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Intrinsic optical bistability in a cavity
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Absorptive, dispersive, and diffractive effects are studied in a nonlinear ring-cavity configuration
containing an intrinsically bistable medium modeled generically by a nonlinear oscillator. The out-

put intensity is shown to exhibit steady-state and periodic characteristics for constant input intensi-

ty, but no chaotic solutions are found. We find that the plane-wave analysis is inconsistent with the
inclusion of diffraction effects and that periodic output characteristics are affected even for Fresnel
numbers of order 1000. Our results are contrasted with previously reported experimental and

theoretical work.

I. INTRODUCTION

Under suitable conditions, electromagnetic waves
propagating through a ring cavity containing a nonlinear
medium can cause the output from the cavity to exhibit
bistable behavior. For a given nonlinear medium the
bistable characteristics can be controlled by the input in-
tensity, the laser detuning from a resonance in the non-
linear material and by the cavity detuning. Thorough
theoretical investigations have been carried out both in
the plane-wave limit and for waves propagating with
diffractive coupling. ' The numerical studies have
shown that diffraction significantly changes the bistable
characteristics; in fact, diffraction coupling will lower the
contrast between the two stable output intensities and
will change the input intensity threshold value for switch-
ing between the two output intensities. Moreover,
diffraction can introduce a rich variety of periodic and
chaotic instabilities in the transverse structure of the out-
put intensity. When mirrors and feedback are required
for the observed optical bistable characteristics, we call
this manifestation of the phenomenon extrinsic optical bi-
stability.

The nonlinear oscillator model has been investigated
by Goldstone and Garmire and, extensively, by Haus
et a/. The authors show that this medium exhibits opti-
cal bistability without a cavity due to increased absorp-
tion. This phenomenon has been called intrinsI'c optical
bistability because it is intrinsic and local to the material
and does not require an external feedback. A study of
transverse effects in this system shows that bistability is
not significantly altered by varying the Fresnel number
down to order unity but that an interesting redistribution
of the electromagnetic energy takes place due to in-
creased diffraction and high absorption at the center of
the input intensity profile. As shown in Ref. 5 the sudden
absorption at some point inside the medium amounts to
changing the rate at which the intensity is dissipated in

the longitudinal direction. This means that a boundary

has been created at that point with respect to the non-
linear index, and that, for continuity, a backward wave
originates there, orders of magnitude smaller than the
forward component, but nevertheless, counter propaga-
ting. This amounts to saying that the index of refraction
suffers an abrupt change and that depending on the laser
detuning from the atomic resonance, it may be consider-
able.

In this paper we will investigate wave propagation
through an intrinsically bistable nonlinear medium, in-
side a ring cavity with plane mirrors, modeled generically
by a collection of anharmonic oscillators, and will also
present new results for low Fresnel numbers by propa-
gating a Gaussian beam in the cavity. The
treatment of diffraction effects in intrinsic optical bista-
bility has not yet been the focus of extensive study for
this configuration, which is required if results of future
experimental observation are to be fully understood. Ear-
lier theoretical studies of intrinsic bistable media in a cav-
ity by Lindberg, Koch, and Haug have introduced a
mean-field approximation with respect to the propagation
of the field in the nonlinear medium. They have also
neglected dispersive effects, and have predicted unusual
periodic structures, which has been qualitatively
confirmed in a hybrid experiment. The hybrid experi-
ment has an electronic feedback to simulate a cavity and
does not, therefore, include diffractive coupling or disper-
sive effects.

We stress here that the appearance of the periodic
structures in Ref. 7 for a cavity with optical feedback re-
quires that a complete description of bistability include
diffraction effects, since the transverse profile can simul-
taneously have several periods of oscillation. That is,
each intensity will correspond to a specific oscillatory re-
gime. The question which shall be taken up later, and
which is the main point addressed by the article, is then
how will the beam behave due to the interaction of the
rays from a Gaussian beam, where many different osci11a-
tory periods are present at the same time. Any sharp
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demarcation between the transverse oscillatory regimes
will be smoothed through diffractive coupling. Further,
there are quantitative aspects of the theory that are not in
agreement with the hybrid experiment, which we ascribe
to propagation effects; the hybrid experiment does not
have the transverse instabilities that we discuss here,
since they do not mix the output field with the input.

As discussed in Ref. 5, the position of the boundary in
the medium which separates the two states of absorption
depends on the incident intensity. This means that in a
ring cavity, as the feedback is returned to the input mir-
ror, the boundary between the high and low absorption
state may shift in and out of the medium at both the en-
try and exit boundaries of the material. Therefore, if
sharp discontinuities occur inside the medium, one can-
not altogether ignore dispersive effects since the phase of
the field, which intrinsically depends on the polarization,
also suffers such a discontinuity.

In Ref. 7 the authors have investigated the plane-wave
limit of a ring cavity with a semiconductor medium in-
serted into it. Although they treat a different model than
in this work, both materials exhibit intrinsic optical bista-
bility. However, there are several significant assumptions
that they have introduced that we examine in this paper.
We retain dispersion, diffraction, and propagation effects.
Even though the bistability mechanism is induced ab-
sorption, in view of a discontinuity of the index of refrac-
tion within the medium, it is too drastic to assume a
dispersion-free medium a priori. Further, as diffraction
becomes increasingly important, coupling of the rays in
the transverse direction together with possible phase
discontinuity at the internal boundary, may cause effects
that would otherwise go unnoticed. Even though disper-
sion is not as important as absorption in this system, a
somewhat dispersive medium can exhibit quite different
characteristic curves. For this reason we perform a de-
tailed analysis by considering both absorptive and disper-
sive effects.

II. FORMALISM

The polarization of the medium is composed of two
parts: the nonlinear part coming from the local response
of the oscillator, and the linear part, which will contain
both background modes of the polarization and a possible
linear response of the oscillator at the local level. There-
fore we may write for the total polarization with a consti-
tutive relation:

total NL+ L

where Pi will contain Pb =(eb —I )E/4n. , the background
modes. The coefficient X(~E~) is a function of the field.
For intrinsic optical bistability, the field dependence is a
multivalued function.

If a set of nonlinear oscillators is considered, the non-
linear susceptibility can be obtained from a constitutive
relation between P, the macroscopic polarization, and E,
the local oscillating field. A quartic Duffing potential is
assumed, and the equation of motion for the polarization
is

8 c)P ne ~ P(I')
dr m

P+y (2)

where y is the damping coefficient, a/m =coo is the reso-
nant frequency, and n is the dipole density. Equation (2)
gives the total response of the oscillator and as mentioned
previously, it will contain both a linear and nonlinear
part. Assuming that the field and the polarization are
aligned along the same direction, the fields are separated
into slowly varying amplitudes which have a space and
time dependence of the type

X(r, t)= Y(r, t)e'"' ""+c.c. , (3)

where Y(r, t) is the slowly varying amplitude; to simplify
our equations further, we use the following scaling of the
functions:

e 3P
ymme

1/2

E, P= 3P
ycomn e

' 1/2

P.

(4)

We assume that the wave is propagating along the z axis.
We write Maxwell's equation in the slowly varying en-
velope approximation with retarded time coordinates as

(5)

g is the retarded-time coordinate z ut scaled —by the
linear absorption coefficient of the material a so that
/=a(z ut), u is the—group velocity of the wave;
F =2akd is the absorption Fresnel number, also scaled
by the width of the input beam waist d; and k is the wave
number [see Eq. (9) below]. This scaling is most con-
venient since it leaves only one atomic parameter in Eq.
(5), i.e., b. For similar reasons an analogous gain length
Fresnel number is defined in superAuorescence. The par-
axial approximation has been assumed' and Vj is the
transverse Laplacian that includes the coupling to x and

y coordinates. In our numerical results in Sec. IV we use
only one transverse dimension. This can be justified by
using a cavity with side walls, "but the use of two trans-
verse dimensions, or cylindrical symmetry should not
qualitatively alter the results. Applying the slowly vary-
ing envelope approximation to Eq. (2), and assuming
steady-state conditions, Eq. (5) is then solved together
with the scaled steady-state polarization equation

E=I (2 i+Pii'), (6)

and y is obtained from a constitutive relation which is

where b, =(coo—co )/(yco). In obtaining Eq. (6), it has
been assumed that the material relaxation rate y in Eq.
(2) is much more rapid than the time scale on which the
field in the cavity responds, which is governed by the cav-
ity round-trip time v.„, i.e, yv.~ ))1. The susceptibility
used in Eq. (I ) is a useful definition for integrating
Maxwell's equation in the form
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identified from Eqs. (6) and (7):

X= & (I+5, )[1/[(b &)+ IPI'] —a/(1+3 ')I .
P, (g) =P~(g)+ tan (14)

The wave number has been chosen so that the linear part
of the field is completely removed,

COp 5
k =

2 6b+ 2c 6 +(@co)

and the linear absorption is

/CO CO&
CX= (10)

2kc [b, +(yco) ]
with b, =coo—co, co =4nne /.m being the plasma fre-
quency in SI units and eb the linear part of the dielectric
constant due to the ever present background modes.

In a ring cavity configuration with plane mirrors, then,
the propagation equation [Eq. (7)] is supplemented by the
usual boundary condition

E(0,x, t)=&TE;„(x)+Re E(L,x, t —r),

where E;„(x)is the input field outside the cavity, T and R
are entry and exit mirror transmission and reAection
coefficients, T = 1 —R =0.1, Pt the cavity detuning, ' L
the length of the nonlinear medium, which is taken to be
10% of the total length of the cavity throughout our dis-
cussion (in our scaling of the length L =0.1), and r the
time required for the field to propagate around in the cav-
ity free space r=r„L /v. Sinc—e we are using the consti-
tutive relations, the relaxation time of the material medi-
um is assumed to be very small with respect to ~. The
role that ~ plays in the boundary condition is then to re-
mind us that the input field must be combined with the
field that left the output mirror a time v earlier. This is
properly accounted for by propagating the field at L by
the remaining amount in the etnpty part of the cavity (L
is 10% of the ring-cavity length in all our results). There-
fore, our numerical solution will use Eq. (7) together with
Eq. (11) in order to calculate the output field in terms of
the input field. The split operator method is used to
propagate a Gaussian beam, and is extensively discussed
in the literature. ' '

In order to test our algorithm, we compare our numer-
ical results for infinite Fresnel numbers with analytical
results. The solutions for the polarization and its phase
inside the medium from Ref. 5 are

In order to determine Po in Eq. (13), it is useful to
define the steady-state input field at the input to the
medium as the complex number

EO =EO„+iEO, .

Combining (14) and (15) we find

(15)

Eoi
Pp(0) =go=tan

Or

—tan ' (16)

III. RESULTS I: PLANE WAVE

In Fig. 1 we plot the local field intensity inside the
medium as a function of the polarization density. The
turning points are determined by 5, the laser detuning
from atomic resonance, see Eq. (6), all other parameters
being held fixed. As the intensity is increased above point
A, the high absorption branch is suddenly reached, caus-
ing a discontinuous decrease in the output intensity from
the medium. As the wave propagates inside the medium,
it may be reduced below the second turning point 8,
which means a sudden return to the low absorption

20

g 16

1 2

All the elements necessary for the solution are now in
place, namely, Eqs. (12)—(16); these together with the
boundary condition Eq. (11) define an iterative map of the
complex electric field. Our integrations of Eq. (5)
(F = ao ) will match the analytical solution to any desired
accuracy, depending on the size of our integration step
b, g along the longitudinal coordinate.

and

(13) Polarizati on Density

ib (g)
where we have taken P=~P~e ' . If we then define

icI5 (g)E = ~E~e ', from Eq. (6) we determine
FIG. 1. Field intensity vs polarization density with 5= —4

inside the medium at steady state.
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branch. If the input beam intensity is chosen between A

and B, so that it may be closer to B, then the feedback
t b trong enough to raise the output above A; a

uicklsteady-state output intensity from the cavity may quic y
b h d t some intermediate value. This is shown
for two different input intensities in Figs. 2(a) and (

where the output intensity is plotted as a function of
time in units of the cavity round-trip time v.z, in our
integration in the medium we used 3000 steps (i.e.,

As the input beam intensity is increased further, the
turning point A of Fig. 1 can be reached. In Fig. 2(c the
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8—

whether or not the combination of transverse effects with
these coexisting periodic characteristics will lock togeth-
er to form a single period or a chaotic output. To answer
this query the transverse effects are discussed in Sec. IV.

IV. RESULTS II: TRANSVERSE EFFECTS

0 10 20

Round-Trips
30 40

FIG. 8. Same as Fig. 6 with I,„=130.

tractor. On the contrary, we find that the dispersive
coefficient is always smaller than the absorption
coefficient, as we pointed out earlier. In view of the fact
that the same effect of overlap between neighboring
periods is found in Refs. 7, 8, and 15, where dispersive
effects are not introduced, we can only attribute this
effect to the ability of the oscillator, at those intensities,
to respond in an ambivalent manner. That is, as the feed-
back pushes the input to higher values, sometimes it may
be just enough to clear the turning point A in Fig. 1, and
as the dynamics develops, it may have such magnitude as
to overshoot the turning point considerably, and induced
absorption would remain the dominant mechanism for
the bistability. Only if the rays are allowed to couple do
we have many periods that must coexist, as in the case of
a Gaussian input.

The behavior we have examined in this section cannot
completely reveal the complexity of the entire dynamics.
We have found a complicated periodic dynamics, but it is
not chaotic. We have only been able to explore a small
range of the parameter space, these include the laser-
atom detuning, cavity detuning, mirror re6ectivity, and
sample length. All of these parameters are important;
the output intensity is sensitively dependent on the pre-
cise parameters that we use.

The higher periods in the output characteristics appear
for lower input intensities and for the transverse profile
this means that there will be sharp discontinuities in the
intensity profile. That is, a Gaussian input will contain
many intensities off the axis and if each such intensity
has a characteristic oscillation period, diffraction will
definitely play a major role in the determination of the
new profiles. The diffractive coupling will tend to smooth
the boundary regions. This brings up the question of

An important parameter from previous studies of ex-
trinsic optical bistability is the Fresnel number F which
was introduced in Eq. (5). It determines the transverse
coupling of the wave and will mix together plane-wave
solutions that would tend towards different periodic solu-
tions, as discussed in Sec. III. The numerical solution
of the propagation equation involves fast-Fourier-
Transform (FFT) methods and are extensively discussed
in previous references. ' ' The FFT algorithm includes
many plane-wave modes in a simple manner and is an
efficient algorithm. In our studies, we use a single trans-
verse dimension. We sampled 128 points along the trans-
verse coordinate, with a sampling interval bx =0.1. We
remark that cylindrical symmetry with two transverse di-
mensions can be performed with a quasi-fast-Hankel-
transform. ' Because we treat only one transverse dimen-
sion, comparison with future experiment would have to
be qualitative. We draw from experience on two-
dimensiona1 modeling of extrinsic optical bistable de-
vices. ' The thresholds are affected, but the qualitative
results are identical. Even an array of these devices can
be studied to obtain critical separation distances for in-
dependent operation of each device in the array. ' '

The input beam is a Gaussian of unit width, where the
field is

E(x)=Eoe

or equivalently, the intensity is

I(x)=(Eoe "
) (18)

The oscillator dynamics becomes increasingly more
difficult to follow as the Fresnel number takes on finite
values. I' essentially determines the diffraction angle for
each of the rays present on the Gaussian input. If I' is
large, only adjacent rays will couple and, to some degree,
interfere with each other. If the rays are allowed to prop-
agate over larger distances, then, eventually more rays
are made to couple and the interference pattern will
change.

If the nonlinear medium is in a ring-cavity con-
figuration, the rays will couple in a substantially differ-
ent way for each subsequent pass after the input intensity
is turned on, since the phases change due to the interfer-
ence between the waves and their interaction with the
medium; the interference observed at the output side will
progressively change, until a steady state is achieved. In
order to illustrate this, we turn our attention to Fig. 9,
where we consider propagation of a Gaussian beam in
free space with its central part removed. This is
equivalent to placing an opaque object in front of the
beam, and letting the wave propagate beyond it. The re-
sult is that, unlike the full Gaussian beam, where degra-
dation of the intensity is spatially smooth, the sharp
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FIG. 9. Free space propagation of a Gaussian beam of unit width with F = 1, and the central region blocked by an opaque strip at
z =0. In this case, F=2kd, where k is the average wave vector of the packet, d is the width at half maximum, and the length is uni-

ty.

edges will produce much enhanced ray bending and a
characteristic diffraction pattern will appear, just as in
the Poisson spot case.

This in effect mimics the situation with the nonlinear
oscillator medium. In a noncavity case, if the on-axis in-
put intensity is set just above the turning point A in Fig.
1, then the central part of the beam is strongly absorbed,
creating those sharp edges that so much favor diffractive
coupling. In a cavity configuration, a slight change in the
diffraction angle will drastically change the view from the
output side, as pointed out earlier. Therefore one would
expect that the output intensity sensitivity to the Fresnel
number is drastically enhanced and completely
unpredictable. In addition, the sharp discontinuities in
the intensity present within the medium further enhance
diffraction, thus complicating the prediction process.
This in effect renders the plane-wave analysis incon-
sistent. A hybrid experiment such as the one outlined
above cannot adequately describe the dynamics of an in-
trinsically bistable system.

Since it is practically impossible to scan the Fresnel
number space in a continuous manner, we content our-
selves with a few values that will hopefully help to extract
the important physical characteristics of the system. In
what follows the on-axis intensity ~Eo ~

=20, the laser de-
tuning b, = —4 and the Fresnel number will vary, so that
qualitative differences may be made to appear for the
same input parameters as diffraction becomes increasing-
ly important.

In Fig. 10 we plot the output intensity pro61e at a par-
ticular moment in the evolution for I = ~. The oscilla-
tions on the central axis of the beam are period 4. The
off-axis input intensity has higher periods of oscillation,
depending on the input intensity at each point according

to the input intensities shown in Fig. 4. They oscillate in-
dependently and each intensity has a period whose value
is the same as found by the plane-wave analysis of Sec.
III. Even though the rays oscillate independently of each

Pass number 47

—2.0 0.0 2.0

FIG. 10. Output intensity vs transverse coordinate as viewed
at the output side with E= —4, F =DO {no coupling case),
PL =0.4; the 47th pass through the medium is chosen.
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other, we again point out that the threshold intensity is
unchanged, but that settling of the oscillations to a
specified period will take longer for off-axis rays, since
some intensities are closer to threshold values.

Figure 11 shows the on-axis output intensity as a func-
tion of the number of round trips in the cavity for
F =1000. Qualitative differences already begin to ap-
pear. As diffraction is not yet very important, it does
nevertheless affect the central part of the beam by remov-
ing enough energy from it to require eighteen round-trips
to complete a cycle, as opposed to four for F = 00. Even
though the central part of the beam has settled rather
quickly, we observed that at the output mirror the situa-
tion is rather complicated. As only adjacent rays begin
to couple, some parts of the beam will oscillate under
their mutual inhuence. The whole beam eventually set-
tles to a definite period of oscillation; again, we contrast
this with the behavior for F= 00, where different trans-
verse regions have a different period. Figure 12 is an ex-
ample of the output intensity at a particular time.

In order to establish the importance of diffraction for a
specific Fresnel number we adopted the following cri-
teria. First we looked at the width of the beam at half
maximum at the output side and compared it to the origi-
nal input Gaussian; second we looked for secondary max-
ima in the wings, which are the trademark of a diffracting
beam. Even though only adjacent rays couple, we can
safely assume that the F= 1000 case is relatively
diffraction-free, i.e, the input beam width is the same as
the output beam width (see Fig. 12). The numerous
peaks that appear in the center of the figure are due to
the oscillator dynamical instabilities; at the boundary be-
tween different periods in the transverse direction,
diffraction is important to synchronize all the periods to-
gether. We note that the outer wings of the beam are
smooth and unaffected by diffraction effects in the center.

For F =100 the whole beam is locked into an oscilla-
tion of period 2. We find that this is neither self-focusing
nor a waveguiding effect on the electromagnetic energy.

.8 Pass Number 58

Vj

0.4..

0.0 4.0

FIG. 12. Same as Fig. 10 with E=1000. Now pass number
58 has been chosen.

Diffraction at a sharp boundary is responsible for this, as
in Fig. 9. As diffraction may now be relatively important,
energy is redistributed to every part of the beam, even the
outer portion of the output intensity profile. Figure 13
displays the transverse intensity profiles at the exit mir-
ror. We find that the whole beam switches between these
two states, which means that diffraction has caused just
enough interference so that every part of the beam is
locked into this final state. This situation could not have
been predicted a priori for intermediate values of the
Fresnel number. In this case secondary diffraction maxi-
ma are clearly visible at the outer fringe of the intensity
profile.

For E=5 dim'raction has definitely taken on a dom-
inant role for the whole beam. The time dependence of
the on-axis intensity, even though still periodic, has com-
pletely changed with respect to the plane-wave case. As
rays couple strongly along the transverse coordinate, the
whole beam tends towards a complex periodic structure.
The wings of the transverse intensity profile are now
forced to receive more energy from the center of the
beam, and vice versa. Since the coupling is strong it is
again dif5cult to make predictions, and the output will be
rather complicated, as Fig. 14 shows. Again we find that
the whole beam is locked into an oscillation period, in
this case period 8. This is an important observation,
since in this case it is clear that the presence of a large
number of periods for plane-wave amplitudes (Fig.4),
couple to give a completely stable profile at all Fresnel
numbers that we have studied and furthermore, the num-
ber of periods is sensitive to the value of F. For F =5, a
rudimentary ring structure is seen to appear and to ex-
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tend to relatively large radiue ra ius off the axis.
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Fresnel number, so that no Farey tree can be deduced for
this case.

Finally we point out that, even though no originality is
claimed on the model, the nonlinear oscillator can be a
very useful generic model for the study of transverse
effects in intrinsically bistable media, which to our
knowledge have not been the object of a concentrated
effort to date. The model is applicable to molecules
which are driven near a vibrational resonance by a strong
laser field, and nanometer size metal particles that are

driven near their surface plasmon resonance. ' The model
serves as a prototype for intrinsic optical bistability that
naturally lends itself to further investigation.
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