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Some new corrections to the hydrogen Lamb shift from multiphoton exchange graphs have been
calculated and found to be 1 kHz. Radiative corrections to the proton line have also been con-
sidered for diagrams containing two exchanged Coulomb interactions and have been found to be of
the order of Z2a(Za)’m*/M? and therefore negligible.

During the past few years recoil corrections to the
Lamb shift of hydrogen reduced the theoretical value to
1057.866 MHz. Corrections presented arose from several
sources. !

(i) Terms of order a(Za)’m?/M originating from
lowest-order electron-radiative corrections with two pho-
tons exchanged to the proton. These are called radiative
recoil terms.

(ii) Terms of order (Za)*m?/M (nonradiative recoil)
which arise from double- and triple-Coulomb interac-
tions, single-transverse interactions, and ‘‘seagull” in-
teractions.

It was mentioned that additional terms could be
significant to the accuracy required. The present Brief
Report provides the results of a calculation of double-
transverse-single-Coulomb terms, discussion of in-
significant radiative effects on the proton line, and some
comments on diagrams which must still be evaluated.
The current comparison of theory and experiment is
briefly reviewed.

The order 1/M Lamb shift contributions can be con-
tained in the set of diagrams shown in Fig. 1. The “dot”
on the proton propagator signifies the removal of the
positive-energy proton pole contribution. This subtrac-
tion is necessary since such terms are already contained
in lower-order calculations involving only the seagull
graph. When the diagrams of Fig. 1 are combined to ob-
tain a recoil contribution, it is found that the important
terms reside only in Figs. 1(c) and 1(f), that is, those
graphs in which the Coulomb interaction on the electron
side occurs between the transverse photons. The result-
ing proton expression simplifies to
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where g, is the Coulomb line four-momentum. To con-
struct the entire graph, electron, photon, and Coulomb
propagators are needed and the electron line Dirac alge-
bra must be simplified. For evaluation it suffices to use
zero three-momentum on the external lines. Consequent-
ly, the energy shift occurs in S states and is proportional
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to the product of the square of the coordinate-space wave
function and the two-loop Feynman graphs discussed ear-
lier.

We have done the two-loop integral numerically. The
6 function above reduces the integral to seven dimensions
and further reduction to six is accomplished by doing a
contour integration using Cauchy’s theorem. The residu-
al six-dimensional integral is actually only three dimen-
sional, involving an angle 6 between three momenta p,
and p,, as well as integration on |p,| and |p,|. The in-
tegration is carried out using the Monte Carlo integration
program VEGAS. This results in a correction

[(2.4+0.003) /7 )(m*/M)[(Za)®/n*],

which, for n=2 states of hydrogen, produces an addition-
al Lamb shift of 1 kHz. Inclusion of this term changes
the Lamb shift to 1057.867 MHz.

Bhatt and Grotch calculated radiative recoil when the
radiative corrections were on the electron line.? Are
there any corresponding corrections with radiative effects
on the proton line? The lowest-order terms of impor-
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FIG. 1. Recoil  contributions due to  double-
transverse—single-Coulomb exchange. The dot on proton prop-
agators signifies the removal of the positive-energy proton pole
contribution. The right-hand line is the proton line.
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FIG. 2. Lowest-order radiative effects on the proton line.
The right-hand line is the proton line.

tance can be depicted in Fig. 2, which contains vertex
corrections described by appropriate form factors. A
first-principles calculation of this diagram is not possible
since it involves unknown strong interactions. Neverthe-
less, the effect of this graph has been previously con-
sidered, and is known to produce a finite proton exten-
sion and consequently to alter the Coulomb interaction at
shorter distances. This perturbation results in a proton
radius correction of 145 kHz for r,=0.862 fm.

In this Brief Report, we also report on the result of the
investigation of additional radiative corrections to the
proton line and their contribution to the Lamb shift. In
particular, we studied radiative corrections to the two
Coulomb exchange diagrams (ladder and crossed), as in
Fig. 3. Any contributions smaller than 1 kHz are con-
sidered negligible. For example, any corrections of the
order of Z3a(Za)’m?3/M? are extremely small and can
be neglected.

To carry out this analysis, it is convenient to treat the
radiative photon in the Coulomb gauge. The conclusions
are, however, gauge independent. It will be seen that the
contribution of each of the diagrams is of order
Z’a(Za)’m?*/M?. To see this we first examine the exter-
nal self-energy diagrams [Figs. 3(a) and 3(b)]. It is easily
established that these do not contribute, since in this ap-
proach® the heavy particle (in this case a proton) is on its
positive-energy mass shell. Consequently, after mass re-
normalization there is no contribution since the external
self-energy is exactly canceled by the mass counterterm.

In the remaining diagrams it is convenient, for the pur-
pose of this analysis, to decompose each of the proton
propagators into a positive- and negative-energy part, i.e.,

At (p)
po—E (p)tie

A (p)
potE(p)—ie

Thus, for each of the above diagrams, the three proton
propagators result in eight terms (2X2X2). This decom-
position has the advantage that we can focus our atten-
tion on the terms containing only the positive-energy pro-
|
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FIG. 3. Higher-order radiative effects on the proton line.
The cross signifies the mass counterterm subtraction.
“Crossed” describes the other possible time ordering of the ex-
changed Coulombs. The right-hand line is the proton line.

jection operators since the negative-energy projection
operators, for small proton momentum, go as p2/M?>.
Thus, the expectation value of an operator between two
Coulomb states in which one of the factors is the
negative-energy projection operator is already decreased
by a factor of (m /M)? relative to the expectation value
without the presence of the negative-energy projection
operator.

With the foregoing in mind, the vertex diagrams Figs.
3(c) and 3(d) can be shown to be of order
Z*a(Za)(m3/M?). This is shown explicitly by first sub-
tracting the positive-energy poles of the propagator
which are shown by a dot on some of the propagators in
Fig. 3. These indicate that this contribution is to be re-
moved since it has already been included in the one-
Coulomb vertex calculation. When this is done, a poten-
tially large, residual, nonrecoil term is found to be negli-
gible as a result of the renormalization constraint that re-
quires E(p)Aﬁ(p,p)u (p)=0.

The treatments of the internal self-energy and the
spanning diagrams [Figs. 3(e) and 3(f), respectively] are
similar, and our discussion will be applicable to both. We
first discuss the internal self-energy since it is the simpler
of the two and then point out how it differs from the cal-
culation of the spanning diagram.

In the contribution of the internal self-energy diagram,
the structure in the numerator precludes this diagram
from contributing terms larger than Z2a(Za)(m /M)*m.
This can be seen from the factor

Y*AT(p—Kk)y,
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For the first term, there is no contribution since the radi-
ative photon (being in the Coulomb gauge) cannot con-
tribute to the k integration (k being the photon momen-
tum) and there is only one factor remaining which de-
pends on k,. Thus, the contour of integration in the k|
plane can be chosen to exclude the k, pole. The second
term of Eq. (2) (that is, the transverse part) can be re-
duced to the form

_ b _L_
% 2A " (p —k)+ Elp—k) 3)

Again, the negative-energy projection operator, as well as
the second term in (3), will lead, at most, to a quadratic
recoil correction. As it stands, the second term of (3) is
of order m /M but another factor of this order comes
about because of the “odd” nature of the a operators
which couple large to small components of the wave
function, the latter of which are of relative order m /M
with respect to the upper components. If one had con-
sidered, in place of (2), the contribution arising from

Y*A" (p =Ky,

—a
the transverse terms here lead to a positive-energy projec-
tion operator when the v, is commuted through the neg-
ative projection operator. However, it is found through
explicit calculation, after performing the k, and the p,
integrations (where p is the loop momentum) that the
negative-energy poles depress the integral by a factor of
1/M?,

The same discussion applies directly to the spanning
diagram. The only difference is that now there are three
projection operators sandwiched between the gamma ma-
trices. However, it is readily seen that argument goes
through unchanged. This discussion is the same for both
the ladder and the crossed diagrams. Thus, all of the
above contributions are of order Z%a(Za)(m /M)*m

Radiative corrections on the proton side already con-
tribute 145 kHz to the Lamb shift but these are entirely
due to the single-Coulomb exchange modified by a proton
form factor which originates from strong-interaction
effects. Thus, the proton size correction is, in fact, a radi-

) (4)
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ative effect produced primarily by mesonic effects. It is
logical to determine whether the strong-interaction
effects can also correct the two-Coulomb interaction
significantly and thereby contribute to the Lamb shift.
To investigate this, the radiative photon in our previous
considerations may be replaced by a pseudoscalar particle
(i.e., a pion). On the external lines there is no contribu-
tion as the mass counter terms again cancel the external
self-energy contribution. For the vertex, any contribu-
tion would be a small correction to the recoil effect of or-
der (Za)*m?/M. That is, this correction would be multi-
plied by a factor of the ratio of the proton radius to the
Bohr radius. Since the y,’s in Eq. (2) are now replaced
by ¥”’s, an equation similar to that of Eq. (3) is obtained
without the second term. Thus, the analysis is similar to
that of the transverse photon in the above [without the
presence of the second term in Eq. (3)]. In this case, it is
found for both the internal electron self-energy and the
spanning diagram that the contribution is less than
2a(Za)(m/M)Pm

It must be pointed out that if any of these additional
corrections were not negligible, we would be at a loss as
to how to evaluate them. For one thing, we really cannot
calculate strong-interaction contributions with any
confidence, but more important, we cannot extract and
isolate these terms since their presence certainly shows
up in some manner in the measured proton radius.

We have now calculated a further mass correction to
the Lamb shift and obtained the result 1057.867 MHz as
quoted earlier. This number is based on the proton ra-
dius of Ref. 4. If an older value’ is used this will be re-
duced by 18 kHz and produce a result closer to the exper-
imental values 1057.845(9) (Ref. 6) and 1057.851(2)
MHz.” Unfortunately, we cannot yet draw any definitive
conclusions since there are still possible Lamb shift con-
tributions which are significant. Specifically, it is still
necessary to evaluate the rather complicated two-loop
nonrecoil binding corrections of order ma*(Za)’.?
Research on this problem is currently being carried out.
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