
PHYSICAL REVIEW A VOLUME 41, NUMBER 9 1 MAY 1990

Spectrum of resonance fluorescence from a two-level atom interacting with 100%
amplitude-modulated intense radiation
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We give analytical results for the fluorescence spectrum of a two-level atom interacting with

fully amplitude-modulated field at resonance. The results are valid for unequal longitudinal and

transverse relaxation rates and follow the experimentally observed pattern. The intensity-

dependent changes in the peak widths and peak heights are presented. Novel transient effects are
predicted.

Interaction of a two-level atom (TLA) with a 100%
(fully) amplitude-modulated (FAM) field is of current in-
terest and importance. ' The importance of this interac-
tion lies in the suspected role it plays in the dynamics of
certain optically pumped dye lasers. 3 Far from explaining
the complex dynamics of these dye lasers, the purpose of
this Rapid Communication is to discuss the fundamental-

ly important spectral response of a TLA interacting with a
FAM field. We give the first analytical results for the ob-
served2 time-averaged portion of the time-dependent spec-
trum from a TLA interacting with a FAM field. Our re-
sults are worked out for a resonant situation, with T|W T2
and Q ) T~ ', T2 ', where T~

' and T2 ' are the longitu-
dinal and transverse relaxation rates and Q is the modula-
tion frequency.

The spectrum shows several peaks at the multiples of
the modulation frequency Q. Strikingly, there are no
Rabi sidebands. The intensity-dependent changes in the
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peak heights of this multipeaked spectrum are shown to
follow a pattern similar to the one observed recently by
Zhu, Lezama, Wu, and Mossberg. The intensity-
dependent changes in the widths and heights of the peaks
at odd and even multiples of Q are demonstrated. Novel
transient effects are predicted and modifications in the
spectrum with respect to the known cases are discussed.

Consider a TLA with eigenstates
~

1& and
~
2) having

energy eigenvalues E~ and E2 (htoo E~ —E2), respec-
tively, and interacting with a FAM field E(t)

ecos(Q t+ Po )cos(raL t+ Pt. ), where Q (roL ), Pa (PL)
are, respectively, the frequency of modulation (carrier
wave) and arbitrary initial phase of the modulation (car-
rier) vibration of the radiation. The mean values of the
atomic variables, viz. (S —),(S'), in the frame rotating at
the carrier frequency raL, and in the rotating wave approx-
imation obey the equations
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S+, S, and S' are the atomic raising, lowering, and in-

version operators of TLA, 6 is the detuning, raL too diz
is the dipole matrix element between the states I l& and

( 2), p is the density matrix of the TLA, (S;~& is the value

of atomic inversion to which the system relaxes in the ab-
sence of any excitation, g(t) [ acos(Qt+p&)] is called
the instantaneous Rabi frequency, a is a constant which

we prefer to use as the Rabi frequency of modulation, and

e is the constant amplitude of the FAM field. It is as-
sumed that the two phases p„and pt. can be controlled ex-
perimentally. The control on &L is used to demonstrate
novel transient effects.

Equations (I) and (2) have been solved exactly for
0 and T~ T2. The improved steady-state solutions

for Tl&T2 and 6 0 have been obtained by Ruyten us-
ing an iterative procedure on the parameter y

(Ti ' —T2 ')/2. Using the same procedure and drop-
ping terms of the order of and higher powers in y+ /Q, for
Q)) y~, with y+ (Tl '+T2 ')/2, we have obtained
solutions which are valid in the transient domain as well.
These have been used to calculate the spectrum of the em-
itted fluorescence, by first determining the two-time corre-
lation function (S+(r+t)S (t)) using the quantum-
mechanical regression theorem in a dwell-known ~ay, and
then using this correlation function in the Eberly-
Wodkiewicz definition for the physical spectrum. We get
for the time-averaged spectrum, for p& &L-O, the fol-
lowing expression,
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I and rn are the width and the central frequency of the

passband of the Fabry-Perot cavity used to collect the
data in the measurement of the physical spectrum, D is
the detuning of the Fabry-Perot with respect to the laser
frequency roL at 4 0. J„(z) is the Bessel function of or-
der n. The weight functions C;„, and C;„, of the central
peak and S„"h and S;„", of the nth side peak are functions
of I, y, yi, and J„(z). These weight functions are respon-
sible for the varying shapes of the peaks. Their explicit
forms are discussed later.

Equation (4) differs from the Mollow triplet4 of reso-
nance fluorescence from a TLA interacting with a con-
stant amplitude resonant intense radiation. Equation (4)
does not predict the three peaks of the Mollow triplet, but
several peaks at the multiples of the modulation frequency
Q, i.e., D ~ n Q Th.e peak heights and the peak widths
are intensity dependent while the peak positions, for a
constant modulation frequency Q, are fixed. This is in

contrast to the intensity-dependent positions of the Rabi
sidebands of the Mollow triplet, which have their widths
and heights independent of the intensity —at high intensi-
ties.

Note that the spectral response of an atom is the direct
evidence of the energy-level separations existing in the
atom. Thus the modified energy-level separations, for a
TLA interacting with an FAM field, occur at the integral
multiples of the modulation frequency Q. Such energy-
level separations indicate the existence of the Floquet en-

ergy eigenvalues of the periodic Hamiltonian with period
2x/Q, in the interaction of the FAM field with a TLA. 9

The recently reported experimental observations for
the spectrum of resonance fluorescence from TLA in-

teracting with the FAM field are thus a direct experimen-
tal demonstration of the Floquet energy eigenvalues in

this system. The observed spectrum available to us shows
that peaks alternate in their heights and as well in their
widths in that the peaks at odd multiples of the modula-
tion frequency are higher and narrower. Both features are
explained by the weight functions of the side peaks, given

by
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even peaks for the values of z shown in Fig. 1. The results
of Eq. (4) are plotted in Fig. 2, at five different values of z.
The curve at z 4.6 corresponds closely to the available
parameters of the reported experiments. The agreement
between the theory and the experiment is fair. Anoma-
lous features in the spectrum are predicted at different
values of z. For example, the curves at z 3.7, 5.0, and
6.2 do not show, respectively, the peaks at n 1, 2, and 3
because the Bessel functions Jt(z), Jq(z), and J3(z) are
zero for these peaks. Similarly, the curve at z 2.4 [hav-
ing Jo(z) 0] shows all peaks (even and odd) to have the
same width, and pure J„(z) peak-height variation. These
variations in the peak heights and peak widths are the re-
sult of an equilibrium which is reached in a time-
dependent steady state of a TLA due to the excitation by
the FAM field and the dissipation caused by the phe-
nomenon of spontaneous emission in the system.

Before comparing the spectrum of Eq. (4) with the
spectrum of other known cases, we digress here to discuss
a novel transient effect in this system. We have shown
that just as in the interaction of the constant field case, 'n

'f =20 MHz
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Z= a/A
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FIG. 1. The intensity-dependent variation in the widths of
odd and even peaks are shown for I 0.5y and 0 Sy.
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which show that (i) the peak heights are proportional to
J„(z), (ii) the heights of two consecutive odd-even peaks
satisfy (with m as an integer) the relation

Jp~+ z (z )r yiP 2m+ I

Jp +~(z)[I yi+2y Jp(z)]Pz +z, (8)
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P„being the height of the nth peak, and (iii) the full
width at half maximum (FWHM) for all even peaks are
(I"+2yi), for all odd peaks the FWHM are given by the
solution of a quadratic equation (because each odd peak is
made up of two Lorentzians, one with a coherent width
I /2, and the second with an incoherent intensity-
dependent width I /2+ yi). In Fig. 1 the FWHM of the
odd and even peaks are plotted for different values of z.
Clearly all odd peaks are narrower or equal in width to the

Z= 4.6
-800 -400 0 400 800

FIG. 2. The spectra for five values of z (marked along the
right-hand side) are shown. z 4.6 curve corresponds closely to
the observed spectrum. The curves with z 2.4, 3.7, 5.0, and 6.2
correspond to the zero in Jo(z), J~(z), Jq(z), and J3(z).
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it may be possible to place a TLA interacting with a
phase-controlled resonant FAM field into one of its
dressed states. This may be achieved by suddenly chang-
ing the phase pL of the FAM field by —n/2(+tt/2) at
time t ~, determined by the condition

+f I

acos(Qt +Pn)8t' tr/2, a& Q. (9)

It has been assumed that the atom is in its ground state at
time to T.he fact that the atom has been placed in one of
its dressed states implies that the Bloch vector and the
pseudomagnetic field vector of this system, hereafter
called V and H, respectively, have become parallel (anti-
parallel). However, note that as time proceeds the vector
H (g(t)cos(&L T- tr/2), g(t)sin(&L, + tr/2), 0), for pn 0
and T/4&t &3T/4, becomes antiparallel (parallel) to
vector V, which must remain stationary because V 0 in

the dressed state. Thus, though the Bloch vector does not
change, the atom finds itself in a stationary state that has
become antiparallel (parallel) to the new position of the
vector H. This remarkable situation can be tested only by
examining the transient spectrum of the system, as the to-
tal intensity of the emitted light remains constant in spite
of full modulation. Using our formulas, one predicts a
transient spectrum shown in Fig. 3 for a system placed ini-

tially in the antiparallel state. We have shown the spec-
trum after one full cycle, at the end of which the system
has returned to the original (t t~) antiparallel dressed

state (with pn 0). The peaks on the D&0 [Fig. 3(a)]
side of the spectrum arise due to the spontaneous emission
transitions originating from the antiparallel state. The in-
crease in the peak height for D & 0 [Fig. 3(b)] implies the
buildup of population in the antiparallel eigenstate. After
the time T+T/4 (T 2tr/Q), one notes that it is the
D & 0 peaks that start to build up [Fig. 3(c)]. They even
become higher than the D (0 peak for time 5T/4 & t
(7T/4. The behavior in the time period depicted in

Figs. 3(d)-3(f) also shows similar peak-height changes
from the right-hand to the left-hand side. Thus this shows
that the system shifts between the two dressed states due
to the FAM field. Experimental demonstration of these
novel transient effects shall allow us to draw two con-
clusions, viz. , (i) that a system with periodic Hamiltonian
may be placed in its dressed state or Floquet state, and
(ii) that the time dependence of the external field (in ad-
dition to the spontaneous emission process) transfers por-
tions of the population from one dressed state to another.
Note that for the constant field" the transfer of popula-
tion from one dressed state to another only occurs by
spontaneous emission.

Returning to Eq. (4), note that the central peak is made

up of two Lorentzians. There is no Lorentzian with a
coherent width of I /2, being an even term (n 0). Each
of the two Lorentzians has a different kind of incoherent
width. The FWHM are (I + y) and (I +2yt) with their
respective weight functions given by
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FIG. 3. The transient spectrum for the system prepared ini-

tially in the antiparallel dressed state are shown for different
values of yt and I O. ly, 0 20y, a 20y, and yT tt/10.
Note the difference in the relative peak height of the left-hand
and right-hand sides of the central peak at yt 0.4 and yt 0.6.
The system stayed for a suf5ciently long time in the antiparallel
and parallel dressed states, respectively, until these times.

To understand this situation, note that Eq. (4) differs in

many ways from the resonance fluorescence spectrum of a
TLA interacting with a partially amplitude-modulated
field'~" with instantaneous Rabi frequency g'(t)[
+acos(Qt+tttn)] Equation .(4) contains effects of y
not included in earlier calculations. Notice that in Eq. (4)
the coherent and the incoherent terms are placed at
(D+'nQ) 0. This is quite unlike the partially modulat-
ed case in which the coherent side peaks are symmetrical-
ly placed at (D ~ n Q) 0 and the two sets of incoherent
peaks are placed at D+'ao+'nQ 0; each incoherent set
is symmetrically placed about the corresponding Rabi
sideband at the average Rabi frequency ao, of g'(t). We
have shown' that in the limit ao 0, aWO, Eq. (4) can
be obtained as a limit of the spectrum from a TLA in-
teracting with the partially modulated case. The Rabi
sidebands at ao 0 merge into the central peak at D 0
giving rise to the second kind of incoherent peak, other
than the one with width ( —,

' I + —,
'

y), at D-0. A merger
of several coherent peaks also takes place with their corre-
sponding peaks coming from two sets of incoherent peaks
(of +'an) thus leading to Eq. (4) in the above-mentioned
limits. In this very limit a portion of the coherent peak as-
sociated with the steady-state values (proportional to
( an ~ ) has also vanished.

Therefore, this explains the absence of the Mollow trip-
let in Eq. (4). It also makes it clear why the spectrum of a
TLA interacting with pure time-dependent pulses of pseu-
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domagnetic field of a general class represented by
H (acospt f(t), asinpr f(t), 0) (the FAM field case is
of this class) does not have the Rabi sidebands of the Mol-
low triplet. 's The discussions of the transient spectrum in
this Rapid Communication suggest that for pulses defined
by f(t), the time-dependent transfer of population from
one dressed state to another becomes important. The
dressed states in such (ao 0) situations are defined by
H (acospt, ,csinpr. ,0). Note that it is possible even in
such cases to identify the coherent and incoherent effects
separately. The Rabi-frequency effects in the pulsed case
are seen in the height of the peaks, just as in the FAM
field case studied in this Rapid Communication where the
effects of the Rabi frequency of modulation a are seen in
the peak-height function Jz(z).

In conclusion, the spectrum of resonance fluorescence
from a TLA interacting with the FAM field exhibits
several peaks, demonstrating the presence of Floquet en-
ergy eigenvalues in this system. The control of the FAM
field in the transfer of the system from one dressed state to
another is shown to lead to novel transient spectra. Typi-
cal variation in the peak height and peak widths observed
recently have been explained. Several important compar-
isons are made and anomalous absence of the Mollow
triplet in spectra from time-dependent pulses is comment-
ed upon. Use of these results with the dye-laser problem
shall be reported elsewhere.
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