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Production of negative hydrogen ions in neutral H + H collisions
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A formulation of collision theory is presented to analyze the process by which H and H+ ions
are produced from charge exchange in H(ls)+H(1s) and H(2s)+H(1s) collisions in the energy

range of 100 eV to 100 keV. A simple closure approximation to the full Green's function allows an

analytic evaluation of the amplitudes. The anomalously large cross sections observed experimental-

ly around 0.5 keV, one maximum near 10-20 keV, and the interference feature around 2-4 keV are
reproduced, respectively, in the theory by the excitation-exchange amplitude, the direct amplitude,
and their interference. The same theoretical procedure is employed in the treatment of both the 1s

and 2s initial projectile states, providing a uni6ed picture of the H+H collision system at low and

intermediate energies.

I. INTRODUCTION

Elementary estimates' based on the notion of adiabati-
city suggest that the cross section for chemi-ionization in
the collision of two ground-state hydrogen atoms

H(1s )+H( ls) ~H++ H

~H +H+ (lb)

H(2s )+H(1s )~H++ H

~H +H+
(2a)

(2b)

seem to suggest two apparently disjoint mechanisms in

will pass through a maximum value at an energy of the
order 10 keV and decrease rapidly at lower energies.
More detailed theories are in satisfactory agreement
with experiments ' in showing a cross section with a
maximum va1ue of about 2X10 ' crn occurring at an
impact energy near 10 keV. The calculations also repro-
duce the measured high-energy behavior and the rapid
decrease down to an energy of 1 keV. In the multistate
calculations of Borondo, Martin, and Yanez cross sec-
tion at 1 keV in the H(ls)+H(ls) initial channel is less
than 10 ' cm and it appears to be falling to negligible
values. In marked contrast to elementary considerations
and to the calculations of Borondo, Martin, and Yanez
recent experimental measurements' yield a cross section
which does not continue to fall at energies below 1 keV
but instead levels off and oscillates slowly about a mean
of 10 ' cm down to 63 eV, the lowest energy at which
data were obtained. A similar behavior is found for oscil-
lations of H with H2. ' '"

Measurements have also been carried out on the
charge-transfer reactions of metastable H(2s} atoms in
collisions with ground-state H(ls) atoms, one' in the
low-energy region around 0.5 keV with cross-section
value of 10 ' cm and another' around 5—20 keV, with
the peak value of 2X10 ' cm . There is a gap in the
available data in the region of 1 —5 keV. Thus the exist-
ing measurements for the metastable state channel

II. DISTORTED-WAVE THEORY

We schematically define the processes (1} and (2) as
(Fig. 1)

(a+e, )'+(b+e )~za+(e, +ez+b )

~( ae+i+)ez+.b
(3a)

(3b)

In the following we denote atoms A =(a +e, ),
B=(b+ez), C=(e, +ez+b), and C'=(a+e, +ez), and
refer to (3a) and (3b) as charge-exchange modes (a) and
(b), respectively. The system Hamiltonian may be
decomposed according to

the two energy regions, with two orders of magnitude
difference in the cross sections.

The neutralization process, which is the inverse of (1)
and (2), has also been studied extensively in the past'
and several theoretical calculations have been carried
out. ' ' Because of the dominance of the component
that leads to the metastable 2s and higher excited-state
final channels, it is possible to study reaction (2} using
these inverse scattering data, but difficult to extract infor-
mation on reaction (1). No detailed theoretical explana-
tion of the data for (1) in the region E (2 keV currently
exists.

We report here an exploratory calculation of the pro-
cesses (1}and (2) using a formulation of collision theories
based on distorted-wave theory (DWT) in an at-
tempt to provide a unified, albeit qualitative understand-
ing of the processes. Our analysis suggests that the
excitation-exchange amplitude T that connects the ini-
tial and final states by coupling to the intermediate exci-
tation and ionization channels plays an important role at
low energies, and that an interference between the direct
Born amplitude T and the indirect correction amplitude
T is responsible for the structure observed in the 1-4
keV region for processes (1) and (2). Thus the cross-
section behavior observed by Gealy and Van Zyl' may
not be uncommon in heavy-particle excitation and ioniza-
tion processes.
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Q'

Q'

FIG. 1. Various combinations of coordinate systems used in the present calculation are defined for the states before and after the

charge exchange. Modes (a) and (b) are also indicated. Different sets of coordinates are needed to treat the rearrangement collisions;

for mode {a)R;=R» and R& =R«, while for mode (b), RI = —Rb~.

H=H, +V, ,

(H E)%=0—,
(4)

(7a)

(7b)

where c is a label identifying the scattering channel. The
channel eigenvectors satisfy the equation

H.C'(. .) =E+(...)

where n denotes collectively the internal states of the
atoms in channel c. If the incident wave is in channel c,
the state vector describing the outgoing scattered wave is

As is well known, these two forms are related by analytic
continuation and are equivalent on the energy shell.
Equations (7) may be written alternatively in the
form

(8a)

(Sb)

or

1
(c, i) (c, i) E+ ~ H c (c, i) (6a)

where

+ 1

E+ H U
(9a)

(9b)

+ 1
+(c,i ) @(c,i) + E+ ~ H Vc +(c,i) &

(6b)
Then

where E is the total energy of the system. In the follow-
ing, we simplify the notation by setting collectively
i = (c,i ) and f= (c',f ). —

The transition matrix element for scattering from the
initial state i of channel c to a final state f of a rearrange-
ment channel c' is given in the "prior" or "post" form as

qy+ +~+ ( V U )++1

E+ie—H
(10a)

and Tf, may be written in the equivalent prior form as

Tf,""=(yI
I V,

—U, Iy,+)+ yI (V~ —UI} (V, —U, ) y,
+

TDwBi+ TDwc
fi fi

~here DWBi denotes the distorted-wave Born approximation in the prior form and D%'C is for the distorted-wave
correction amplitude. The post form is defined as
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TJ("'=(xf lvf Uflx; }+ xf (vf —Uf) . (v; —U;) x,
+

TDWBf+ TDWC
fi f (12}

Equations (11) and (12) are different only in the direct
amplitudes DWB, while the indirect term DWC is the
same in both cases. In rearrangement collisions of the
type (3) of interest here, H, AH, , and in general
T 'AT when further approximations are intro-
duced in the evaluation of these amplitudes. If K; is the
initial relative momentum of A and 8, and Kf the final

relative momentum of a and C in (3) or b +C', the cross
section is given by

(13)

and

V; = ( V]b + V|2 )+ ( Vgb + V2 )—:V; + Vf~ (14)

Vf = Vi, + ( V2, + V,b ) = Vf + Vf' .

Note that V;"= Vf'=—V". With the choice

U;= V"=Uf,

we have

(15)

(16)

Tf; =(xf lv, fix,') xf vj . v x,'
fi fi

TBi,f+ TC

Approximate evaluation of the first term of Eq. (17)

(17)

~f;-g 2, fq I'rf;I'Q&Q

where JK is the reduced mass, JR =M„Mz/(M„+Ms ),

Q =K,. —Kf, Q,„and Q;„are the maximum and
minimum values of Q, and g is the probability that the
two atoms approach in the appropriate symmetry state.
For reactions (1}and (2), only the singlet state of the two
electrons is allowed, with g =0.25.

As described schematically in Eq. (3), suppose a beam
of particles A of initial relative kinetic energy E; is in-

cident upon a gas of stationary particles B. If e, is the
internal energy of A and 8 and ef is the internal energy
of the rearranged particles a and C in (3) or b +C', the
final energy of the relative motion Ef =E;+e;—ef. The
initial and final momenta satisfy E; =R K; /LlK and

Ef tt Kf /ZPl, and Q;„=Sf(ef e, ) /K—, . The Q
may be taken to be infinite.

For the rearrangement collision (3},we set, in obvious
notation,

Tf =(xf I v, f IX,+) (18)

has been carried out previously, with different choices for

y U. We performed a crude estimate by replacing the
distorted waves with their undistorted plane-wave forms

Xf exp( —iKf .Rf )g„—(r», r» ) =4 f
X,+-exp(+iK; R;)PH(r&. )QH(r»)=&;,

(19a)

(19b)

where Rf is the vector joining H+ to the center of mass
of H, R; is the vector joining the centers of mass of the
two neutral hydrogen atoms, as shown in Fig. 1, g„(r) is
the H(1s} wave function and p (r,b, r2b ) is the H ( ls )

wave function for which we adopted the representation'

gH (r,b, r2b ) —=QH(r» )p(r2b ) . (20)

$(r)=N„r '[exp( yr) —exp( 5—r)]—, (21)

with y =0.235 and 5=0.913. (These constants are slight-
ly different from the ones used previously, but our results
are not too sensitive to then. )

An accurate evaluation of the second term of the tran-
sition amplitude (17) is a formidable task. To explore
whether or not the inclusion of the second term can
reproduce the experimental behavior, we make some
severe approximations, especially on the Green's function
6+=(E+ie H) ', whic—h appears in Tf;. Formally,
G+ can be expressed as a sum(s) over the complete spec-
trurn of H with appropriate energy denominator
(E E„) . Consis—tent with the view that one electron is
a passive spectator, we represent the spectator electron 2
for (3a), e.g., by the ground-state wave functions. We
also replace the denominator by E—E, where E is some
mean energy which may depend on the collision energy.
Finally, the active electron is represented in 6 by a com-
plete set of states, all weighted by the same factor
(E E) '. The sum—mations over the active electron
wave functions and the nuclear core wave functions can
then be carried out explicitly. We obtain

In constructing the H wave function 1(t as an unsym-

metrized product, we have implicitly assumed that one of
the electrons acts as a spectator of the transition in which
the other electron is captured. In (20), (t)(r) is the nor-
malized form'

PH(r2b}QH(rzb)5(r„—r'„)(2n) fdK'exp[iK' (R; —R,')] in5(E H—) . —
E+ie—0 E—E

(22)

A. 1s initial ground-state channel

For the ground-state channel, (3a) and (3b) give identical amplitudes. The direct amplitude for the process (1) can be
evaluated analytically for the special choice (16) for the distortion potential U and when the effect of distortion on the
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wave functions y is neglected. Thus we have simply y—=4 in this simple approximation, and obtain

7 Bf —(4~)2lr —1/2N 1 1 1
f& & 1+g2+4k2 y2+g2 52+g2

(23a)

T '= (4—n)m. '.N
2

(1+Q +4k ) (2+y) +Q2
1 1 1 Q+—tan

(5+2) +Q Q 2+y
—tan '

(23b)

where k—:(m /M)K =X /1 840. Finally, the average am-
plitude is defined as

7 BA —1 (TBi+7 Bf) (24)

We have also evaluated numerically the alternative form
of Tf; involving the full V; and Vf of (14) and (15), and
obtained matrix elements that differed by a few percent
near the maximum around 2 keV. The close agreement
occurs because of the dominance of V" in the Born am-
plitudes.

The maximum for the full Born cross section occurs at
E; =—E=2 keV rather than at 10 keV where experiment
shows a peak. We see here a defect of the close-coupling
method at high energies; many channels are needed mere-

ly to take out the effect of V".
For the excitation-exchange amplitude, we neglect the

damping term in the Green's function (22), and also the
effect of the distortion potentials U on the initial- and
final-state wave functions. Then after considerable anal-
ysis we obtain the remarkably simple expression

1
f &f f E+

-(4m) m
' N

1 1 1

E E 1+Q —+4k (y+2) +Q

and thus

Tf' Tf' + Tf'

1 +—tan Q
(5+2) +Q Q 2+y

—tan ' (25)

B. 2s initial metastable state channel

The amplitude for the case in which the metastable H(2s) beam is incident on the H( ls) targets is derived in the same

approximation as that used in the case with the ls initial state. Modes (3a) and (3b) give different amplitudes. For
mode (a) of (3a), we have in the post form

7 B(al — N N (4 )2[( 1 +g2+4k2) —1
(

1 +g 2+4k 2) —
2/2][( 2+ g2) —1 (52+ g2) —

1]

where we denote the initial excited-state channel by i ', i.e., i ' = (i', c ). Furthermore,

T '"= N N (4n) [(—'+Q +4k )
' —( —'+Q +4k ) /2]

1
fi' E E e x 4 4

(26)

X [(2+y) +Q ] ' —[(2+5) +Q ] '+ —[tan '[Q/(2+y)] —tan '[Q/(2+5)]I /2 (27)

For mode (b) in (3b), we take the "post" form, with Vf = V2b, and obtain

TB(b) — N N N (4 )3(1+g2)—12(1+g2+4k2) —
1[( +() S)

—2 (5+() S)
—2

( +() S)
—3+(5+() S)

—3]

and

Tc(b)fi' (41T) ,N„NN(Ol +Q+4k ) '(4+Q ) [(4+Q ) +3(4+Q ) +(6—
Q /2)(4+Q )+6(4—Q )]

x [(y+o.s)-' —(5+o.s)-' —(y+o. s)-'+(5+o.s)-'],

where V =
V2& was used, and No = 1/3/m, N, = 1/&8m.

The cross section is given by Eq. (13) with e; —= —
—,
'

a.u. , ef = —
—,', a.u. , and where the factor of —„' was again

included to account for the exclusion of the triplet state
in the process (2).

(TBl., + TBlbl )/&2f&' fl' f
7 C

( TC(a) + TC(b) )/3/2f&' f&' f
(30)

Finally, because of the symmetry between modes (a)
and (b), we set
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III. RESULTS

(31) 10—
H+H

JS

BM~Y

A. 1s initial-state channel

The cross sections obtained with the amplitudes (24)
and (25} are shown in Figs. 2 and 3. They have the same
qualitative structure as previous calculations; that is,
T~" gives a inaximum cross section of the order of 10
cm~ at the center-of-mass energy of near 10 keV, and a
rapid fallofF on both sides of the peak. The diI'erence
from the cross sections calculated by Janev and Salin
arises from their retention of the electron-nucleus in-
teraction in the potential V'. The cross section with T
alone continues to decrease rapidly at low energies.
Therefore the marked change in the behavior at 1 keV
seen experimentally must be reflected in the second term
of Eq. (17). We evaluated the cross-section expression
Eq. (13) by numerical quadrature using a small mesh
in g. Most of the contributions come from the region
close to Q;„. The cross sections obtained with Tc
alone, omitting the first T of Eq. (17) and setting
b,E=E E=1.5 a—nd 1.0 a.u. , are also shown in Fig. 2.
They are similar in shape to those obtained with T, but
the maximum is shifted to the lower energy of about 2
keV in the center-of-mass system. E=E, =E,—,bl2,
where E„b is the impact energy.

10

10

-19&0—

I

0.1 Q2

Bav

I )

05 1.0 2 5 10 20

Eetn( keV }

I

50 100

FIG. 3. Theoretical charge-exchange cross sections for the
initial ground-state channel are shown for T " of Eq. (24) and
full cross sections corresponding to two different values of hE.
Below 0.5 keV, the cross sections do not depend on the sign of
hE. The results of Borondo, Martin, and Yanez (BMY) (Ref. 7)
( —~ ~ —) are similar to T " for E ~ 5 keV and the result of
Janev and Salin (JS) (Refs. 2 and 3) are similar to T for E & 10
keV. The result of Shingal and Bransden (SB) is also given. The
experimental data are those of McClure (CI), Hill et al. (O),
and Gealy and Van Zyl (~). The crossed curves ( X ) are ob-
tained with the variations of hE with E, as indicated in the
figure.

JO
-1?

o-18

1O-19

0.1 10

Center of Mass Energy ( keV )

FIG. 2. Theoretical cross sections for the process
H+H~H++H as functions of the center-of-mass energy E,
calculated from the "post" form of T with V' (curve a), from
T with hE =1.5 a.u. (curve b) and 1.0 a.u. (curve b'), and from
the total T= T +T, (curve c) and (curve c'). The crosses cor-
respond to the result obtained with the E-dependent hE, as in-
dicated in Fig. 3.

When both terms are retained, the two amplitudes in-
terfere. The high-energy behavior is qualitatively un-

changed, but, after passing through the maximum near
10 keV, the downward trend in the cross section at lower
energies is interrupted by a minimum and a small rnax-
imum before resuming its decline at E=0.1 keV. The
decline can be delayed by postulating that E—E varies
slowly with the relative energy. If we allow hE to vary
from 1.5 a.u. at 2 keV to 0.6 a.u. at 0.1 keV, we obtain
cross sections whose shape and magnitude are similar to
the observed values, ' as we show in Fig. 3, in which
the theoretical and measured' cross sections are present-
ed as functions of the c.m. energy. Figure 3 also shows
the effect of a negative value of hE; a negative value re-
sults in a constructive interference at energies between 1

and 3 keV. Below 1 keV, the cross section is unaffected
by the change in the sign of hE because the T contribu-
tion is very sma11 there. The positive values of hE that
are required to reproduce the data are about 1 a.u. , indi-
cating that the change in the kinetic energy of relative
motion during the collision may be a critical feature of
the process.

The multichanne1 impact-parameter molecular calcula-
tions of Borondo, Martin, and Yanez yield cross sections
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which decrease monotonically and rapidly on the low-

energy sides of the maximum. Ermolaev' has recently
reported close-coupling impact-parameter calculations
based on an atomic state expansion. His discussion deals
with the reverse process to reactions (1) and (2), in which
capture into the ground-state atoms is a minor channel.
Cross sections for the process (2) may be extracted from
his data, but the values for process (1) are too small and
probably unreliable numerically. Nevertheless, the
theoretical result corresponding to channel (1) appears to
be inconsistent with the calculations of Borondo, Martin,
and Yanez but more in line with the experiments of Gea-
ly and Van Zyl. ' Shingal and Bransden' have also car-
ried out close-coupling impact-parameter calculations on
the neutralization reaction, from which cross sections for
reactions (1) and (2) can be deduced. The calculations,
carried out for impact energies from 150 eV to 10 keV,
may not have converged but do indeed produce a cross
section that levels o8' at energies below 5 keV and oscil-
lates about a mean of (2—3) X 10 ' cm . Our calculation
of T'with V; and Vf suggests that the slow convergence
of the close-coupling calculations at high energies may be
due in part to the large effect of the interaction term V"
which must be canceled if the high velocity behavior of
the cross section is to be correctly reproduced. The
close-coupling calculations may suffer also because they

lack the flexibility to allow T and T to vary differently
with energy.

The comparison of our calculations with the experi-
mental data does not definitely establish the sign of AE,
though there is a strong preference for positive values.

B. 2s netastable state channel

—(y+0. 5) +(5+0.5) ] . (32)

The second part of the full amplitudes T "and T ' '

are evaluated with EE=0.5 a.u. They are very large,
especially at small energies, E ~ 5 keV. Figure 5 contains
the final cross sections for Tf, and Tf; given by Eqs. (30)
and (31), together with the experimental data. The exper-
imental points in the 10-keV region are those of Hill,

We present in Fig. 4 the cross sections obtained with
T T T and also with the amplitude T
which corresponds to the "prior" form with V,.

'=
V2, .

Mode (b) dominates at low E & 1 keV and mode (a) at
E 10keV. Theamplitude T ' 'is givenby

TB(b)i (4~)3~ ~ ~ 2(1+g2)—1(1+g2+4k2)—2

X [(y+0.5) —(5+0.5)

-14

C(b)
l AE=07

H+H

-15—

-16—
E

CO

O I

C)

O

-17

-18—

O.l 0.2 0.5 1.0 2 5 10 20

E ( keV)
50

FIG. 4. Charge-exchange cross sections for the metastable
initial state are shown which are obtained by the different ap-
proximations as discussed in Secs. II and III. The cross sections
evaluated with the individual amplitudes T and T are shown
separately, where AE =0.5 a.u. was used. The results of Shingal
and Bransden (Ref. 19) are also given [SB(a) and SB(b)], which
correspond to processes (2a) and (2b).

-18—
I

0.1 0.2
I

05 jo 2

Ec~( keV )

I

10 20 50

FIG. 5. The total charge-exchange cross section for the ini-
tial metastable (2s) state channel is shown, in which T and T
are combined and their interference is included. The curves are
labeled by the values of AE. The experimental data are from
Fussen et al. (Ref. 13), Hill, Geddes, and Gilbody (Ref. 9), and
Claeys, Brouillard, and %assenhove (Ref. 12). The dip around
E—=4 keV persists in all the approximations examined here,
with hE ~0.4 a.u. , but disappears for negative AE. The solid
curve is obtained with varying hE, as indicated in the figure.
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6eddes, and Gilbody and Claeys, Brouillard, and
Wassenhove' and near E=-0. 1 keV are those of Fussen
et al. ' The two sets of data seem disjoint, but the
present calculation connects them nicely, showing that if
AE &0 a sharp dip near E=—4 keV is caused by destruc-
tive interference between T and T . As discussed ear-
lier, a similarly sharp turnup in the cross section was seen
in the H(ls)+H(1s) case at E —=2 keV, again as a result
of a strong destructive interference between the two am-
plitudes T and T .

The present theory also predicts a sharp increase in the
cross section for the H(2s)+H(ls) channel by as much
as two orders of' magnitude as E decreases from 5 to 0.5
keV. When the sign of b,E=E E is —reversed, the dip
disappears. No data are available in this region; new ex-
periments in the E =2 keV region could be a critical test
of some of the approximations introduced here, as the
cross section is sensitive to the sign of hE in this region.
An experiment in the energy region around E=4 keV
will determine the sign of hE as the predicted cross sec-
tions with different signs can differ from each other by
two orders of magnitude.

By contrast, the low-energy behavior of the cross sec-
tion at E ~ 1.0 keV is nearly independent of the sign of
hE, but depends more sensitively upon the variation of
hE as a function of E. Since hE could decrease from
hE &0.5 a.u. to near zero as E goes from E=1 to 0.1

keV, the cross section may increase (the solid curve in

Fig. 5), before starting to go down again at very low E
This behavior is again similar to that found in the
H(ls)+H(ls) system. The overall feature of the data is
reproduced by the present calculation when the actual E
dependence of the average excitation energy E is taken
within reasonable range.

It is rather remarkable that the cross sections calculat-
ed for modes (a) and (b), as shown in Fig. 4, are similar to
the values obtained by Shingal and Bransden. The
overall features of the cross sections are again well repro-
duced by the amplitudes ( T "'+T "') and
(T ' '+ T ' '), when a suitable value for b.E is chosen.
For mode (a), the two contributions from 8(a) and C(a)
cross sections more or less add, while for mode (b), they
subtract from each other and result in a small fluctuating
cross section.

Of course, the 6nal cross section in Fig. 5 was obtained
by a coherent sum of these two processes, which, if
AE )0, shows a destructive interference at the energies
around 4 keV.

IV. CONCLUSION

The recent experimental data ' on the H produc-
tion reactions (1) and (2) at low energies are unexpected
in showing large values of the cross sections. Our
analysis suggests that the cross-section behavior can be
understood as the result of an interference between a
direct exchange and excitation-exchange amplitudes and
may be a characteristic of low-energy atom-atom excita-
tion and ionization collisions. Since we have applied the
same theoretical procedure for reactions (1) and (2), with
the same approximations on G and V, we may conclude
that the fit for (2) provides a qualitatively model-
independent explanation of (1).

Our results are qualitatively consistent with those ob-
tained by extensive close-coupling calculations incor-
porating translational factors. ' Many of the approxima-
tions we have made could be improved by more extensive
computations, in particular, in the evaluation of the
Green's function G and distorted initial- and final-
state wave functions. We believe that our formulation
offers an alternative approach to the calculation of atom-
ic collision cross sections.
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