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Explicit N-soliton solution of the modified nonlinear Schrodinger equation
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By means of the technique of determinant calculation, an explicit N-soliton solution of the
modified nonlinear Schrodinger equation is obtained for arbitrary N using the method of a mero-
morphic transformation matrix. The final expression is written in a form suitable for practical

needs. Its expected asymptotic behavior is derived.

The modified nonlinear Schrodinger (MNLS) equation
has been proposed’? to describe the short-pulse propaga-
tion in a long single-mode optical fiber in consideration of
the inherent property of asymmetric output pulse spec-
trum.>* The MNLS equation has been shown to be com-
pletely integrable,’ but it has never been solved except for
its one-soliton solution obtained by simply integrating in
a moving coordinate,® so that some works have to be
based on the numerical analysis for suiting needs of prac-
tice.”®

Recently, we proposed a method® based on an ansatz
that the Jost solutions, and then the transformations
among them, are meromorphic and have only simple
poles. We also obtained a generalized Zakharov-Shabat
system of linear algebraic equations for determining the
N-soliton solution of the MNLS equation. From it we
have obtained an expression in terms of a determinant of
the known quantities.!® However, even in the case of a
two-soliton solution, it is tedious to obtain an explicit ex-
pression.”1°

In this work, we present an explicit expression of the
N-soliton solution of the MNLS equation from the gen-
eralized Zakharov-Shabat equations with the aid of pure
algebraic calculation. In addition, we introduce a new
spectral parameter to express the final expression in a
form suitable for practical needs. We also derive the ex-
pected asymptotic behavior of the N-soliton solution.

The MNLS equation can be written in the following
normalized form:

iu,+u, +illul*u), +2plul*u =0, (1)

where p is a real constant. In our previous paper,’

method based on the Darboux transformation in the form
of pole expansion has been proposed for finding its soli-
ton solutions. The N-soliton solution can be expressed as

uy=i2AB , ()

where the overbar denotes the complex conjugate, and

N
A=-23 a7 '¢;f7¢?, (3)
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N
B=1-23 a9,/ “@
j=1
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2.
;= § gk -Zij_— , (5
k(?&j)gj gk §j_§j

fii=b texp{ —i[(§; P —p)x +2(& 2 —p)t]},  (6)

and ¢; and ¥, satisfy the following linear algebraic equa-
tions:

%f‘ e S a1, (7)
Pt k E §j % ¥io
2E.
¢k fk—1+jzlf—1§ §j§ —l——llpj. (8)
= i

§; and b; are complex constants.
The purpose of this paper is to give an explicit N-
soliton solution. Introducing
—ig; , 9)
2_ .2
. pj—p Dj
a;=iza;= [] —————i _]; = ]_2 , (10)
k(#)Pj —Pk Pj—Pj

C=(a; V2, a2, (11)

S=(a; 2py,...,ay %dy), (12)
V=(a; Y, ...,ay"*y), (13)
0=, —p}i"ﬁ o (14
(7) and (8) can be written as
¥V=-90Q, (15)
<1>=Q+WQT. (16)
In virtue of (15) and (16), (3) and (4) may be rewritten as
A=iC(I+QQ" 'p2CT, a7
B=1+Cc(I+Q@n~'gp'CT, (18)
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where p~? is simply a diagonal matrix, ie., trix of Q by remaining (j,j,,-..,j,)th rows and
diag(pi2,...,pn 0. (ky,kyy ...,k )th columns. Q(j;,jp,---,j,) means a
Since we have the known formula of linear algebra, principal minor, i.e., Q (j,ja, - - - s Jrsd1sdas -« -5 Jp)-
M Using the known formula
det(x,y,+Z;)=det(Z;) |1+ 3 xy,(Z N, |, 19 B
Vi / / ,‘,j2=1 ! / det[(xj +yi) 1]
which is valid for a nonsingular M X M matrix and arbi- = I1 ;=) T e =2 ) I1(x; + 3 I @7
trary rows x and y, (17) and (18) can be expressed as i<s k <k ik
A =i{[det(I+R)] 'detI+R")—1} , (20) Weobtain
.. . 2
§=[det(l+l_{)]_ldet(l+£”), 21) Q(.]])]2’~'-)]r’klyka---»kr)
where =IICTICip% I1 wj—p})
ik i<y
- T -
k=gg 22 x 1 5} PRI} —P D)2, 28)
R'=R+p~’C’C, (23) bk hk
R"=R+Qp~'C’C. (24)  where
We have Jhd"€ s 0dr s
N , (29)
det(I+R)=1+3 > Rijas e vsdn)s kk'e{ky,ky ... k] .
F=115j,<j,< -+ <j, <N .
Since we can rewrite (23) as
(25)
r— Ayt T
RGipsjas e -sdy) R'=Q'Q0"", (30)
_ .. ., 2
- 2 QUuda - inkpka, o k)™ where Q' and Q" are N X(N +1) matrices whose rows
1ky<ky<oo <k =N are extended from 1 to N, columns from O to N,
(26) 04 =Qix=0Q > 31
where we have taken account of the well-known Binet- P "w_
ow=p; C, Qr=C,, (32)
Cauchy formula, and where Q(j;,js,---,jriKk1:K2) Qjo=p; °C;» Qo=
...,k,) denotes a minor that is a determinant of a subma-  j k =1,2,...,N. We have also
|
R'(ji,jy - os)= > Q' Grsas--sinnkikyy oo s kO " (Giodas -5 drikirkyy - k) . (33)
0=k <k,<:-+ <k, =N

The summation can be obviously decomposed into two parts: one is extended to k; =0, the other to k, > 1. The latter is
just R(j,,j;,...,j,) onaccount of (31). We thus obtain

N
det(I+R')—det(I+R)=S 3 3 Q' Grrdar - 1Jri0kay ..., k,)

r=115j,<j,< " <j
XQ"(j1sjar v rJr0kyy . k). (34)
Using (27), we have
Q'Grsjas- v sdrOkyy oo s k)Q " (G1jas + -5 Jri0 kg, . k,)

=11 C}Iklﬁi o | V25 FO58 § (02205 | U300 | U755 | 02 EE)
j Jj<j k

k <k’ jk j
where f )
o . Sp=C C (38)
]7116{]11]2)'~-’]r} ’ J ]p;_pz
(36) 7ok
k,k'€tk,, ..., k,} . "
" p —~
From (24), R'' may be written as Sip= jz—j,,z—-ck . (39)
Pi =Pk
R"=8'S"T, (37)

where We have
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N
det(I+R")=1+ 3 3 S S'(kyskas ok jndas )

r=1 15k <ky< - <k SN15j <j,<---<j <N
S"(kyskyy oo sk fisdas - osdy) - (40)
In analogy to (28), using (27), we have
Sk kg o Kyiiisdas e i )S kK oo Ky yadas - -0y
=IIGHICS I wi=pk? 1057} [T =7 ) [k, 40

k <k’ Jj<ij k, j k

I
where k,k' and j,j' satisfy (29). The complex conjugate p=By %. (45)
of (41) is obviously just (28); we thus have an explicit ex-

pression of the N-soliton solution Equation (44) is the MNLS equation in its practical form.

Soliton solutions of (44) can be obviously obtained from

-5 det(I+R')—det(I+R) det(I+R) 42) (42) with the aid of the scale transformation (43).

Un det(I+R) det(I+R) We now introduce new spectral parameters A,

by substituting (26), (28), (34), and (35). A; =7/(§j‘2——By_2) (46)
Introducing a scale transformation,
x/_-—_,y'lx, tl:y'Zt , (43) or
-2 -2 —_

where 7 is a real constant, from (1), we have a;=iylp; “+By %), g;= ik, . 47

gt iy ul?u) +2Blul’u =0, 44)  we notice that (10), (28), and (35) can be expressed in
where u (x't')=u (xt), and B=*1, terms of p;” !,

J
-2 —2 - —2
Pj Pk —1 X | P
a;=[1 55— —p;° — 1, (48)
k (#)Pj “Pk P, —P; 1=1{Pi
QUrsas - sirkiskys o k)
—n Ch’TICip *TL ;2 —p; ) II 2Pty Aok | (V73 2P I § U:JE C )
k j]<Jj’ k<k ! !
and
Q,(jlrjl’ A )jr;o’kb e ’kr)Q”(jl’jb e ,j,;O,kz, .. ,k,)
=IICip, *TICiB > I1 (o, 2—p; 2V II Bi’—Pr 2)ZH PP DTIIERE . (50)
J k b’ k
Jj<j' k <k

In virtue of (46) and (47), we have
QUrsiar - sinkikys o kK, P=TL(CPTI(C ) TI (q;—4;)* T @ — @) [1(a; +@) 2 T1B+ivg,) , (51)
J k Jk J

\J k. k'
j<j k <k’
Q'Grsjare s JrOkys oo o kO " (Grvdas - -5 0kyy oo, k)
—II(C >2H<C 211 e II (@ =g 10 +3) 2 [1B—irg) ,  (52)
jJ<J} k <k bk k
where ’By substituting (51) and (52), we obtain an explicit ex-
(c )2_ )~ e 2 (53) pression of the N-soliton solution of the MNLS equation
(44).
(f))72=(b)) " %exp[ —2i (A;x"+2A%1")] We now turn to derive the expected asymptotic behav-
_ 2 ior of the N-soliton solution of the MNLS equation.
(b )~ exp[2(q]x +12q1t )] (54) From (54), we have
o= 9, "9% 1 , (55) (f;)_2=exp(2i{(lmqj)x’

+3 9,+7
k(= q;Tqx q; TG +2[(Reg;)*—(Img;)*]t' +4)})

Xexp{2(Req;)[x'—x;—4(Img;)t']} ,
(56) (57)

where

and the new constant b; is defined by
P’
P’

1
_i'}’Pj_l =1

(b)) "2=b;"?
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b/=exp[i¢;+(Reg;)x;] . (58)

Suppose all (Reg; ) are positive, and

(Img,)>(Img,)> -+ >(Imgy) . (59)

The vicinity of x"=x;+4(Imgq;)t’ is denoted by Q;. In
the limit as ¢t — + o, these vicinities must be separated
from left to right as

|

det(Z+R')—det(/+R)

4069
[O7V7% 0 7T 2R TN 0 P (60)

In the vicinity Q,,, we have
x'—x/—4(Img)t'>—ow, |f/|7'>0, I<m (61)

x'—x,—4(Img,)t' >+, |fil 'lsw, n>m. (62

From (51) and (52), taking account of (61) and (62), we
have

o'mm+1,...,N;Oom+1,... ,N)Q"(m,m+1,...,N;0om+1,...,N)

det(I+R) T Qm+lLm+2,.. ,N;m+1,m+2,... ,N*+Q(mm+1,...,N;mm+1,...,N)?
N 9m 4y g B”Wﬁn
(o e I I S
_ n=m+1 qm+qn n=m+lﬁ+l7’qn 63)
= B+l m m~ 4n *
1+(C,, )2(0;,)2—1_@—2 "—‘é
(qm+qm) n=m+1 qm+qn
I
We can write it as o) 772 =) " ) (g ) (g +T) 7 (70)
det(Z+R')—det(L+R) 5
I+ m—1 m= m—1 B—l a,
det(Z+R) alg, = In 4 e a1
(@ +G, ) fr) T2 " =1 | 9m T3 | i=1 Btivg
1) "B +ivg,) We thus derive the expected asymptotic behavior of
where the N-soliton solution of the MNLS equation. The total
phase shift and the total displacement of center of the
(fo) 2= (fr ) Hal) " Blgp ) gm +T) ", (65 mth peak ,, and A,, can be obtained from (64)—(71)
N (gn—a. |° N B—ivE,
B(g,, )= —— —— . (66) - -
qm n=Ir:r[+1 otz | B¥iye, 5, =arglalg,,)]—arg[B(qg,,)] , (72)
We have also A, =(Reg,,) '[In|B(g,,)| —In|a(g,,)I] . (73)
dettI+R) 1+ )P~ 4B—iyg,)
det(/+R) _ f Yqm 7

det(I+R)  1+|(f) |~ %B+ivq,)
Similarly, when ¢t — — oo, in the vicinity Q,,, we have

dettI+R')—dettI+R) (4 +3,)(f,) 72

det(I+R) T+ Bt iyg,,)

(68)

detZ+R) _1+1(fn, !B ivg) (69)
detI+R)  1+|(f.) |~ %B+ivq,)

where

This result shows that the MNLS equation has regular
soliton solutions even in the case of normal dispersion,
i.e.,, B=—1, provided y#0. In the case of anomalous
dispersion, i.e., 8=1, the N-soliton solution of the MNLS
equation clearly reduces to that of the NLS equation as ¥
approaches zero.

We have given an explicit expression of the N-soliton
solution of the MNLS equation in a form suitable for
practical needs. It will provide a proper basis for analyz-
ing soliton formation in the case of a single initial short
pulse and wave-packet decay and soliton interactions in
the multisoliton case.
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