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Angular steering of the free-electron-laser far-field radiation beam
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The free-electron laser (FEL) is presented theoretically in this paper as an angularly directed radi-
ation source. Features of phased-array antenna are incorporated in known FEL schemes to provide
the angular steering of the FEL radiation in the far field. Various methods for FEL angular steering
are proposed. These are classified in this paper as end fi're an-d broadside schemes. A unified two-

dimensional linear model for the FEL angular steering is derived and implemented to demonstrate
the performances of the various steering methods. It is shown that by using a miniature wiggler, a
considerable angular steering range is feasible in the broadside FEL scheme in the millimeter wave

range. Possible applications for the FEL angular steering features, considering their limitations, are
proposed.

I. INTRODUCTION
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FIG. 1. The angular steering free electron laser. The off-axis
angle of the radiation lobe a is controlled by variation of the
FEL parameters.

Free-electron lasers (FEL) are well known as sources
and amplifiers for em radiation. They are operated in a
wide spectrum of frequencies, from microwaves to ultra-
violet wavelengths. The tunability range of a FEL may
exceed a full octave, and its output power is usually
high. ' This paper presents a theoretical study of anoth-
er possible feature of the FEL—the theoretical possibility
of angular steering of the FEL output radiation beam in
the far field. Various techniques are studied to achieve
off-axis radiation lobe in the far field for a high-gain FEL,
and for optical klystron (prebunched FEL).

The FEL is presented in this paper as a directed radia-
tion source, as shown schematically in Fig. 1. This ap-
proach leads to a scheme of a hybrid FEL-antenna sys-
tem. It is shown here that an appropriate modification of
the FEL (phase) detuning conditions may result in angu-
lar steering of the output radiation beam, as in the known
phased-array antennas, in which the angular steering is
performed by electronic control on the relative phase
shift of each radiating element in the array. The practi-
cal importance of the phased-array antennas for radar
and other applications stems from the alleviation of the
need for mechanical systems to steer the radiation beam;

hence the angular steering becomes faster and simpler.
The FEL antenna hybrid may have a similar advantage,
in addition to the simplicity that tnay be achieved by
combining the two functions, the radiation source and
the antenna, in one hybrid device.

Aspects of the FEL operating features relevant to vari-
ous angular steering mechanisms have been investigated
by other workers. Sprangle et al. studied the radiation
focusing and guiding in free-electron lasers, and present-
ed the possibility of steering the radiation beam by bend-
ing the electron (e) beam. Colson et al. ' extended the
theory of free-electron lasers to include the angular gain
spectrum. The analysis of the angular steering in the
high-gain FEL schemes is strongly related to the optical
guiding feature of the FEL, and to the evolution of a
modified phase profile at the exit of the FEL interaction.
These subjects have been studied theoretically ' and ex-
perimentally ' for systems with transverse symmetry.
In the present work we extend the optical guiding feature
to asymmetrical systems to create the off-axis radiation
beam in the far field, as described later. Other schemes of
angular steering are related to optical klystron"' and to
prebunched FEL's. ' ' A linear one-dimensional (1D)
model for the prebunched FEL, derived by Schnitzer and
Gover, ' results in a nonzero initial value expansion of
the ordinary FEL gain-dispersion equation. ' ' This is
extended here to a two-dimensional model, including
transversely nonuniform e-beam profiles. A transfer
function for the prebunched FEL, in the form of the ma-
trix gain-dispersion equations of Ref. 18, is derived. It is
used here to study the angular steering effect in the vari-
ous schemes. The parametric regime that corresponds to
the microwiggler concept, ' namely short wiggler period
and low e-beam energy, is found attractive for the angu-
lar steering FEL operation.

II. PRINCIPLES
OF ANGULAR STEERING SCHEMES

The various beam steering mechanisms studied in this
paper are classified, in terms of antenna arrays, as end-
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fire and broadside FEL radiators.
The end-fire steering corresponds to a high-gain FEL

in which the radiation is confined to the e beam, and is
emitted from the FEL exit plane with a nonuniform (and
asymmetrical) phase profile. This effect can be achieved
by introducing a transverse asymmetry to the FEL pa-
rameters, as shown in Fig. 2(a). The FEL employs in this
case a wide e beam (or a multiple e beam). The transverse
shear in the e-beam axial velocity at the entrance leads to
a transverse shear in the FEL synchronism. condition 0.
The FEL acceptance of a synchronism detuning in the
high-gain regime is of the order of a few periods
[b,8-(2—6)n.].' Consequently, the phase profile of the
emitted electromagnetic wave (at the exit plane of the
FEL) acquires a similar shear. This phase shear causes
the angular deviation of the FEL radiation beam in the
far field. Hence, by inducing a small velocity shear in the
e beam one may steer the radiation emitted off axis in the
far field. Transverse shears in other FEL parameters,
such as the e-beam density or the wiggler strength, may
enhance the effect in some cases, and may also compen-
sate for the FEL detuning due to the velocity shear.

The method of broadside steering corresponds to a de-
vice similar to the known optical klystron. It consists of
a buncher (a FEL section) and a broadside radiator (a
prebunched FEL) as shown in Fig. 2(b). The angular
steering is achieved by a longitudinal modification of the

detuning parameter. This can be done in a third section,
between the buncher and the radiator, by adding a small
amount of energy AE to the bunched e beam as shown in
Fig. 2(b). The broadside steering effect can be explained
in a simplified manner as follows. The optimal synchron-
ism condition for a single plane wave in a free electron
laser is given by the relation'

a=arctan(~k~~/k, ) . (2)

These relations can be presented figuratively, as shown in
Fig. 3, by modifying the FEL synchronism diagrams' to
include the off-axis angle of propagation a. The
simplified presentation of the FEL steering feature in Fig.
3, row (b), shows that the off-axis angle is increased by in-

creasing the prebunched e-beam velocity V„at the same
prebunched frequency co. A similar effect is obtained if,
instead of increasing the prebunched e-beam energy, the
wiggler period at the radiation section is made shorter
than that of the buncher section. This case is shown in
Fig. 3, row (c). Hence, modifying the wiggler periodicity
is another way to obtain angular steering in a broadside
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where k„ the axial component of the wave-number vec-
tor k=(kt, zk, ), is given by k, =(IkI —

~k~I )', and rn is
the angular frequency, V, is the average e-beam axial ve-

locity, k~=2~Ii. ~ is the wiggler wave number, and L~
is the wiggler length. In general, the plane wave interact-
ing with the FEL is not necessarily propagating on axis.
The off-axis angle of propagation is given by the ratio be-
tween the transverse and the axial wave-number com-
ponents,
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FIG. 2. Schematic description of angular steering methods.
(a) the end-fire scheme for high-gain FEL—a small transverse
velocity shear of the e-beam axial velocity V, results in a trans-
verse shear of the detuning condition, I9. Consequently, it leads
to a slated phase profile b,P at the FEL exit plane, and to an off-

axis propagation of the radiation beam in the free space. (b)
The broadside scheme for a prebunched FEL—by a small in-

crease in the energy of the prebunched e beam ("bunch stretch-
ing") the radiator emits off-axis radiation beam.

FIG. 3. Synchronism diagrams for the broadside angular
steering schemes. In the ordinary FEL (a) the e beam, the
wiggler, and the radiation beam are coaxial. In the "bunch
stretching" mechanism (b) the prebunched e-beam velocity is in-

creased and consequently a, the off-axis radiation angle, grows.
The same effect occurs if the wiggler periodicity in the radiator
section is shortened (c).
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scheme. Its practical feasibility is limited, however, to
electromagnetic wave wigglers in which the wavelength
can be tuned.

The heuristic explanation for the angular steering
given above is based on a single plane-wave FEL interac-
tion. For an accurate description of a transversely finite
FEL, one should incorporate the effect of a wider spec-
trum of plane waves within the acceptance range of the
FEL interaction. This is done in the next section.

sH H—p
= j—coEpE„—J„,
=a=sE„E„—p= E, —j(o)MpH

BX

(7a)

(7b)

sE, —E,o=—a E„+p) /ep,
BX

(7c)

ly, p)(s)=X(p)(z))= f p)(z)exp( —sz)dz, as in Ref. 18.
Equations (3)—(6) are written in the s plane in the form

III. UNIFIED 2D MODEL OF PREBUNCHED,
TRANSVERSELY NONUNIFORM FEL

j P1epE, = H —J, ,
BX

(7d)

E„— E, = —jeep, pH (3a)

a — a -=-E + E, =p)/go,
Bx Bz

(3b)

The analysis of the various FEL angular steering
schemes is done by a simplified version of the 3D kinetic
model presented in Ref. 18. This model is reduced here
to a 2D fluid model. It is extended to include initial pre-
bunching of the e beam, and transverse shears in the ve-
locity and density profiles of the e beam. The model de-
rived here is applicable therefore for both the end-fire and
the broadside schemes.

An ideal planar wiggler field, Bw=yBw sin(kwz), is

assumed. The em field components included in the model
are E=XE, +zE„and H =yH . All the functional
dependence is on (x,z) only. After linearization and per-
forming Fourier transform on the time dimension
(()/(3t ~j(U) the 2D Maxwell equations are written in the
form

J, =pov, +pi V, ,

J ) V (P(+))+P( —)))

(7e)

(7

and

sJ —J2 2O

a =
Jx J~pi ~

X
(7g)

(j(U+ V,s)U, = V, U, p

yy, m

(7h)

The (+1) indexing corresponds to +jkw modulation in

the s Plane, namely, P ',
+ "=P,(s +jk w ).

For an ordinary FEL the initial conditions for the
current sources can be considered as zero, namely

J,o=v,o=0. ' However, in order to incorporate the
nonzero initial conditions for the prebunched FEL
schemes, we assume as in Ref. 13 that

H» =jcoepE„+J„,
az

(4a)
J~p, U~p/0 . (8)

H =j(oepE, +J, .
X

(4b)

The first-order current and density components, J„J„,
and p„respectively, are related to the zero- and first-
order axial velocity components, V, and v„respectively,
as follows: k2~s2

BX
E („P) 2sE„,=—j~ppJ (P), (9a)

Using the free-sPace relation, jk, E„p=j rUPpH p, and Per-
forming some algebraic operations, Eqs. (7a)—(7h) are fur-
ther developed to the approximated form

'2

Pov, +P, V, ,

J„—=p, Vw cos(kwz),

(Sa)

(Sb) J. —=—,'Vw„pi(0) &
=(-1) (9b)

a- a-=
Jx + J2 J~p& ~

Bx 3z
(sc) =( —1)

p&
s —'kJ 8 J( &)+ 1

2 ~ 20 ~

JCO
(9c)

The wiggling velocity in the x direction is Vw cos(kwz).
X

Its amplitude is given by V~ =a~/y where the wiggler
x

parameter is a~=eB~ /mck~, and y, =y/(1+a~)'
V

The first-order axial velocity u, is found by the z com-
ponent of the first-order Lorentz equation, given in the
form

—e
jcoU, + V, U, = [E,+ppVw H cos(kwz)] .

Bz yy

J(—1)
2

1

1 ~~( —1)
y( —1)E (0)

X

JcoP0 V v p+
[J~+(s jkw) V.l'—

V,J,o+ .j(U+(s —jkw) V,
(9d)

A self-consistent set of algebraic equations is obtained by
Laplace transform, performed on the z dimension, name-

The longitudinal e-beam susceptibility term is defined
here as
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epo(x) 1

y y,'m V'eo [J~/V {x)+s j—kw]

Note that two different shears are included simultaneous-

ly in the susceptibility terin g, (x); one is the velocity
shear V, (x) and the other is the density shear po(x}.

Equations (9a)—(9d) result in an ordinary differential
equation of the second order,

d2 E' '+ —(s +k )+' E' 'JK

kVw
=E„o+j

4U c E'p8p

PoVw,
Uzo+

4s

jco/V, 1 + J,o, (11)
jco/V+s —jk~ 1+y', " 1+y'

where the FEL coupling parameter is defined as

kVw, k awK-
8P,

(12)

d2 E„''(x)+ (k +s—)+jvD(x) E„''(x)
2s dx

=E„o(x)+j(D(x)J;„. (13)

The dispersion coefficient D is defined here as

(
—1)

(
—])

Xz

the prebunched coefficient is

kVw,

4~pc V, 02

(14a)

(14b)

and 8 =[epo(x)/(yy, m V'eo)]' is the space-charge pa-
rameter. ' Equation (11) is rewritten in the simplified
form

I

spectrum is truncated, taking into account the limited
FEL detuning range [which is approximated by
'8(k„}-m in the low-gain regime, and by
b8(k„)-3Q' in the high-gain regime, where
Q=a8 L~ is the gain parameter' ]. Equation (15) is
written then in the matrix form'

E,„,=(E+j~D)' "(E;„+jgD J;„) . (16)

The vectors E,„„E;„,and J;„contain the components of
the s-dependent output field E„(nko„,s), the input field

E„o(nko„,z =0), and the input current J;„(nko„,z =0),
respectively. The free-space propagation matrix I( is a
diagonal matrix that consists of the elements
[k +s (nk—o„) ]/2s. The matrix D contains the disper-
sion components 8(nko„) in a form that the vector
results of D Ez describes the discretized convolution
D(nko, ) eZ„(nko„), as described in Ref. 18.

Equation (16) can be regarded as the matrix transfer
function for the prebunched FEL. It describes the
output-input relations of the linear interaction in the
transformed (co, s, k, ) space. The radiation pattern in the

and the effective prebunched current is

s
(14c)

—(k +s —k„)E„(k„)+jKD(k„)eE„(k„)
2$

Equation (13) is solved now by a Fourier transform on
the x variable,

E„(k„)=9'(E„(x)}=f E„(x)exp( jk„x)dx . —
X

This leads to the algebraic equations
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=E„o(k„)+j(D(k, ) eJ;„(k„), (15)

where the e notation denotes the convolution operation
in the k space. The physical meaning of the convolution
in this context is the coupling between the vacuum modes
(the plane waves) due to the FEL interaction. Equation
(15) is solved by discretizing the k„dimension. The wave
number k is replaced by nko where ko is the wave-
number resolution. This discretization can be related to
the physical transverse dimension of the system, the
wiggler gap a for instance, by ko =2~/a. The angular

FIG. 4. A figurative description of the matrix gain-dispersion
equation {16). The em wave profile and the e-beam profile are
presented by their transverse Fourier spectrum. Each com-

ponent of the em angular spectrum of plane waves interacts
with all the others due to the mode coupling caused by the finite
transverse e-beam profile. An inverse Laplace transform is per-
formed on each output line to obtain the output angular spec-
trum components, and the radiation pattern in the far field. The
output em wave profile is obtained by an inverse Fourier trans-
form.
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far field is obtained from Eq. (16) by performing the in-
verse Laplace transform on the vector E,„,. This results
in the angular spectrum of plane waves E„(k,z =L~) in
the exit plane. The relative angular radiation pattern in
the far field, ~E„(a)i, is given immediately by the substi-
tution ~iE„(k =kosina)i. The em wave profile at the
FEL exit, E„(x,z =I.ii, ), is obtained by an inverse
Fourier transform on E„(k„). A figurative description of
the FEL transfer function and the numerical procedure
to solve it are shown in Fig. 4. Equation (16) is a 2D ex-
pansion of the scalar gain-dispersion equation for the pre-
bunched FEL (Ref. 13) in the form of the matrix 3D

equation given in Ref. 18 for the ordinary (nonpre-
bunched) FEL. Numerical solutions of Eq. (16) are
presented in the next section.

IV. NUMERICAL EXAMPLES
FOR ANGULAR STEERING

The 2D gain-dispersion equation (16) was solved to
demonstrate features of the FEL angular steering in the
broadside and the end-fire schemes.

The results for the broadside steering schemes are
shown in Figs. 5(a) and 5(b). The FEL parameters in this

Angular Steering by Bunch Stretching
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FIG. 5. Angular steering in a "bunch stretching" broadside scheme. The prebunched FEL parameters are A, =O. 5 mn, A, ~ = 5 mrn,
L~ =0.3 m, a~ =0.3, and 0 =0.3. For y =2.51 the FEL is optimally synchronized and the em beam is emitted on axis. Increasing
the input prebunched e-beam energy leads to a larger off-axis angle a. The left column shows the relative amplitude in dimensionless
units for comparison between the various cases, and the corresponding phase profiles, as functions of x (in millimeters). The right
column shows the corresponding radiation patterns as functions of a (in degrees). (b) Angular steering by shortening the wiggler
period A, ~ in a broadside scheme. The parameters, and the axis units, are the same as in (a) for comparison. Shortening A, ~ leads to
off-axis radiation.
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example are A, =O. 5 mm, A, ~= 5 mm, L ~ =0.3 m,
a ~ =0.3, and 0 =0.3. The wiggler period corresponds
to the miniature wiggler devices, presented in Refs. 19
and 20. Profiles of the relative output amplitude and
phase (truncated to +Ir) and of the radiation pattern are
shown for comparison. In the conventional case of op-
timal synchronism (y=2. 51) the radiation pattern is
confined to the FEL axis. By a small increase of the pre-
bunched e-beam energy at the entrance to the radiator
(y =2.56) the 2D radiation pattern is split to two symtne-
trical lobes with a=—+6'. In a 3D symmetrical case this
effect would yield a conical radiation pattern. Further in-
crease of the energy of the prebunched e beam (y =2.64)
leads to a greater off-axis angle, a-=+8'. Similar results
are obtained for shortening A, II, in the radiator section (in-

stead of accelerating the bunched e beam) as shown in
Fig. 5(b). The effect of making the wiggler period in the
previous example shorter to A, ~ =4 mm is an off-axis an-

gle of a —=+6.
Figure 6 shows an example for the high-gain FEL

steering in the end-fire scheme. The angular steering is
obtained in this case by a linear velocity shear. The FEL
parameters in this example are A, =1 mm, k~=2 crn,
L~=1 m, a~=06, y=3 8, and 0 =6. The right
column in Fig. 6 shows the effect of the velocity detuning
shear on the output amplitude and phase (truncated to
+m. ), and on the radiation pattern. The detuning shear in
this case, 50=40 over the entire e-beam cross section,
corresponds to a velocity difference, hV, /V„of about
0.6% across the e beam. As a result, the radiation lobe is

V. LIMITATIONS AND APPLICATIONS
OF THE FEL ANGULAR STEERING

The principle limitations of the FEL angular steering
can be derived by simple considerations. In the broadside
schemes the steering limits are consequences of the
modified parameter. The "bunch stretching" method
[Fig. 3, row (b)] is limited by the amount of velocity
which can be added to the prebunched e beam, since
V, & c. This leads directly to the limit

a & (2A. /A, )' (17a)

For the conventional FEL this results in a —1/y, the
known angular width of the FEL spontaneous emission.
This seems to be a narrow steering range for a typical
FEL. However, FEL's that employ miniature

deviated to +4' off axis. The case of a uniform e-beam
velocity is shown for the sake of comparison in the left
column of Fig. 6. The amplitude profile is higher and
wider here because the entire e-beam cross section parti-
cipates in the interaction. Consequently, the radiation
pattern is narrower and higher than in the right column.
These differences could be much smaller if the e-beam
width were optimized to the maximum steering limit in
this case. The effect of the velocity shear is similar in this
aspect to the effect of the velocity spread in a warm e
beam. However, the "spread" in this case is ordered and
it can be compensated in some cases by an appropriate
density shear as was proposed by Fruchtman.
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wigglers, ' ' and are operating in the millimeter and sub-

millimeter ranges, may enable a considerable angular
steering range. In the example shown in Fig. 5 (k~=5
mm and A. =0.5 mm) the steering range is within +20'.
In a case that the ratio k/A, ~ is closer to 1 the steering
sector becomes much larger. A similar result is accepted
for the other broadside method of shortening the wiggler
period [Fig. 3, row (c)]. Defining s as the ratio between
the optimal wiggler period (a=O) and the shortened
period, the o6'-axis steering angle becomes

a —= [2(s —I )A, /A, ~]'~ (17b)

For one octave tuning, s =2, one gets the same results as
in Eq. (17a).

The limit of the angular steering of the end-fire steering
in the high-gain regime can be evaluated by the FEL de-

tuning acceptance 58- 3Q ' . ' This leads to a heuristic
approximation

XQ
'"

+max 4ab
(18)

where ab is the e-beam width, and k ((ab. For Q =1000,
A, =0. 1 mm, and ab =2 mm the steering range results in

approximately +7 .
The limitations of the angular steering methods

presented in this section are applicable for the linear re-

gime. The evaluation of the FEL eSciency, and the an-

gular steering performances in the saturated regime
should be studied by nonlinear models.

The numerical examples shown in Figs. 5 and 6, and
the theoretical limits [(17), (18)] show that in the millime-

ter and the submillimeter range one may expect a consid-
erable angular steering range for FEL's operating in the
linear regime. The widest steering range is accepted for
the broadside scheme, using a microwiggler. ' ' Howev-
er, the end-fire scheme produces non-negligible off-axis
steering angles. These results may lead to a variety of ap-
plications for the angularly steered FEL.

One possible application for the angularly steered FEL
is as a power divider. The radiation produced by the FEL
can be switched by the angular steering mechanism
among various consumers, separated angularly in space.
Another application can be for the cavity dumping in a
FEL oscillator. The radiation is built up on axis (a=0).
Then it can be extracted from the cavity by operating the
angular steering, as an angular Q switch The. se applica-
tions do not require large steering angles, hence the end-
fire scheme can be considered. Finally, the angularly
directed FEL can be considered as a hybrid FEL-antenna
device. This hybrid device can be useful in a system
which requires both functions —production of em waves,
and radiating them in a variable direction to the free
space. This application may require a relatively wide
range of angular steering, which can be satisfied by the
broadside schemes.
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