
PHYSICAL REVIEW A VOLUME 41, NUMBER 9 1 MAY 1990

Regular and chaotic motion of classical electrons
in the wake potential of fast ions in solids
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The classical dynamics of an electron under the influence of a screened Coulomb potential around
fast ions in solids is investigated. A transition from regular to chaotic motion as a function of the
binding energy is observed. We discuss possible signatures of chaotic dynamics in the final-state dis-
tribution of foil-excited atoms.

I. INTRODUCTION

The interaction of fast charged particles with an elec-
tron gas causes a coherent electron displacement. This
picture of a strongly anistropic distribution of the dynam-
ical screening charge dates back to Bohr, ' who referred
to this phenomenon as "wake" behind the charged parti-
cle. An explicit expression for the wake was first given by
Neufeld and Ritchie. The "wake" shows a series of
domains with alternately enhanced and depleted electron
density relative to the mean density of the medium. Ac-
cordingly, the electrostatic potential ("wake potential" )

exhibits in addition to a monotonic decay as a function of
distance an oscillatory feature: domains of enhancement
create regions of negative electric potential, whereas den-
sity depletion gives rise to a positive potential. Dynami-
cal screening around fast particles with velocities Up

larger than the Fermi velocity UF, the characteristic speed
of the electron gases, is different from the isotropic
(Debye-type) screening in the static litnit (vp ~0).
Several experimental studies concerning the transmission
of fast ions through matter (usually thin foils) have found
indications for the existence of the wake potential. They
include modifications of the Coulomb explosion after
molecular breakup in solids and oscillatory structures in
the secondary electron emission. The wake provides a
perturbation of the atomic Coulomb field in highly
charged ions. For low-lying states (n =2) this perturba-
tion is sufficiently weak as to give rise to a Stark effect
that has been observed in resonant coherent excitation of
channeled ions by Datz et al. and for ions propagating
in random direction by Chetoui et al. For higher-lying
states the perturbation by the dynamical screening charge
is strong such that a perturbational treatment breaks
down. One expects therefore the complex dynamics in a
nonseparable potential to unfold. The goal of the present
paper is the study of the dynamics in this regime.

We focus here on the "diffusion" in energy and angular
momentum as a signature of chaotic dynamics. Recent
experiments have provided evidence for diffusion in angu-
lar momentum and energy of the projectile centered ex-
cited states. Good agreement with the experimental l dis-
tribution has been found employing classical stochastic
dynamics to treat effects of electronic multiple scattering

in terms of a sequence of "kicks." Due to the breaking
of the spherical symmetry by the wake potential l mixing
and l diffusion can occur even in absence of collisions.
We therefore determine the quantitative importance of
this competing transport mechanism.

Another motivation stems from the observation by
Neelavathi, Ritchie, and Brandt' that the minima in the
oscillatory part of the wake potential can trap charged
particles. These potential troughs can therefore give rise
to transient electronic bound states of "wake-riding" elec-
trons. " ' As of now, evidence for these wake-riding
electrons in the forward emission spectrum is incon-
clusive. In a recent theoretical study' we have shown
that for positively charged particles the cross section for
production of convoy electrons is exceedingly small,
while for negatively charged particles such as antiprotons
(p ) the cross section is much bigger ( =10 2~ cm2). This
fact, in addition to the suppression of forward scattering
of directly ionized electrons by p, makes their observation
more feasible for antiprotons than for protons (or positive
ions), if at all possible. First experimental tests' using
antiprotons from the LEAR facility at Centre
Europeenne pour la Recherche Nucleaire (CERN) appear
to be more promising but not yet conclusive. A better
understanding of the transport behavior of wake-riding
electrons is therefore desirable.

We investigate the classical motion in both the per-
turbed Coulomb well and in the first, and most impor-
tant, trough of the wake in the proximity of the fast
(vp »1), highly charged (Q »1) ions penetrating a foil.
The effects of additional minima at larger distances as
well as quantum tunneling between them will be neglect-
ed. The classical motion associated with bound states is
therefore confined to two disconnected energy shells at
negative energies is E & 0. At threshold E=0 the two en-
ergy shells merge and the classical motion corresponds to
irregular scattering in a complicated potential distribu-
tion. ' An analysis of the quantum dynamics in the wake
potential is presently underway. ' Atomic units will be
used unless otherwise stated.

II. WAKE POTENTIAL

The following scenario underlies our calculation: A
fast highly charged ion penetrates a thin polycrystalline
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n, =F(k, cu)Vv,

where F(k, co) is the density response function, k the
wave number, and co the frequency. Validity of linear-
response theory requires that the induced density fluctua-
tion is small compared to the average density. In the lim-
it of strong perturbation Q/vt, & 1 this condition is violat-
ed. In some of our applications we will choose for illus-
trative purposes parameters in accordance with experi-
ments by Betz et al. , Q =16, vp=12. 5 a.u. for which
this criterion is not met. The potential distribution there-
fore cannot be expected to be accurate. ' We note, how-
ever, that our analysis of the chaotic phase space is
structurally unaffected by this shortcoming. As will be
discussed in Sec. III the existence of classical scaling in-
variances implies that an isomorphic phase-space struc-
ture can be found in terms of rescaled variables for
different parameter values Q/vt, in particular, those for
which the linearity criterion Q/vt, & 1 is satisfied.

The response function F(k, cv ) can be expressed in
terms of the electric susceptibility y, (k, cu,},

k XeF(k, c0)=
4m 1+y,

Using Poission's equation we obtain an expression for the
dynamical screening potential

V, = F(k, cu)VO . (2)
Ic

This leads to the total potential

Vo (3)
e(k, cu)

where e(k, cu) =1 [4rcF(k, co)/k +4—mF(k, cu)] is the
dielectric function.

V=

Al foil. We assume that an electron propagates in close
phase-space correlation along with the ion. The source
can be either projectile excitation or ionization, i.e., loss
of an electron carried into the collision or picked up in an
earlier stage of the transmission, or direct capture of a
target electron. Since these primary processes occur at
high velocities with rather small cross sections, the simul-
taneous presence of a second electron is statistically un-
likely leaving aside here correlated two-electron processes
important at lower speeds. We therefore are left with a
one-electron problem in a complicated potential generat-
ed by the dielectric response of the medium. The medi-
um is assumed to be a homogeneous electron gas. The
electrons which are responsible for the response are well
separated in phase space such that quantum-mechanical
exchange effects are unimportant.

The "active" electron is, in addition to the Coulomb
potential Vo, subject to a dynamical screening potential
V& produced by the displaced electron density. The total
potential V = Vo+ V& will be called wake potential.

In linear-response theory' the electron density n, is
given by

The Fourier transform of the potential of the charge Q
moving at the speed vp is given by

5(co—ku~ )
Vv=Q

2~k
(4)

1 — . ifk&
co( cv + i 1' ) UF

e(k, co)= '

Q)p
1 ifk&

UF

(6)

where co& is the plasmon frequency and r is an empirical
damping constant (Drude damping). While the approxi-
mation neglects many subtle effects such as bow waves it
still accounts for most of the features of the wake. Con-
sidering the complexity of the dynamics to be discussed
in the following it appears to be adequate to consider
only the simplest form of the full wake potential in spite
of these obvious shortcomings.

Using (6) Eq. (5) can be simplified to give

Inverse Fourier transformation leads to the following in-
tegral expression for the potential in cylindrical coordi-
nates in the frame of the projectile: '

Q „„Jo(pv)exp( i c—oz /ut, )
V(z p)= dc' dic

2 2 2
. (5)

7tvp —a& 0 (K +co /u& )e(k, co)

The potential is time independent due to our assumption
of hoinogeneity. Here, z is the coordinate in the direction
of motion of the projectile, p is the distance from the axis,
Jv is the zeroth-order Bessel function, up the speed
of the projectile in the laboratory frame, and
~= [k —(co /ut, )]'~ . Time-dependent perturbations
correspond to scattering processes at inhomogeneities
which have been treated elsewhere ' ' and which we will
neglect in the following. Equation (3) describes a nonse-
parable potential in two degrees of freedom The. aximu-
thal angle y is cyclic and I, is a constant motion due to
the rotational symmetry about the vp axis. The potential
resembles the one for the well-known example of chaotic
motion, the hydrogen is a strong magnetic field. There
are, however, two important differences. First, the poten-
tial (5) is not invariant under parity transformation
(z~ —z) and, second V(z, p) is a transcendental (or alge-
braic} function in the canonical coordinates such that
mechanical similarity transformations are not easily
applicable (see Sec. III).

The only nontrivial quantity in (5) is the dielectric
function e(k, co) for which an appropriate approximation
has to be implemented. Several approximations have
been discussed. They include the plasrnon-pole approxi-
mation with and without dispersion and single-particle
effects, the random-phase approximation and variants
of it, and mode-coupling approximations. We restrict
ourselves in the following to the single plasmon-pole ap-
proximation, i.e.,

V(p, z)=Q 1

R
COp 2cop Up

So(g, g)+ sin(g)Eo
Up Up UF

zr
exp 8( —z)

2Up
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where

COp Z NPPR=( +p )'
Vp

The term

Jo(vtt)e
So(g, rt) =f dt (8)

In the plasmon-pole approximation
'

n the resonance fre-
quency of the me ium,d' 0 is equal to the plasmon fre-
quency ~p. e ep o. Th d th of the potential troughs is propor-
tional to the c arge oh ~ f the projectile. The wake poten-
tial (7) does not inc u e e e1 d the effect of the self-wake of the

ated toelectron. o i ca io. M d'fi t' ns by the self-wake are estimate to
be relatively small in the limit Q ))1.

III. SCALING PROPERTIES
nin otential'b h onotonically decaying scree

'
g p

We note thatas a function of the distance from the ion. We no
in the limit co vpR/ »1 S (g, rl) possesses the following

asymptotic form:

Classical dynamics is governed by the canonical equa-
h' h t ke in cylindrical coordinates,tions of motion w ic a e,

'

the form

1
So(k n)=

P

Vp

COP

' 1/2
2

P2(z/R )
R

dp dip wake + zdV l,
dt P dt dp p3

(13a)

~ ~

where 2 ish I' '
the second-order Legendre polynomial, i.e.,

e
' '

ru oleat large distances ethe S term gives rise to a quadrup
scillatorotential. The third term in (7) describes the osci a ory

'
1 h' h is due to the electron densitypart of the potentia w ic is

fluctuations trailing the ion and is given by

up "p/"p Jo(gt )
(10)Ko dt

VF 1+t

In the limit cop vpPR/ )&1 we have found the asymptotic
limit of Eq. (10) as

vp a U P
K 7, = sin

2 i/3 rt TJP
(3n n,

27TU p'-= 0 (12)

-25

d are functions of the parameters cop Up,where a and go are un
1 . E uation (11)and n and are determined numerical y. qua

'
S

in terms of the modifieddeviates from the ex ression in
nl valid in the simultane-Bessel function Eo which is only va i in e

F' . 1) features two distinct
us limit u /uP~eo.

~ ~

The wake potential ig. e
the projectile the potential behaves i e adomains: near e

d Coulomb potential, whereas or negscrcene ou
art due to the den-(behind the projectile) the oscillatory par

sity oscillations o ef th electron gas clearly dominates.
These oscillations have a wavelength of

dz dPz d Vwake
Pz (13b)

I, dl, =0. (13c)
dt p dt

B l is conserved and y is cyclic Eq.E . 13) describedecause, '

e motion on the three-dimensional energy ypner h ersurfacet e motion on
in the four-dimensional phase space. T e gye ener refers to

d' . Nonadiabatic effects near the
f ce will be discussed in Sec. V. For reasons o

convenience we express the energy o oun
the wa ein termsot of the n action ("quantum number

Q2E=-
2n

(14)

re Coulombld be the rincipal action in a pure Cou
potentia . n e

'
1 I the wake potential, however, it is on y

of R dbergconvenient parametrization for the energy o y

s of three in-Each initial condition is defined in terms
d d t coordinates. In addition, the w p

~ ~

wake otential isepen en
U n andcharacterize yd b three additional parameters: Up,

y. Considering t e igthe hi h dimensionality of the parameter
s ace it is temp int t'nz to apply mechanical simi arity trans-

d t duce the effective dirnensionali yformations in order to re uce
of the parameter space. Howeve,ver the complicate ana-
lytic structure of (7) restricts the nuinber of scaling in-
variances. e on y eTh 1 exact scaling transformation we
were able to find is (p & 0)

Q Q'=PQ

E~E'=pE,
t'=t/3/P,

n ~n'=3/Pn,

I I'=3/Pl,

p(~pi =+pp ~

'
1 f S' + in Al calcu-FIG. 1. Dynamical screening potential o

ion to the dielectric functionlated in plasmon-pole approximation
{U„„=1a.u.).

o the electronwhere is t e oaI h total angular momentum o the
coordinates.and (p;, q; are e;, ; ) th canonical momenta and coor

'
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This transformation involves only atomic (projectile)
variables while leaving parameters characterizing the
electron gas invariant. Since this transformation does not
involve Uz, any value of the linearity parameter for the
dielectric response, Q/up, can be reached. For later
reference we note that all numerical results presented in
the following remain unchanged for all values of Q/up,
apart from appropriately rescaling the variables E, n, I,
p;, and t according to (15).

In addition, we have found an approximate scaling in-
variance which involves only electron gas (target) param-
eters and U& while leaving atomic variables unchanged:

up~up =pup

r' =p)'

n, ~n,'=p n, .

(16)

IV. CLASSICAL MOTION IN THE WAKE

A. Trajectories

In order to obtain classical trajectories of an electron in
the wake potential we solve the equations of motion nu-

3-

(a)

This transformation would constitute an exact scaling in-
variance if one neglects the change in the cutoff
k, =co /u~ [see Eq. (6)]. Since k,'/k, = v'P changes in

the cutoff' are small for p values of the order of 1. Equa-
tion (16) allows us therefore to approximately relate the
dynamical behavior in different media of similar electron-
ic density.

merically. As is the case for other problems displaying a
Coulomb-like singularity at the origin, special care has to
be taken to avoid numerical instabilities. We use there-
fore the Kustaanheimo-Stiefel transformation which
maps the Coulomb part of the potential Vo onto two cou-
pled harmonic oscillators. The singularity at the origin is
thereby removed at the expense of the increase of the di-
mension of the problem since the physical time must be
transformed to a new "time. " This transformation in-
creases the number of differential equations to be solved
by 1. The increase in accuracy by employing this trans-
formation should not be overestimated because of the
simultaneously occurring singularity in momentum
space.

Since the calculation of the force in the wake is time-
consuming, its components were tabulated on a grid. For
terms containing So [see Eq. (7)] the two-dimensional
grid for the domain 0. 1~R ~100a.u. consists of 10
points. For the terms containing Eo the one-dimensional
grid consists of 2. 5 X 10 points covering the range
0 p 400 a.u. For larger values of the arguments we
use the asymptotic forms [Eq. (9) and (11)].

Comparison with experimental data or quantal calcula-
tions are meaningful only for ensemble averages over
classical trajectories. Initial conditions for an ensemble
of given energy, angular momentum, etc. were chosen at
random. The study of individual trajectories provides,
however, a detailed insight into the dynamics.

%'e first present some typical trajectories in the wake
potential in the perturbed Coulomb well. We display the
trajectory using the Cartesian coordinate system in the
frame of the projectile. The projectile moves in positive
z-direction. The z-component of the angular momentum
l, is 1 for all trajectories, however, the results are qualita-
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FIG. 2. Trajectory of an electronic orbit in S"+(U„„=12.5
a.u. ) in Al with an energy corresponding to an unperturbed state
with quantum number {a) n =5 and {b) n =25 state.

200 400 600 800 1000

T (a.u)

FIG. 3. Time evolution of z ( ———), I ( ) (a), and
dy/dt ( ) (b). Initial conditions: n =14, I, =1, z =0, p=2
a.u. , p, =0.866, p =3.6.
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tively insensitive with respect to the choice of I, . Figure
2(a) shows the x and z coordinates of a trajectory at
n =5, which corresponds to a low-lying state with a bind-

ing energy of 5.17 a.u. (or = 139 eV). The motion is obvi-

ously regular and quasiperiodic. Two features are evi-

dent: the ellipse precesses which indicates a deviation
from the 1/R behavior of the Coulomb potential. In ad-
dition, the ellipse changes shapes in a "breathing" mode.
The latter corresponds to a change of its eccentricity, or
of the angular momentum of the orbit. This is nothing
but the classical manifestation of the Stark effect. For
low-lying states well localized around the nucleus the
(distant) displacement of electron density trailing the ion
produces an effective electric field which leads to quasi-
periodic fluctuations in the angular momentum. Chetoui
et al. have recently reported on the observation of such
fluctuations in hydrogenic krypton (n =2) traversing car-
bon foils at v&=36 a.u. For higher n most trajectories
become manifestly chaotic, an example of which is shown
in Fig. 2(b} for an n =25 orbit.

The mechanism by which chaotic dynamics comes
about can be most easily identified by simultaneously fol-
lowing the z coordinate and another dynamical variable
like the angular momentum and its polar angle [Figs. 3(a)
and 3(b)]. For a trajectory which is still regular but cor-
responds to a highly excited state (n =10) we observe in
addition to regular oscillations sharp structures, i.e.,
"edges" in the curve exactly at those times when z is at
its rninirnum. At those times we also have fast changes in
the polar angle of the angular momentum [see Fig. 3(b)].
This is due to a "collision" at the first hump of the wake
(see Fig. 1). It appears that the electron gets a "kick"
each time it approaches this hump. In Fig. 3(a) we see
that the envelope of the oscillations in z direction has the
same period as the oscillation of the angular momentum.
This is the period of the precession of the trajectory
around the projectile. On the other hand, we observe the
period of the orbit around the projectile, which appears
in the oscillations in z direction. Accordingly, we have
two frequencies for this trajectory which are closely relat-
ed to the motion on a torus. If now the periodic kicks
due to the hump in the wake perturb the system the tori
start to break up, in particular, for rational winding num-
bers of the two frequencies. ' We have found approxi-
mate phenomenological formulas for the two fundamen-
tal periods. The period v& of one revolution around the
projectile is given by

-160

17

6$

-180—

-190
-3

I

0

x (au)

-100
(b)

In the limit of small n the Runge-Lenz vector will be a
conserved quantity, i.e., the precession period ~2~~.
The limit ~, /~&~ ~ corresponds to the perturbational
regime where destabilizing low-order resonances are
suppressed.

A qualitatively similar behavior is observed for trajec-
tories confined to the first wake trough behind the
Coulomb well (Fig. 4). In the low-energy case n =8 we
obtain "Lissajous figures" [Fig. 4(a}]which are typical for
coupled harmonic oscillators with different oscillator fre-
quencies. That is due to the fact that the harmonic oscil-
lator is a relatively good approximation near the bottom
of the wake well. This approximation breaks down for
higher energies. For energies near threshold, n =1000,
we find within the chaotic regime an intermittent behav-
ior [Fig. 4(b}]. Most of the time the electron oscillates
mainly in z direction, whereas the amplitude in p direc-
tion remains small. Sometimes, however, the trajectory
breaks out and explores regions of phase spaces with a
larger p coordinate. After a short time interval the elec-
tron returns to the region with small p. The continuation
of this behavior across threshold leads to irregular
scattering. ' Trajectories above threshold tend to stay in
the region of small p bouncing back and forth between
the two humps for a long time. Unlike trajectories with
negative energies, they escape as soon as they explore re-
gions of large p.

3

r, =2m if n (1.5&Q (17a) -150

2

r, =3m, if n ) 1.5&Q (17b)
-200

Equation (17a) closely resembles the pure Coulomb case
because the screening effcts are small near the projectile.
The period ~2 of the precession, which is also the period
we observed for the change in the absolute value of the
angular momentum, is given by

-250
-50

x (au)

I

50 100

r2= (n —2.5&Q ) +232 —
4 800

Qn &Q
(18) FIG. 4. Orbit of an electron in the first wake trough behind

the projectile; (a) n =8, I, =0, and (b) n =1000, 1,=1.
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B. Poincare maps

Poincare maps are defined as intersections of the tra-
jectory with a given plane in phase space. ' The dy-
namics is confined in the present case to a three-
dimensional energy hypersurface. %'e have chosen z, p,
and p (the momentum in p direction) as independent
coordinates and the plane z =const. Since every trajecto-
ry has two intersections per revolution with the plane
z=const, we define the Poincare map in terms of the in-
tersection with positive p, )0. Figures 5(a)—5(c) are
Poincare maps for trajectories near the ion where the
Coulomb part of the wake is dominant. %'e have chosen
an n (or energy) dependent plane z =n /10 as the surface
of section. This is because of the singularity in the

Coulomb potential which causes the momenta to diverge
in the limit of small distances (which implies small z). If
we choose the z too large, we ~ould miss some trajec-
tories, especially for small n. As initial coordinates we
chose z on the surface of section. We vary the launching
angle relative to the z axis from 0 to (2m —2n /m ) in steps
of 2m /m if we use m trajectories.

For regular trajectories the electron moves on tori in
phase space (Kolmogorov-Arnold-Moser tori). 27 s The
intersection of these tori with the Poincare plane results
in closed curves on the map. This implies that one can
find another constant of motion (action variable) for these
trajectories beside the energy and the z component of the
angular momentum. In the case of higher n we observe
regions in phase space with scattered points [Fig. 5(b)].
This means that the motion of the electrons is no longer
confined to tori, or in other words, there is no additional
constant of motion (besides energy and 1, ). The chaotic
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FIG. 5. Poincare surface of section (p —
p~ plane) for the

motion near the projectile. Initial conditions (a) n =5, 1,=1,
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FIG. 6. Poincare surface of section (p —
p~ plane) for the

motion in the first trough of the wake {a) n =10, 1,=1, (b)
n =20, 1,= 1; (c) magnification of (b).
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regime is mainly situated in the lower part of the map.
This refers to trajectories which have their apocenter at
negative z values. Those trajectories are more strongly
influenced by the first potential maximum than those
with apocenters at positive z values and therefore tend to
show a more pronounced chaotic behavior. This obser-
vation confirms our previous findings that the interaction
with the humps causes the motion to become irregular.
The breakup of tori and the formation of island chains
can be observed in Fig. 5(c) which is a magnification of
the regular region in Fig. 5(b). According to the
Poincare-Birkhoff theorem, the island chains consist of
alternating hyperbolic and elliptic fixed points. Around
an elliptic point we find stable rotational motion, whereas
near the hyperbolic points the motion becomes unstable
and almost all orbits are driven away from it.

Similar results are observed for the Poincare maps for
the motion in the wake minimum [Figs. 6(a)—6(c)]. The
plane in phase space is z = -175.34 a.u. The initial condi-
tions in coordinate space are (z= —175.34, p=2. 1),
which is close to the minimum of effective potential Vcff

xo —
g, (0)=s, e, , (21)

where g(0) is a point on the surface of section, s, is a
small number, and e; is a unit vector in the ith coordinate:
of the Poincare map. g(k) is the kth intersection of x (k)
with the surface and g;(k) the kth intersection of g, . We
calculate the stability matrix M(O, k), which is defined as

x(k) —
g, (k)

M, )(O, k) = (22)

1O' I I I I I III) I I I I I IIII I I I I IIII
(aj

A. =O indicates regular motion.
In order to obtain A, we used a method proposed by

Froeschle ' and Benettin, Galgani, and Strecyn. ' We
consider the Poincare surface of section of the trajectory
x (initial condition xo) and of a set of trajectories g&,

g2, . . . , g„where n is the dimension of the surface of sec-
tion (in our case, 2). The trajectories g, are defined by in-
itial conditions

(2
eff( P) Vweke(z P)+

p'
(19)

with l, = 1. The launching angles relative to the z axis are
varied between 0 to 2~—2n /m in steps of 2n. /m if we use
m trajectories. It has been checked that in the limit of
large m we cover the whole hypersurface at a given ener-

gy
As expected the motion becomes mostly chaotic near

the ionization threshold. However, there are still regions
with closed curves, i.e., regular motion: the first one near
the origin (p and p are small), in this case the electron
oscillates mainly in z direction; and a second one "at the
border" (p and p big), which indicates that the ampli-
tude of the oscillation is large in the p direction, whereas
the amplitude in z direction remains small. This feature
is easy to understand. In each of these extreme cases one
of the two degrees of freedom is "frozen out" rendering
the system one dimensional and therefore regular.

C. Lyspunov exponents

10

10 '

10

—10

10

I I I I I IIII I I I I I ill) I I I I I III
(bj

I I IIII I I I I I IIII I I I I I III

10 10 0'
T (a.u)

I I I I I IIII I I I I I llll I I I I IIII

10 10 10~ 10

T (a.u)

For the quantitative description of chaotic motion we
use local Lyapunov exponents A,(xo ) and ensemble-
averaged Lyapunov exponents (A, ). The Lyapunov ex-
ponents describe "how fast'* two initial conditions near
xo separate in phase space as a function of time, 10 2

I I I I I IIII I I I I I ill[ I I I I I'III

llf(xo) —f«o+E) II
A, (xo) = lim lim —ln

T~~ c~O T
(20)

—10

The number of Lyapunov exponents equals the dimen-
sion of the Poincare map. According to Liou ville's
theorem, at most haÃ of these can be positive, the largest
of which is called the maximum Lyapunov exponent

In the present case of a two-dimensional mapping
there is only one positive Lyapunov exponent, which
coincides with A, ,„and wil1 be denoted by k. A, )0 im-
plies exponential separation, i.e., chaotic motion, while

1O' I I I IIIIII (c)

10 10 10~ 105

T (au)

FIG. 7. Dependence of k(tk ) on the distance between initial
conditions, s= g ls;l, for four different trajectories T, 4 (see

text). (a) c,=3X10;(b) c=3X10 ', (c) c=1X10
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We define the function

),( t„)=—in[)M(0, k) /[,
1

(23)

where the tk refers to points in time when the trajectory x
intersects with the Poincare map. The Lyapunov ex-
ponent is defined as the limit

(24) 0.0
0 20 40 60 80 100

n

Since it is numerically not practical to reach these limits,
we make k sufficiently large such that the function A, (t) is
nearly constant for times larger than tk and the c,. must
not be chosen too small in view of numerical roundoff er-
rors.

In Figs. 7(a) —7(c) we show the dependence of A.(t„) on
c.;. We chose four trajectories all at an energy of —0.32
a.u. which corresponds to n =20 in the wake trough.
Two of those trajectories (T, and T3) are regular. An
electron which moves along T3 oscillates mainly in z
direction, whereas an electron on T, oscillates mainly
along the p direction. The other two trajectories (T2 and

T4 ) are chaotic.
For regular trajectories A.(tk ) should converge to zero,

whereas for chaotic trajectories k(tk ) should converge to
a constant positive value. This behavior cannot be ex-
pected to be exactly observable in the numerical study.
What we can expect is that for regular trajectories A, (tk )

will decrease and will finally be less than a critical value,
whereas for chaotic trajectories A(t„) wi,ll fluctuate
around a constant value which will be identified as a
Lyapunov exponent. This value should be above the crit-
ical value, otherwise A, is set to be zero. Numerical noise
poses a major problem in accurately determining A, . This
is illustrated in Figs. 7(a)—7(c) where E= g ~s; ~

(in scaled
variables) takes the values 3 X 10, 3 X 10, and
1X10. While A(tk) is , structurally stable as s is re-
duced by a factor of 10 [Fig. 7(b)] noise dominates the
evolution for regular trajectories leading to k values
above the critical value if e is made even smaller [Fig.
7(c)].

The chaotic dynamics for an energy shell or an ensem-
ble of shells can be described by average Lyapunov ex-
ponents (A, ) determined by an average over a set of ini-
tial conditions for a given ensemble chosen at random.

Figure 8 shows (I,) as a function of energy for the en-

ergy shell pertaining to the first wake minimum. For
small energies, i.e., small n, the Lyapunov exponent is
zero [all calculated A, (tk ) are finally less than the critical
value], indicating that all trajectories are regular. With
increasing energy (increasing n), (A. ) becomes positive.
We observe a rather sharp (phase-transition-like) onset of
chaotic motion near n = 12 followed by a transition to a
predominately chaotic phase space. In this transition re-
gime fluctuations in (A, ) can be observed. For n & 60 the
Lyapunov exponent remains nearly constant because for
those energies most of the phase space is chaotic and the
Lyapunov exponent of individual trajectories in this
chaotic region does not depend strongly on the energy.

The averaged Lyapunov exponents for energy shells

FIG, 8. Averaged Lyapunov exponent as a function of n in

the first trough of the wake. Each ensemble consists of 40 ran-

domly distributed initial conditions. The solid curve interpo-
lates between data points.

I,„(n)=n[1—(1+92n ' ') '] (25)

and which we have found to be adequate for n 80. The
fact that l,„(&n for high n is due to the screening by
the electron gas. For n =70, Eq. (22) predictsl,„(n =70)=18. We have performed this calculation
only for one energy of -0.07 a.u. (n =70) because the ac-
cumulation of sufficient statistics is very time-consuming.
The results are, however, expected to be independent of n

for n 40. Trajectories with a low initial angular
momentum have a higher tendency to show chaotic
motion than those with higher initial angular momentum.

I } I } I
I

I i

0.0
0 20 40 60 80 100

FIG. 9. As Fig. 8 but for trajectories in the Coulomb well.

pertaining to the Coulomb well are presented in Fig. 9.
The first chaotic regions in phase space appear for n & 20
(energies greater than —0.32 a.u. ), which is much higher
than in the first minimum of the wake. It appears that
the strong Coulomb force suppresses chaotic behavior. It
should be noted that ( A, ) was calculated only for
n =5, 10,20, 30, . . . , 100 since the calculations are rather
time-consuming. The resolution of (A, ) is therefore
insufficient to analyze any detailed structures in the n

dependence of ( A, ) .
In view of our study of the angular momentum

diffusion we also have investigated the dependence of
(A, ) on the angular momentum of the initial orbit in the
perturbed Coulomb well (Fig. 10). At a given energy n

and I, the absolute value of / in our simulation ranges
from I, to I,„which is for u /Qn, =133 (i.e., ur =12.5
a.u. in Al) approximately given by the empirical formula
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1.0—

C3
0.5—

0.0
10 15

FIG. 10. Averaged Lyapunov exponent for trajectories in the
Coulomb well as a function of I, (n =70), I, is uniformly distri-
buted in the interval 0& l, ~ I, . Each ensemble consists of 40
randomly distributed initial conditions.

Orbits with low angular momentum have a larger max-
imum distance from the ion and are therefore more
affected by the first hump of the wake oscillations behind
the ion.

V. ANGULAR MOMENTUM DIFFUSION

In the following we study the diffusion of angular
momentum due to the intrinsic stochasticity of the evolu-
tion in the wake field. Our calculation refers to the fol-
lowing scenario: A hydrogenic projectile in initial state
(n;, l, ) enters the solid. The transition from the pure
Coulomb potential outside the foil to the wake potential
inside is treated in sudden approximation, i.e., the elec-
trons undergo a nonadiabatic transition due to the sud-
den onset of screening from the well-defined energy shell
pertaining to n; to an energy shell, n, inside the foil deter-
mined by the wake potential. For an ensemble of initial
orbits of given (n;, 1, ) this leads to a distribution in n

For v~ =12.5 a.u. in aluminum and n; ~ 15 we found the
following empirical relation between the expectation
value ( n ) of this distribution and n, :

—0.5

In order to contrast the differences in the evolution of
the angular momentum distribution in the regular and
chaotic regimes we display in Figs. 11(a) and 11(b) the
distribution parameters (lf ) and o (If ) for n; =13 and
15. In both cases we chose l;=2. Each ensemble is
comprised of 100 randomly chosen trajectories. For
n; = 13 (or ( n „,k, ) =24. 7 ) the dynamics is most regular.
The expectation value (If ) fluctuates strongly but ap-
proximately periodically. After a period ~=280 a.u. the
initial value is almost recovered. The standard deviation
o(lf) remains small. These periodic fluctuations are a
classical manifestation of the Stark effect. They result
from a quasiperiodic motion on tori which implies near
recurrence. For n; =15 ((n„,z, ) =78.3) the phase space
is largely chaotic. The expectation value (lf ) shows a
strongly damped oscillation after an initial steep rise and
relaxes to a large equilibrium value which is close to
1, =n;. At the same time cr(lf ) approaches a large con-
stant value. The intrinsic chaotic dynamics leads there-
fore to "mixing" in angular momentum i.e., to an ap-
proach of an approximately statistical distribution due to
a diffusive behavior.

This wake-field induced mixing competes with another
mechanism, the multiple scattering inside the solid,
which has been previously shown to induce angular
momentum diffusion. The final I distribution is therefore
a combination of these two very different processes. The
present analysis permits a comparison of the quantitative
importance of the two mechanisms. The characteristic
diffusion time ~D due to perturbation by the wake field

15,
( j

( ) p 0 0685
l (26)

200 400
t (a.u)

600 800 1000

After traversing the solid, a thin foil of thickness d, in
the dwell time T(d) the electron undergoes another sud-
den transition to final states (nflf ) in the Coulomb field.
The final-state angular momentum distribution lf as a
function of the initial quantutn number (n, l; ) is an indica-
tion of the intrinsically stochastic evolution inside the
foil.

This scenario is a strongly simplified model for two re-
cent experiments: the double-foil experiments by Betz
et al. , where the first foil creates the state (n, I, ) and the
second foil perturbs this state and for the proposed high-
charge state, high-energy experiment by Rozet et al. at
GANIL (Ref. 33), where the excited state is producing
near the entrance surface in an adsorbed layer of high-Z
material while the low-Z foil material (carbon) has a low
capture cross section such that the foil transmission is
essentially unperturbed by charge-changing collisions.

20-
: (b)

/ /
/ / / J

/ /
/

I / I(bL)
/

/
/

/

/
(

, /

p(l
I I

2000
t (a.u. j

I

10000

FIG. 11. (If ) and standard deviation o(lf) as a function of
dwell time T. Each ensemble consists of 100 randomly chosen
initial conditions with 0.2 ~ I, I„I, =2. (a) n, = 13; (b) n, = 15.
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can be estimated from

(lf(r )) —(lf ), /2

where (lf ), is the approximate equilibrium value of lf,
to be ~D =100 a.u. (see Fig. 11). ~D is large compared to
the characteristic collision time t —A,MFp/Up —5 a.u. ,
where A,M„p is the mean free path for a quasi-free Ryd-
berg electron scattering. This confirms the interpretation
of experimentally observed l distribution in terms of
multiple scattering effects. For quasifree electrons with
orbital diameters exceeding the lattice spacing transitions
due to multiple scattering with ionic cores dominate over
wake-field induced diffusion. For low-lying states, how-
ever, the effective mean free paths, and hence, ~„ in-
creased rapidly ~ n . The diffusion time, ~D scales ap-
proximately as c(- n as estimated from the Stark effect.
Therefore ~D can become comparable to ~, so that per-
turbation of the I distribution by the wake potential in-
vestigated in this paper can become important for low to
intermediate n.

VI. CONCLUDING REMARKS

We have observed a sharp transition from regular to
chaotic motion as a function of the energy (or n) of the

electron in the wake potential of fast highly charged ions
in a solid. Both perturbed Coulomb orbits near the ion
and bound orbits in the first wake troughs possess a di-
vided phase space of regular and chaotic motion. A sig-
nature of chaotic motion can be found in the I distribu-
tion of excited projectile states. Its quantitative impor-
tance depends, however, on the relative strength of the
competing perturbation by multiple scattering in the
solid. In the case we have investigated so far, collisional
redistribution appears to take place on a shorter time
scale. The present investigation deals with the classical
dynamics of the problem. An investigation of the quan-
tum dynamics of the electronic motion is currently un-

derway.
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