'/m~rv, ruoru,

where

(25) We have neglected the relativistic effect in the linear
response, Eq. (29), of the low-amplitude low-frequency
electrostatic mode. On simplification we thus obtain

fNL
ie 4foEO
2m Te p1

ki v
1+

kp v
X 1+

1/'COp

m
k — (k v)u

e

kpCUy ky Ux Uz

Np
3

k„(v~+v, )

3

2k v 0 cop map k v
(k„u —k v„)+ k + 1+ (k v)uy

CO/ CO Te CO CO

(30)

Since Po((l for the parameters in the laser-produced
plasmas we assume that the large-amplitude incident
laser wave is almost polarized in the y direction and
y=u /c. This is assumed to avoid the mathematical
complexities in the integration of f, to obtain the
current density. With this assumption we obtain the non-
linear relativistic current density at the frequency of the
sideband as'

JN"= —e J (v/c)f NLdv

sideband as

JN& ( nonrel. ) = y

—in pe 4Ep
2m &pcs ~co

2

+3ky ky k&y (32)

V

inpe c@Ep k( c= y 1+ (2cook +kok„c)
m v, ~p~&

(31)

Again, following the same procedures we obtain the non-
linear and nonrelativistic current density at the scattered

Without loss of any generality we consider a specific
situation in which all the waves involved propagate in
one dimension, i.e., the x axis. Using the nonlinear rela-
tivistic density fluctuation at (co, k), Eq. (23) in the
Poisson's equation, and the nonlinear relativistic current
density at (ro&, k, ), Eq. (31}in the wave equation, and fol-
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lowing the procedures of earlier works' ' we finally ob-
tain the growth rates of the relativistic Brillouin and Ra-
man scatterings as

yo(rel. )=

where

~ Vo„/c~ caco e ko

4N1kv DF
2

'
2

N1 Np
X k, — l—

C N 1

N N1 l- p

C N 1

1/2

(33)

N1
k, —

C

2
Np

N 1

3N1
X k1— 1—

C2

2
Np

N

4 2
NpNe

N C1

4 2N N

4 2
1

m l

m [I—(co +k U )/co ]
(34)

In Eq. (33) the angular frequency of the low-frequency
mode is to be calculated from co =co +co, +3k v, /2 for
the stimulated Raman scattering and co=kC, /(I
+k AD)'~ where AD =v, /&2co and C, =(2T, /m; )'
for the stimulated Brillouin scattering.

Again, using the nonrelativistic nonlinear density per-
turbation, Eq. (25) in the Poisson's equation, and the non-
relativistic current density Eq. (32) in the wave equation,
and following the same procedures' ' we obtain the
nonrelativistic growth rates of the stimulated Brillouin
and Raman scattering as follows:

yo(nonrel. )=( —v, co, /2c coo)'~ ye(rel. ) .

This expression for the nonrelativistic growth rates,
Eq. (35), differs from Eq. (27) of our earlier work' as we
assume kU, & Ne in the present study. The earlier
theory' was valid only in the high-temperature regime
where kU, &)N, . Thus, since for the low-frequency mode

N «No, and N1 =N —No—-—No we note that the relativis-
tic growth rates of the SBS and SRS are greater than
those for the nonrelativistic instabilities by a factor of
-c/U, . The self-generated magnetic field does not ap-
preciably affect the growth rates of the SBS and SRS in
the laser-produced plasma. However, the growth rates of
these parametric instabilities decrease appreciably with
the rise of the plasma temperature.

IV. DISCUSSION

The general solution of the relativistic Vlasov equation
has been obtained for the three-wave parametric interac-
tion in a collisionless plasma in the presence of a magnet-
ic field. The relativistic linear response so obtained has
been employed to find the nonlinear response of plasma
electrons in the study of the stimulated Brillouin and Ra-
man scattering in a laser-produced plasma. In the ex-
treme relativistic consideration the relativistic effects in-
crease the growth rates of the stimulated scatterings by a
factor of -c/v, . However, the growth rates of these in-
stabilities decrease with increase of temperature. It is
also noticed that the self-generated magnetic field does
not have appreciable effects on these stimulated scatter-
ings.

It may be added here that the effects of the inhomo-
geneities in the plasma and the self-generated magnetic
field, and the nonlinear saturation of the stimulated
scatterings at high pump wave power are also problems
of considerable importance in the high-energy laser-
plasma interactions.
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