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Two-color photons and nonlocality in fourth-order interference
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Angle-separated pair photons emitted in spontaneous parametric fluorescence are superimposed
at a beamsplitter and detected by coincidence techniques. The coincidence disappears when the
photon path lengths to the beamsplitter are equal to within their inverse bandwidth due to fourth-
order interference. The photon bandwidth is set by wide apertures placed to satisfy phase-matching
conditions at the nonlinear crystal. The resulting broadband photons are short (39-fs full width at
half maximum) and show an oscillatory tail resulting from the hard-edge apertures. Two-color pho-
tons are created by blocking the central portion of the apertures leading to strong oscillations of the
coincidence rate as a function of path-length difference. Both effects are predicted by the theory of
fourth-order interference coupled with the detailed phase-matching conditions in the nonlinear
crystal used as a source. The two colors overlap at different positions on the beamsplitter. We show
how this could be used as a test of local realistic theories by formulating a Bell inequality based on
relative phases between the colors.

I. INTRODUCTION

A
~
1, 1 ) photon state can be selected in nondegenerate

parametric downcon version experiments by photon-
counting coincidence detection. ' The disappearance of
this coincidence after recombination at a beamsplitter has
recently been studied theoretically and experimental-
ly. ' The range of path-length differences over which
the effect can be seen is related by Fourier transform to
the pair-photon bandwidth. In nondegenerate paramet-
ric downconversion the bandwidth of the pair photons
can be set by apertures placed to satisfy the phase- (and
energy-) matching conditions at the nonlinear crystal. In
principle aperture size is not limited to a single mode of
the downconverted field. In this series of experiments we
have used wide horizontal slits as apertures and develop a
thin-crystal theory relating the shape of the coincidence
reduction as a function of path-length difference to the
Fourier transform of the aperture (Sec. II). Extension of
the theory to encompass thick crystals is discussed in the
Appendix. A pair-photon width of 39 fs [11.7-p, m full
width at half maximum (FWHM)] is measured for aper-
tures subtending an angle of 14.5 mrad at the nonlinear
crystal. This effect is much shorter than previously mea-
sured ' and in principle only limited by aperture size for
thin crystals. Furthermore, due to the use of larger mul-
timode apertures and efficient near-infrared detectors the
coincidence rates measured in this experiment are 3 or-
ders of magnitude higher than the initial measurements
of this type„allowing one to propose practical uses for
these nonclassical effects.

The wavelength of the downconverted light changes
across the extent of the slit aperture due to the phase-
matching condition at the crystal. We create spatially
separated two-color photons by blocking the centers of
the apertures. The coincidence rate then shows a
cosinusoidal oscillation within a Gaussian envelope as the
path-length difference is scanned through zero delay.

This effect is predicted by a simple two-point aperture
theory. A similar fourth-order spatial beating effect has
previously been seen with nonmatched interference 61ters
in front of the coincidence detectors. ' In our experi-
ment, however, the colors are spatially separated demon-
strating that the effects are not only nonclassical but also
nonlocal. In principle violations of local realism can be
demonstrated. We discuss (Sec. IV) a rearrangement of
the apparatus which could be used to test Bell's inequali-
ty without use of polarizers.

II. THEORY

g, 2(bt)—:( A ',+'(t„X,)A 2+'(t2, X2)) (2)

where A '+'(t, X) is the positive frequency part of the
electric field operator at time t and position X with

We consider a general source of angle-separated corre-
lated photon pairs (see Fig. 1) in the low-flux limit when
the number of photons per mode is very much less than
one. Photon pairs are detected using two suitably placed
photon-counting detectors coupled to a coincidence
counter with variable delay circuitry. The chance of ran-
dom photon overlap within a short coincidence gate time
b, T set by the coincidence counter can be made small
compared to the probability of photon pair detections at
zero delay. The coincidence rate C&2 for detection of
photon pairs in directions 1 and 2 can thus be measured
by subtraction of the random background (either calcu-
lated or measured at nonzero delay) from the zero-delay
coincidence peak. This coincidence rate has been shown
to be proportional to the square modulus of the pair-
photon probability amplitude g&2(b, t) (Ref. 2) integrated
over the coincidence gate width

C,2=pal ~g,~(ht+~)~ dr (1)

with P a constant of proportionality and
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FIG. 1. Schematic diagram of an angle correlated pair-
photon source. Photon-counting detectors D1 and D2 view a
parametric downconversion crystal DC illuminated by a short-
wavelength pump beam P. The standardized photoelectron
pulses produced are sent to a multidelay coincidence counter for
analysis. The symmetric phase-matching angles +8, and
difference angles e~, e& are also shown along with the axis con-
vention used throughout this paper.

respect to the source. The subscripts refer to detectors
(and direction) and the reduced time difference

ht —t, —t2, t, 2
—t, 2

—X12/C .

If, instead of detecting the photons emitted in directions
1 and 2, we superpose them at a beamsplitter (see Fig. 2)
and detect them in detectors D3 and D4 placed to view
the beamsplitter outputs, the coincidence rate C(D3,D4)
can be calculated from '

FIG. 2. (a) Block diagram of the fourth-order interference
apparatus. Apertures A are used to limit the pair-photon band-
width. Mirror assembly M2 is fixed while M1 is used to adjust
the path-length difference 5x to the beamsplitter BS. Detectors
are now labeled D3, D4 to emphasize that they see light from
paths 1 and 2 through the beamsplitter. (b) The geometry relat-
ing to the calculation of the fourth-order interference effect
when extended apertures are used. The difference angles e3, e4
measured at the detectors are projected back through the beam-
splitter adding to 0 in transmission while they are subtracted
in re6ection.

C(D3, D4) 0- R C3 4 + T C34

pRT f g—3~.(ht —r)

Xg43(b, t +r)dr+ cc.
where R and T are the intensity reQection and transmis-
sion coefficients of the beamsplitter and we have assumed
that the electronically set coincidence gate width hT is
much greater than any path-length-induced delay be-
tween photodetections or pair-photon coincidence uncer-
tainty allowing the approximation b T- ~. The direc-
tions 3 and 4 correspond to fields transmitted through the
beamsplitter while 3' and 4' correspond to reflected fields.
It is this fourth-order mixing of two rejected and two
transmitted fields evident in the third term of Eq. (4)
which leads to the counter-intuitive fourth-order interfer-
ence effects.

In this work the pair-photon source is a (second-order)
nonlinear birefringent crystal illuminated by a strong
short-wavelength pump beam (wave vector ko and angu-
lar frequency coo). The crystal is cut so that the phase-
matching conditions favor nondegenerate parametric
downconversion (spontaneous parametric fiuorescence).
The pair-photon probability amplitude in directions 1

and 2 can be obtained from a coherent summation over

the illuminated region within the crystal of all the conju-
gate frequencies contributing to the two-photon wave
packet. We write

g12 1 212 ~ 0& 1& 2 0 ~1 2(2)

Xe
—i(cu&t

&
+co2t& )

where g' ' is the relevant component of the second-order
nonlinear optic tensor, h(r) defines the illuminated re-
gion within the nonlinear crystal as a function of position
r measured from the center of the crystal, and the con-
vention of an incident plane-wave beam traveling in the z
direction is assumed. Downconverted light in direction
1,2 has wave vector k, 2 (inside the crystal), angular fre-
quency co& z, and energy conservation (co&+ co&

=—coo) is im-
plicit in the 5 function. For large illuminated volumes
the phase-matching integral reduces to the simplistic
phase-matching condition k0=k, +k2. For this phase-
matching condition to be satisfied the short-wavelength
refractive index must be less than that for longer wave-
lengths. This can be achieved in a birefringent crystal
when one or both downconverted photons are polarized
orthogonal to the pump-beam polarization. In this work
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we assume type-1 phase matching where both downcon-
verted photons are polarized orthogonal to the incident
pump beam and see similar refractive indices n within the
crystal. We also make a narrowband approximation (val-
id to 10% relative bandwidth) by assuming
co]co+ (cop co~ cog) to be constant in the following.

For apertures placed a finite distance from a large il-
luminated volume the wave vectors themselves become
dependent on position r. In this work we assume far-field
apertures hence ignore any position dependence of wave
vectors. For small angles between directions 1,2 and the
z axis (pump-beam direction} the wave vectors within the
crystal are related to the external wave vectors by the ap-
parent depth approximation, i.e.,

k; = ( k,„,k;, k;, ) = ( k,„,k, ,k„ln )

where subscripts e and i refer to external and internal, re-
spectively, and n is the crystal refractive index. Disper-
sion effects within the crystal will also alter the wave vec-
tors as n is wavelength dependent, however, away from
degeneracy when the angle between downconverted pho-
tons is larger than 10' the effects of dispersion become
small. "

The energy conservation 5 function can be used to
reduce the number of frequency integration variables to
one by writing

COO COO

N — +CO CO
—

CO .1 2
~ 2

Similarly we specialize to directions 1 and 2 close to the
symmetric phase-matching directions +8 (measured from
the z axis, see Fig. 1) and define

0) =0+&( 02 — 0+&2

This allows us to rewrite the phase-matching integral

—i'(t 1
+ t2 )/2

g, 2(bt) ~e ' ' ' dcoe' 'f (co,e„e2}.

The pair-photon spectral amplitude f(co,e„..) is ob-
tained by substituting the actual coordinate values of the
wave vectors into Eq. (5) noting that phase matching is
exact at angles +0 and using small angle approximations
for e, and e2. With apertures of limited vertical (y-axis)
dimension

f (co, e&, e2)= f d r h(r)exp
coo

co[2 sin8+ (e&
—ez) ]— (e)+e2)cos8

ir, uo
Xexp sin8(e, —e2)+co sin8(e, +e2)

cn
(10)

By combining this equation with Eqs. (9) and (1) we can
calculate the coincidence rate C,2. For any finite-
thickness crystal the maximum coincidence rate occurs
when e] =@2 which is a result of the phase-matching re-
quirements. As a result the term in r„co(e,—e2) is usually
negligible. In the simple theory presented in the follow-
ing we will also assume a crystal thin enough that the
term in r, co(e&+e2) is negligible being the product of
three small variables. This allows analytic results to be
obtained. A discussion of corrections arising from this
approximation appears in the Appendix.

Substitution of Eq. (9) into Eq. (4) and performing the
integral over the long (in terms of optical cycles) coin-
cidence gate time leads to a small aperture coincidence
rate of the form

C(D3, D4)=R C34+T C34

PRT ff*(~,e3—'e4')f( co, e4,e3)—
X e ' 'dco+c. c.

Here the co integration limits are assumed to be +~
which is valid in the narrowband approximation.

For point apertures placed before the beamsplitter at
phase-matched angles 0+@ and —0+@the difference an-
gles are e3=e3.=e4=e4. =e. Assuming a Gaussian pump
beam waist at the crystal with 1/e intensity radius o and
combining Eqs. (10}and (11) we obtain

C(D3, D4) =C, 2 R + T 2R T exp—0 0E cos 0

2c

5x'
X exp

20 sin 0
(12)

where we define a path-length difference 5x =cAt and
C&2 is the coincidence rate that would be measured
behind the apertures without a beamsplitter. When @=0
there is a Gaussian-shaped coincidence rate reduction
around zero path-length difference as expected arising
from fourth-order interference. For R = T =0.5 the
coincidence rate goes to zero when 5x =0. At large 5x
the coincidence rate is half its value in the absence of a
beamsplitter due simply to the random uncorrelated
directions chosen by each photon at the beamsplitter.
The visibility of the effect decreases rapidly as e increases,
moving away from the symmetric phase-matching condi-
tion. Thus for high visibility of the effect we require not
only phase matching but also overlap of spectra in the
two arms of the apparatus. The effect is not, however,
confined to a single spatial mode.

In the schematic experiment in Fig. 2(b) where extend-
ed detectors D3 and D4 view the crystal through the
beamsplitter we can identify transmitted directions 3 and
4 with directions 0+t.4,

—0+@3 and reflected directions
3' and 4' with 0—e3, —0—e4 where e3 and e4 are angles
measured from the +0 directions at the detectors. The
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total coincidence rate C„,is given by an integration over
the detector surfaces,

C„,~ J Jde~de4C(e, e4) . (13)

For horizontal slit apertures of angular width 6 centered
around the symmetric (+8) directions the integration
limits are +b /2. In the limit b, ((9 Eqs. (10), (11), and
(13) lead to a simple result

2RT 5x
C c(1— exp

g 2+ Z.2 2~2sln2g

coo55x
Xsinc

2c tan0
(14}

(15)

The two-point aperture creates a two-peaked spectrum
which Fourier transforms to a cosine function within a
Gaussian envelope. A similar situation occurs when
single-point apertures are placed in front of the detectors
after the beamsplitter which also ensures spectral over-
lap. However, in this situation each detector sees only
one of the two conjugate wavelengths. It is also clear
from Fig. 3 that the two colors overlap at different points
on the beamsplitter.

M1 D4

PLA
Dc ~ A

M- ~e-~
AI

D3
M2

FIG. 3. The apparatus with aperture centers blocked. Ab-
breviations as in Figs. 1 and 2. Both colors can be viewed by
large detectors (shown dotted) although the effects (see Figs. 5
and 6) are similar when each detector only sees one color
(shown solid).

The coincidence reduction as a function of path length
changes from a Gaussian with width controlled by the
beam-waist radius when slit width 6 is small to a sine
function with width proportional to 1/b, for wide slits.
This is simply the Fourier transform of the pair-photon
spectrum which for point apertures is determined pri-
marily by the wave-vector uncertainty at the pump beam
waist in the crystal and for wide apertures is a hard-
edged top-hat function with width determined by aper-
ture edges. If the apertures are not exactly symmetrical
about the +8 directions there will be a loss of visibility
similar to that seen in Eq. (12).

Symmetry is also retained when we block the center
portions of symmetric slit apertures (see Fig. 3) to create
a two-point aperture defining directions 9+5/2,—8+6/2. This now ensures overlap between transmit-
ted and reflected spectra and

2R T 5x ~o~5x
Ctot 'x 1 exp — cos

g &+ g& 2g ~sin~g 2c tang

III. EXPERIMENT

N 3000&-
~ g f Q T T
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FIG. 4. Coincidence count rate as a function of path-length
difference 6X for aperture width A =7.2, 497 mm from the
crystal. The crosses are the experimental coincidence rate, and
the curve is the least-squares fit discussed in the text.

The schematic of the apparatus is shown in Fig. 2(a}.
A krypton ion laser with wavelength 413.4 nm il-
luminates a deuterated potassium dihydrogen phosphate
(KD"P} crystal. The crystal is a source of spontaneous
parametric fluorescence (or parametric downconversion),
which is emitted into a cone around the pump beam.
Pair photons were selected from the downconverted light
using apertures A placed at points satisfying the phase-
matching conditions in the crystal. The photon band-
width was determined primarily by these apertures,
which were horizontal slits of various lengths up to 7.2
mm and height —1 mm placed 497 mm from the crystal.
Light from each arm of the apparatus is combined at a
beamsplitter BS and detected in photon-counting detec-
tors D3 and D4. The photon-pair effects are isolated by
measuring the coincidence count rate in a multichannel
coincidence counter. This effectively allows the photon
pairs which are coincident to within a 20-ns gate to be
recorded. The path-length difference 5X between photon
paths 1 and 2 is altered by moving prism P1. The coin-
cidence counter is connected to a computer which drives
the moving prism, collects the coincidence data, and per-
forms the corrections for accidental coincidences.

Figure 4 shows the result of the experiment performed
with 7.2-mm-wide apertures. The smooth curve is the fit
to an expression having the form of Eq. (14) with an ad-
justable visibility parameter V to account for nonideal
aperture alignment and beamsplitter tilt. As coo and 0 are
fixed we can obtain estimates for cr and 6 from the fit pa-
rameters: visibility V=84%, pump beam-waist radius
0. =94.5 pm, and aperture angular width 6=11.7 mrad.

This corresponds to a photon (correlation) length of
39-fs full width at half maximum. Directly measured
values of the pump beam waist and aperture width are 78
pm and 14.5 mrad, in approximate agreement with the
fitted values. The discrepancy is due to the fact that Eq.
(14) assumes that the downconversion crystal has negligi-
ble thickness; better agreement is obtained when the 15-
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different possible detector combinations for which coin-
cidences can be measured C(ai, bj) with i =3,4 and

j =3,4. Glass plates P, and Pb are placed in one arm of
each color as shown and the resulting gross delay intro-
duced is compensated for by suitable adjustment of the
mirror assembly represented by M1 ~ Tilting the plates by
small amounts will alter the path length by thicknesses
less than the optical wavelength and in this mode the

I

+p„ t~, +t)b 2t)+Et +p, (16)

and similarly with subscripts a interchanged with b. We
can now combine the above equations with Eqs. (4), (5),
(9), and (10) to obtain an expression for the two-color
coincidence rate for point apertures

plates act as phase plates. The reduced times and their
difference now contain phase delay components p„pb.-

C(ai, bj)=R C;J'+T C„+(—1)'+JPRT fg,'~(t, , t', r)gt„(t,t„r)dr+cc. (17)

whence

C(ai bj)=R C,' +T C +( —1)'+JPRT e ' ' ' ff'(toe„,et, ')f( cue—„,et )e ' ' dco+c c (18)

The prefactor of ( —1)'+J arises from the effect of the
m i2 phase change at the beamsplitter which ensures that
when the coincidence rate in detectors either side of the
beamsplitter is supressed then the rate in detectors on the
same side of the beamsplitter are as a consequence in-
creased. The values of the difference angles e are ob-
tained by projection from detectors ai and bj back
through the beamsplitter noting that primes indicate
reAection at the beamsplitter. Performing the space and
frequency integrations assuming point apertures we ob-
tain

C(ai, bj),+iV 5x'

C 20. sin O

eood 5x
X cos 4, +4b+

2c tanO
(19) P ( C&„C )

This is formally equivalent to the polarization correlation
for a pair of photons in an s state' ' (although conven-
tionally it is written as a phase difference). A maximum
coincidence rate at detectors ai, bj is obtained by tuning
the phase delays to ensure the argument of the cosine
term in Eq. (23) is ~ This a.lso implies a maximum coin-
cidence rate between the other two detectors aj, bi. More
significantly, one can redistribute the coincidences in
detector pairs a3, b4 and a3, b3, by adjusting the phase
plate P„apparently remotely altering the direction that
the coincident b-color photons take at the beamsplitter.
Hence this effect can be used as a demonstration of
quantum-mechanical violations of local realistic theories.

To formulate a Bell' ' inequality in this system we
define the normalized quantity

with 4, =co,p, and Cb=cobpb. Frequencies of colors a
and b are given by

C(a3, b4)+C(a4, b3) —C(a4, b4) C(a3, b3—)
g„&.C(ai, bj )

(24)

cog )b
—coo 1+

tanO

modified displacement by

5x'=c (ht —p, —
pt, ),

(20)

(21)

where the normalizing constant is an estimate of the total
number of coincidences in all detector pairs. Choosing
four phase angles 4, =0, 4b =m /4, 4, =m /2, 4& =3'/4
we can formulate the normal Bell inequality test by
measuring the quantity

and visibility

Vt 2RT
R2+ P~

(22)

=1+(—1)' 'Vcos(4, —N„).
C

(23)

where V' accounts for reduction of visibility from
misalignment. This result differs from Eq. (15) in that the
extra phase factors can change the phase of the
cosinusoidal oscillation with respect to the Gaussian en-
velope. When the movable mirror is adjusted such that
6x =0 the coincidence rate can be varied simply by tilt-
ing the phase plates P, and Pb to alter their thicknesses
by fractions of a wavelength. With 6x =0 and phase
plate differences cp, b

((o. sinO then

P (&P„4t,) P(&P„4I,)+P—(4'„4t,)+P (&0,', 4I, )

=2&2V . (25)

A local analysis' ' would lead to a result no greater than
two hence we can in principle demonstrate a violation of
the Bell inequality when V) 0.71. Returning to the ex-
perimental section we see that the visibility of the two-
aperture effect (Fig. 5) is 0.74 hence a suitable rearrange-
ment of the apparatus to the form shown in Fig. 8 will al-
low such a measurement. Bell inequality experiments
based on the superposition of orthogonally polarized pho-
tons at a beamsplitter have already been demonstrat-
ed, ' ' however, the authors know of no experimental
tests of local realism based on phase and momentum pro-
posed here. This experimental arrangement is, however,
similar to one proposed' during the preparation of this



41 TWO-COLOR PHOTONS AND NONLOCALITY IN FOURTH-. . . 5145

manuscript and is closely related to other recently pub-
lished polarization-independent tests of the Bell inequali-

17—19

V. DISCUSSION
We have demonstrated a fourth-order interference

effect between multimode photons. The effect arises
when broadband pair photons are recombined at a beam-
splitter and is characterized by a large reduction in the
coincidence rate measured between photon-counting
detectors placed beyond the beamsplitter. Using symme-
trically phase-matched horizontal slit apertures as the
sole limit of photon bandwidth a 39-fs (FWHM) photon
"cross-correlation" length has been measured with shape
reflecting the Fourier transform of the pair-photon band-
width. We believe this to be the shortest effect measured
to date. To achieve a shorter photon length will require a
thinner crystal but in principle photons of a few optical
cycles could be measured. For photons of relative band-
width greater than 10% the narrowband approximation
used here breaks down and a full nonanalytic theory is re-
quired.

We have also demonstrated a fourth-order spatial beat-
ing effect by recombining pair photons containing two
distinct frequencies at the beamsplitter. The oscillating
coincidence rate measured reflects the frequency
difference between the two colors. The geometry is such
that the different frequencies overlap at different loca-
tions on the beamsplitter. By introducing phase delays in
one arm of each color the phase of the oscillation can be
changed. With suitable choice of phase delays violations

I

of local realistic theories can be demonstrated. ' Some
arguments against the Bell inequality arise because the
effective quantum efficiencies in the coincidence channels
have in the past been extremely low. In this sort of ap-
paratus we are already achieving net efficiencies of up to
15% (Ref. 22) with present solid-state photon-counting
detectors. Theoretically achievable device efficiencies are
above 80%, which may allow definitive measurements to
be made.

Because of the high net efficiencies the count rates can
be high. Here the wide aperture effect shows a count rate
change of some 2.5 kHz. With this sort of count rate we
can begin to think of ways of exploiting the effect to
probe two photon interactions with materials. Further-
more, the effect of placing dispersive media in the beam
paths could produce some interesting effects.
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APPENDIX

To calculate the effect of finite crystal thickness on our
results we substitute the full form of Eq. (10) into Eq. (11)
and integrate over the finite horizontal slit apertures as
indicated in Eq. (14). Transforming to sum and
difference variables and rearranging the integration order
to perform the co integration first we obtain

Ctot =1-
C

2RT
R +T

f de, dad fdr, drdh(r, )h(r d)exp[(ice o/2n c)(r„,n ec os 8—r„e„sin8)]5(2r„,sin8 —r,d(sin8)e, /n 2cbt)—
A

f de, ded f dr, drdh (r, )h (rd )exp[(igloo/2nc)(r«ne, cos8 r,dedsi—n8)]5(2r„r,de, /n)—
(Al)

where sum and difference coordinates are defined as

s 63 +E4, Ed —E3 E'4,

r„=r, ]+r 2, r d
=r„]—r„2,

r„=r,)+r,p, r,d =r, )
—r,2,

(A2)

5(X) is the Dirac 5 function, C„the random overlap
coincidence rate at large path-length differences, and a
narrow beam waist is assumed (terms in rded small). A
more transparent version of this equation can be obtained
by writing

2cht+r d(sin8)e, l2n =2cbt'=2bx' . (A3)

Given that the upper and lower integrations in Eq. (Al)
are equal when ht =0 and assuming a Gaussian beam of
1/e intensity width o such that h (r„,)=exp( —r„,/2cr )

and a crystal length L then Eq. (Al) simplifies to

12'" =1—~f'd. , f' d;,-p—
20'sin'8

COp5X 6
Xexp i

2c tanO
(A4)

which is clearly equivalent to Eq. (14) when the crystal is
thin and 5x =6x'. The normalizing constant N is ob-
tained from the lower integral of Eq. (Al) in a similar
way and V =2RT/(R +T ). Equation (A4) is nonana-
lytic but can be integrated digitally. Performing the in-
tegration on a computer we obtain a sine-like coincidence
reduction with full width at half maximum 39 fs agreeing
well with the data when parameter values are as given in
the experimental section (6=14.5 mrad, 8=14.8', cr =78
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pm, and 2~c/coo=0. 413 pm) and effective crystal length
is limited to L =6.8 mm. This limited efFective crystal
depth (true length is 15 mm) is primarily due to the fact
that the apertures are placed a finite distance from the

crystal and projected beam dimension in the crystal is
comparable with the aperture dimension. The theory to
date takes the paraxial approximation which ignores
these efFects.
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