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The codimension-two bifurcation set of single-mode optical bistable systems is investigated. The
entire set is classified into three classes, a cusp bifurcation set, a degenerate Hopf bifurcation set,
and the intersection of a Hopf bifurcation and a saddle-node bifurcation. Based on the specification
of degenerate Hopf bifurcation, super- and subcritical Hopf bifurcations can be identified. It is
found that, in the subcritical Hopf bifurcation region, an attractor of time-dependent motion may
coexist with the stable stationary solution when the cavity is filled by a passive medium. Moreover,
the coexistence of three attractors is observed for certain parameter combinations.

I. INTRODUCTION

In the past several decades, a large number of publica-
tions have focused on the study of instabilities of lasers
and optical bistable systems. Many of them considered
the critical condition for the onset of various instabilities.
Codimension-one bifurcations, especially the Hopf-
bifurcation instability, have been extensively investigat-
ed.!”3 Recently, there appears a considerable interest in
the study of multicodimension bifurcations,?* ™2 since it
is realized that in the close vicinity of a multicodimension
bifurcation set there might appear a rich variety of
characteristic behaviors including complicated chaotic
motions.?” "% Nevertheless, a systematic study in mul-
ticodimension bifurcations in an optical bistable systems
is still lacking.

The aim of the present publication is to investigate the
conditions for codimension-two bifurcations of a single-
mode optical bistable system (SMOB). In the remainder
of this section, we will present our model. For the sake
of clarity, some known results closely related to this
problem will be briefly described. In Sec. II the possible
types and the conditions for the onset of codimension-
two bifurcations of our system will be studied in detail.
In Sec. IIT a detailed calculation to distinguish between
sub- and supercritical Hopf bifurcations is carried out
that, for the first time, reveals the coexistence of the
stable stationary solution and a time-dependent solution,
and the coexistence of three attractors in a SMOB sys-
tem.

The model used is an optical unidirectional cavity filled
with a medium, consisting of homogeneously broadened
two-level atoms, and driven by an external coherent field.
In the presentation we consider only the single-mode
case, and apply the plane-wave approximation. Taking
the mean-field limit,'> we reduce the Maxwell-Bloch
equations to

dx /dt=—k[(1+i0)x—y+2Cp],
dp/dt=xD—(1+iA)p ,
dD/dt=—y[(x*p+xp*)/2+D—0o],

where x,p are the complex output field and the atomic
polarization, respectively. D is the normalized real popu-
lation difference. o is set to 1 for a passive medium and
to —1 for an active one. [In this paper we focus on opti-
cal bistability (OB), thus o=1.] Equations (1.1) are
essentially five dimensional. The parameter C is the bi-
stability parameter. y and k are the longitudinal decay
rate and the cavity linewidth, respectively, scaled by the
transverse relaxation rate y,. The frequencies of the
external field, the cavity, and the atoms are denoted by
g, ®., and w,, respectively. The two detuning parame-
ters are defined as

ez(wc“wo)/(k'}’l); A:(wa _'(00)/')/1 .

The normalized amplitude of the external field y is as-
sumed to be real and positive.

The stationary solution of (1.1) can be worked out ex-
plicitly. It reads

y=Ix,[{[1+2Co /(1+A%+[x,[})]?

+[0—2CAG /(1+ A2+ [x, [P},

(1.2)
D, =(1+A%0 /(1+A*+(x[?),

p.=(1—iAx o /(1+A*+|x, ),

The standard way to study the bifurcation set of (1.1) is
to linearize (1.1) about the solution (1.2), and then to in-
vestigate the changes in the sign of the real part of the ei-
genvalues of the linearized equations. About (1.2) the
linearized version of Egs. (1.1) is given by
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ddx /dt 8x —k(1+i6) 0

ddx* /dt Sx * 0 —k(1—i6)

ddpsdt |=(L)| 6p |= D 0

dép* /dt &p* 0 D

déD /dt 8D —rpt/2 —rp, /2
where

&x=x—x,, 6p=p—p,, 8D=D—D, .

Equation (1.3) gives rise to the characteristic equation

AM+a M +a P +asd+ah+as=0, (1.4)
with

a,=2k+2+y,

a,=k2(1+6°)+Q2y+1+A%+yX?)
+2k(y+2)+4CDk ,

a;=y(1+ A2+ XH)+2k(2y +1+A%+yX?)
+k2(1+6*)(2+y)+4CDk(y +k+1)
—2CkyX*/(1+A2+X?),

(1.5)

a,=2ky(1+A2+X2)+k(1+6H)2y +1+A2+yX?)
+2CDk[2k(1—6A)+2y(k+1)+7yX?]
—2Cky X AA+6Kk)+(k+1]/(1+A%+X?)
+4C*D%k?
as=k>y{4C?D[D—X*/(1+ A+ X?)]
+(1+61)(1+A%2+XH)+4CD(1—6A)} ,

where we simply use X and D instead of ]xsl and D, re-
spectively. All the coefficients in (1.5) are expressed in
terms of the external control parameters C, v, k, A, 6,
and X. (Here and in the following, we use X instead of y
as an external control parameter.)

There are two kinds of codimension-one bifurcations.
First, class A, a real eigenvalue of (1.4), which is the larg-
est compared with the real part of all the other eigenval-
ues, changes its sign from negative to positive. The
necessary condition for the bifurcation of class 4 (i.e.,
saddle-node bifurcation in our case) is

as=0. (1.6)

Second, class B, a pair of complex conjugate eigenvalues,
which have the largest real part, cross the imaginary axis,
and their real parts become positive. Accordingly the
necessary condition for the bifurcation of class B, i.e.,
Hopf bifurcation, reads

f=laja,—ayNaza,—a,as)—(a,a,—as)*=0. (1.7)
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—2Ck 0 0 ox
0 —2Ck 0 ox *
—(1+iA) 0 x ||&p |, (1.3)
0 —(1—iA) x, ||6p*
—-rx*/2  —rx,/2 —r||&D

It is obvious that neither (1.6) nor (1.7) is the sufficient
condition for the corresponding bifurcations. However,
if we start from a stable region, the necessary and
sufficient condition for the bifurcation of class A is the
first transversal crossing of the hypersurface (1.6), while
for class B, it is the hypersurface (1.7). By the first cross-
ing we mean that no other surface (1.6) or no other sur-
face (1.7), respectively, has been crossed before the given
surface is crossed. Henceforth, we call the subset of (1.6),
which can be first crossed by starting from a stable re-
gion, surface A4, and the subset of (1.7) surface B. There-
fore, surface A is the instability boundary of saddle-node
bifurcation, and surface B is that of Hopf bifurcation (for
details, see Ref. 20).

II. CODIMENSION-TWO BIFURCATIONS

We will classify codimension-two bifurcations of
SMOB into the following four types.

A. Type I (cusp-catastrophe bifurcation)

The best understood codimension-two bifurcation in
OB is the cusp-catastrophe bifurcation in which two con-
trol parameters and one order parameter are involved.
The critical parameter condition for type-I bifurcation
reads

as=0, dlas)/d(X*)=0. Q.1

Of course, Egs. (2.1) can be regarded as the cusp bifurca-
tion set only if it is on surface A. (Afterwards, whenever
we discuss codimension-two bifurcation, it is implied that
the set involved must be either on surface A4 or B, or on
the intersections of both.)

At this bifurcation set, the complete unfolding of the
order-parameter equation takes the form

dz/dt=p,+pz+G,z*, (2.2)

where z is assumed to be the order parameter and p, and
py are small unfolding parameters. G, is a finite number.
The coefficients G, pg, i), and the order parameter z can
be explicitly calculated, according to the theory of the
slaving principle.’®3! Here, we do not intend to go fur-
ther.

B. Type II (degenerate Hopf bifurcation)

At the bifurcation set of class B, the unfolding of the
order-parameter equations can be written as?’
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dr/dt=pr+G;r’*+Gsr’+ -+,

(2.3)
do/dt=w+0(r?) ,
with
022(0104—05)/(0102—03) (24)

and p being a small unfolding parameter. The subset of
surface B satisfying the conditions® (we shall use G, to
denote G at the critical point where u=0)

f=0, G;=0 (2.5)

is just the so-called codimension-two degenerate Hopf bi-
furcation set. Based on (2.5), sub- and supercritical Hopf
bifurcations of SMOB can be distinguished. The condi-
tion for supercritical bifurcation reads®>2*

=0, G,<0, (2.6)
and that for subcritical is given by?%2*
£=0, G;>0. 2.7)

In free-running laser systems (FRL), there have been a
variety of publications analytically and numerically deal-
ing with the problem of sub- and supercritical Hopf bifur-
cations.?* 26 It has been found that, for the Lorenz equa-
tions, which can be deduced from a set of FRL equations
as its special case,! the stationary solution can undergo
only subcritical Hopf bifurcation.??> However, consider-
ing complex Lorenz equations which are just a revised
version of the FRL equations,** both sub- and supercriti-
cal bifurcations may be observed.>’ Nevertheless, up to
date, with the SMOB system the classification of sub- and
supercritical bifurcations has not yet been carried out.
This is an important task of the present paper. We leave
the calculation of the parameter G; and the consequent
classification of the super- and subcritical Hopf bifurca-
tions to Sec. III.

C. Type III (interaction of surfaces 4 and B)

Type-I and type-II bifurcations are the simplest
saddle-node bifurcation and the Hopf bifurcation with
higher-order degeneracy. The numbers of the order pa-
rameters do not differ from those of the corresponding
codimension-one bifurcations. Now we consider a sub-
stantially different situation.

Surfaces 4 and B may intersect each other. Moreover,
various sheets of one kind of surface may intersect each
other as well. For the intersection of 4 and B to occur
the conditions

as=0, f=0 (2.8)

must be fulfilled simultaneously. Equations (2.8) can be
satisfied by two possible ways which correspond to two
classes of bifurcations of type III.

1. TypelllA
Type III A is defined by

as=0, a,=0. (2.9)
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At an intersection of this kind, the frequency of the un-
stable mode is zero,

2

w*=(a,a,—as)/(aya;—a;y)=0, (2.10)

and then the mode on surface B is softened about the
III A set. Thus, we will call III A soft-mode intersection
of 4 and B. The eigenvalue equation (1.4) has the
double-zero eigenvalue degeneracy

and the standard linear matrix of the order-parameter
equations takes the form

01

0 0l" (2.11)

The time-dependent problem about the bifurcation set is
essentially two dimensional with two unfolding parame-
ters involved.

2. TypeIII B

Equation (2.8) can be again satisfied in the following
manner:

as=0, u=(a,a,—ay)ay;—ala,= (2.12)
At the bifurcation point we have simultaneously

A=0, Ay ,=%io
with

w*=a,a,/(a,a,—a;)#0 . (2.13)

Since curve B is defined by the first crossing of the bound-
ary (1.7) by the system starting from a stable region, then
this curve serves as the necessary and sufficient condition
for Hopf bifurcation. Thus »? must be nonnegative at B
(for the detailed discussion see Refs. 20 and 34). Point
I1I B will be called hard-mode intersection. The standard
linear matrix of the order-parameter equations reads

0 —w O
o 0 0 (2.14)
0O 0 O

In the vicinity of the bifurcation point, Egs. (1.1) can be
reduced to a set of three order-parameter equations with
two unfolding parameters.

In Fig. 1 we plot a bifurcation figure of SMOB in the
x-A plane by fixing C=500, kK =0.5, y =2, and 6= —14.
The dashed and solid curves correspond to Egs. (1.6) and
(1.7), respectively. Note that only those parts of the solid
(dashed) curve which fall outside the dashed (solid) curve
are called B ( A) curve in accordance with our definition.
It should be understood that the dashed (solid) part inside
the solid (dashed) curve is not the instability boundary of
class A (B). The areas surrounded by the dashed or solid
curves are unstable regions. At points I, I, and III B we
find codimension-two bifurcations of types I, 11, and III,
respectively. The dotted circle, defined by u =0, crosses
all intersections of 4 and B. Hence, it is clear that all in-
tersections belong to type-III B bifurcation. We have
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00 7.5 15.0 225 30.0
X

FIG. 1. C=500, y=2, k=0.5, and 6= —14. The dashed
and the solid curves are defined by Egs. (1.6) and (1.7), respec-
tively. However, only the dashed and the solid curves separat-
ing the stable region from the unstable region are defined as the
instability boundaries of classes 4 and B, respectively. The dot-
ted line, plotted according to u =0, crosses all the intersections
of A and B. Then III B bifurcation is verified at each intersec-
tion. At points I, I, and III B, codimension-two bifurcations of
types I, I1, and III B take place, respectively.

varied C, k, 7, and 6 in a wide region, and no bifurcation
of type III A has been found. It leads us to the sugges-
tion that in SMOB hard-mode intersection prevails.

Both curves A4, B, and their intersections can be varied
by changing the remaining fixed parameters. By decreas-
ing any one of C, y, and k, circle B can be made to con-
tract and eventually disappear. Thus, only type I
codimension-two bifurcation can survive as k—0, or
¥ —0, and none of the bifurcations, including those of
codimension-one or two, remains for small enough C. In
Fig. 2 we fix C=75, k=0.5, y=2, and 6= —8. In com-
parison with Fig. 1, the reduction of the unstable regions
A and B is apparent. Note that in Fig. 2 the number of
the intersections of 4 and B is only two rather than four
(see Fig. 1). Surface A is not altered by increasing k,
while surface B is sensitive to the change of k. The latter
can be first enlarged and then pushed up as we increase k.
Therefore, circle B as well as all the codimension-two bi-
furcations other than type I will eventually disappear
from the scope of Fig. 1 as k — oo.

D. Type IV (intersection of two B sheets)

Surface B may contain various sheets. Different sheets
might intersect each other, leading to multicodimension
bifurcations. Since Egs. (1.1) are five dimensional, one
can expect only intersections of two B sheets. At the bi-
furcation set of type IV, we have

AM=tiw,, Ays~tio,. (2.15)

In order for Egs. (2.15) to be fulfilled, the two algebraic
equations
o*—a,0*+a,=0, (2.16a)

a,0*—a;0*+as=0 (2.16b)
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must have two pairs of real common solutions *w,, T,
that require

aya,—a;=f=0,
or equivalently,
(2.17a)
(2.17b)

aa,—ay;=0,
a,a,—as;=0.

It is interesting to point out that in case of SMOB, we
always have

a,a,—a;>0 (2.18)

[cf. (1.5)], and no codimension-two bifurcation of type IV
can be observed. Thus, the entire codimension-two bifur-
cation set of SMOB can be specified according to three
classes, types I, II, and III B.

The investigation and the classification of
codimension-two bifurcations of types I-III B are rather
instructive. According to the understanding of the type-I
bifurcation set, we are able to demonstrate the coex-
istence of multistationary states which are crucial to a
bistable system. It is known that under certain parameter
conditions?®?° complicated motions including chaos may
appear in the vicinity of the type-III B bifurcation set.
Thus it might be possible to predict chaotic motion in
SMOB analytically by identifying the III B codimension-
two bifurcation set and by analyzing the corresponding
order-parameter equations with much lower dimensions.
We will deal with this matter in a forthcoming paper. In
the remainder of this paper, we will give a detailed
analysis of type-II bifurcation.

III. SUB- AND SUPERCRITICAL BIFURCATIONS
AND NEW ATTRACTORS IN SMOB SYSTEMS

In the following we shall follow a method of combining
the elimination procedures’®3! and the normal form
theory, as we did in Refs. 24 and 33. The elimination
procedures, i.e., below from (3.1) to (3.16), have been suc-
cessfully used in various problems in laser-related systems

3.5

2.0

0.0 2.5 5.0 7.5 10.0
X

FIG. 2. The same as in Fig. 1 with C and 6 replaced by
C =75, 6= —8. The unstable regions surrounded by 4 and B
are considerably reduced by decreasing C. The number of the
intersections of 4 and B is reduced from four to two.
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to reduce the dimension of the systems, i.e., self-pulsing
in multimode lasers,”> two-photon lasers,’* and lasers
with an injected signal.’® The calculation of G, based on
a general two-dimensional order-parameter equation has
been previously undertaken for two-photon lasers, lead-
ing to an analytical criterion for the discrimination of the
Hopf bifurcation nature.”* The power and efficiency of
this kind of approach have already been demonstrated.

First of all, let us define the order parameters and the
coefficient G;. Then sub- and supercritical bifurcations
in SMOB will be distinguished by searching for the level
curve G;=0.

At surface B, Eq. (1.4) has two pure imaginary solu-
tions [see Eq. (2.4)]

Ma=tio . (3.1)

The other three eigenvalues can be obtained from the
equation

A +a,A2+bA+by=0, (3.2)
where
b,=a,—(a,a,—as)/(a,a,—a3),
by=asla\a,—a3)/(a,a,—as) .
They are
Ay=h,+hy,, Ag=vih;+v,h,, As=v,h,+vh, (3.3)

with
v, =(—1£3i)/2,
hi,={—q/2%[(g/2)*+(p/3)’]'}}' 7,
q=—2a}/27—ab,/3+b;,
p=—al/3+b, .

Inserting A, ..., As into Egs. (1.3), we obtain the corre-

explid;)=[(x,{2CDk +(1—iA+A,)[k(1—i0)+A,1}) /(x*{2CDk +(1+iA)[k(1+i0)+A,]})] .

We fix the arbitrary factor by choosing a;; =exp(i¢;) in
order to keep the symmetry that a new variable z; corre-
sponding to a real eigenvalue is real and a pair of new
variables corresponding to the complex conjugate eigen-
values are complex conjugate.

In order to form the order-parameter equations, one
must also know the inverse of the matrix (a) satisfying

(B)a)=1I .

Then the new variables can be expressed in terms of the
old ones as
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sponding eigenvectors a;;, by which we can form new
variables z;. The new and the old variables are related
through

5
Syi': 2 (alj )Zj
j=

(3.4)

with
8y, =6x, &y,=6x*, by;=dp,
8y, =8p*, 8ys=6D .

Since it is assumed that A,, are the eigenvalues first
crossing the real axis, then z; and z, will be the order pa-
rameters. All the remaining variables z3, z,, and z5 cor-
respond to the fast damped modes and can be eliminated
adiabatically. However, the adiabatical elimination can
be correctly performed only after we have defined all the
order parameters and the fast modes. For this purpose
let us calculate all the eigenvectors of the linear equations
(1.3). a;; can be explicitly given by solving

ay; ay;
Ay ay;
(L) |asy; |=A; a3 | - (3.5)
Ay ay,
as; as;

The results are
a;;=explig;), a,;=exp(—ig¢;),

ay, =[—k(1+i0)—A, Jexpli¢;)/(2Ck) ,

ay, =[—k(1—i0)—A, Jexp(—id;)/(2Ck) , (3.6)
a;={D+[(1+iA)+A;)[k(1+i0)+A;]/(2Ck )}
Xexplig;)/x,, i=1,2,...,5.
The phase angles ¢; are defined as
J
(3.7
[
5
z;= 3 Bydy;,, i=12,...,5. (3.8)
j=1

There is no essential difficulty to calculate B;; from a;;.
However, the explicit formulas might frequently be com-
plicated since the matrix is five dimensional. Neverthe-
less, a compact explicit result of matrix (8) can be ob-
tained by calculating the left eigenvalue problem

Ai(Bi1BiaBi3BiaBis) = (Bi1BiBiBiaBis (L) ,

which gives rise to

(3.9
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Bii=exp(iy;), Bp=exp(—iy;),
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Bis=({—2Ckp} +x}[k(1+i0)+ A, 1} /[Dx* +pr(1+iA+A)]B;y

Biy=({ —2Ckp, +x,[k(1—i0)+A,1} /[D;x; +p,(1—iA+1)])B}, ,

(3.10)

Bis=({—4CkD, —2(1+iA+A)[k(1+i0)+A, 1} /[yDx*+ypr(1+iA+A) B ,
({2CkD, +(1—iA+A,)[k(1—i6)+ A, [} [y D,x* +yp*(1+iA+21,)])

eXPUY )= o kD, + (11 1A+ A k(1100 2,1} [7 Dox.+ 7p (=i +20])

Matrix (B) can be obtained by multiplying (') by nor-
malization constants

)
B =B/B:; B;= 3 Byay, i=12,...,5.

Jj=1

(3.11)

Now Egs. (1.1) can be reduced by taking the transforma-
tion (3.4) and (3.8) to a rather concise form

dz; /dt =1z, + B0 8D +B,5x *8D
—vB;s(8x*dp +6x 6p*)/2 .

Inserting (3.5) into the above equations, we finally arrive
at

5
dz;/dt=M\;z; + kE [Bjsaiasi +Baasas,
=1

—vBjslayay taay)/2]z,z, .
(3.12)

Equations (3.12) are equivalent to Egs. (1.1). However,
the linear part of the former has a normal form, i.e., a
form with no coupling of different variables in the linear
part. The order parameters z, and z, are therefore well
separated from the fast modes z3, z4, and z5 in the linear
regime. The elimination procedure’®3! can be directly
performed. Note that in the present case the fast modes
cannot be directly eliminated by setting dz, /dt=0,
i=3,4,5, because the order parameters have finite fre-
quencies. We assume?®*

_

z;=B(j)z} +B,(j)z;z,+ -+, j=3,45 (3.13)

where the ellipsis represents other terms. The derivatives
of z, over ¢ read

dz;/dt =2iwB | (j)zi+ -, j=3,4,5 (3.14)

where we have assumed that dz, , /dt = Tiwz, ,.** Then,
inserting (3.13) and (3.14) into (3.12) and comparing the
both sides of the latter for j =3,4,5, we have

Bll(J):all(J)/(—)\J+2lw) s

Bu()=—ap(j)/h;, j=3,4,5 (3.15)

an(f)zﬁjsanasn+Bj4‘121a51“1’[3j5(a11a41""0‘21‘151)/2 >
a,(j)=Bjlanas +a“a52)+Bj4(a22a51+a21a52)
—vBjslapay tajagtasaytazas)/2.
Inserting (3.15) into (3.12) for j =1 yields the explicit
order-parameter equation
dz,/dt=iwz,+a(1)z} +a,(1)z,z,
+a,,(Dz3z,+ -, (3.16)

where a,;(1) and a,,(1) are given in (3.15) by taking
j=1, and the third order coefficient a,;,(1) can be
specified by inserting (3.12) into (3.13) as

a (=Bl as;+a3a5)B,(3) +(aasta3as)8 ) (3) + (o as, +aas)B i, (4) +(aas, +ay,as,)B,,(4)

tlajasstasas))By(5)+(aasstasas;)By(5)]

+ Bl (ayas3 T ay305,)B5(3) +(apasy tayas; B (3)+(ayass +apas) ) B (4) +(ayas, +ayas)By (4)

t(ayass T aysas;)B5(5)+ (apasst+a,sas; 1By (5)]

—vBisil(ay s+ a304)B 15 (3) + (@ +a1300)B 1 (3)+ (@) @+ a404,)B 15 (4) + (@0 +a404,)B 1 (4)

tlayastay5a4,)B 1 (5)+(aas+aysay,)B 1 (5)]

+[(ay @33+ ay3a3,)B,(3) +(ayas;+ayas,)By (3)

H (a4t aa31) B 15(4) (@034 T ayas) By (4) +(ay 35+ ays03,)B 5 (5)

+(a22a35+a25a32)B“(5)]} .

(3.17)
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The calculation is straightforward. By explicitly writing
all the terms in a,(1) we want to show that they can,
actually, be explicitly given directly in terms of the con-
trol parameters. In Egs. (3.13) and (3.16), the other terms
are not explicitly given since they are irrelevant to the
discrimination of the nature of bifurcation, which is
determined by a quantity G,.>? (For the mathematical
detail we refer readers to Ref. 32 and the references listed
there.) G; for a general system of the form (3.16) is given
by32

Gi;=wRe[a,;;(1)]—Im[a; (1)a,(1)] . (3.18)

So far, the coefficient G; is given analytically in terms of
the control parameters C, k, ¥, 6, A, and X via Egs. (1.5),
(3.6), (3.10), (3.15), and (3.17). The order-parameter equa-
tions (2.3) are realized up to the third order.

On the surface B, f =0, the subset

G,=0

is just the codimension-two degenerate Hopf bifurcation
set. As G; <0, the surface B indicates supercritical Hopf
bifurcation, and then a small-amplitude oscillation can be
observed after the stationary solution is destabilized by
Hopf bifurcation. In the opposite case G; >0 Hopf bifur-
cation is subcritical as the surface B is crossed transver-
sally. Thus, the state may, moving far away from the ini-
tial steady state, approach other attractors, which may be
another branch of the stationary solution, or a new time-
dependent solution. In the former case, the state jumps
between the two branches of the stationary solution be-
fore the turning point is reached; in the latter case, a new
attractor of a time-dependent solution coexisting with the
stable stationary solution can be predicted. Both
discoveries are instructive in the SMOB systems.

In Ref. 12, Erneux and Mandel revealed two kinds of
instabilities in SMOB in the limit C— «. They found
that for a certain combination of parameters, the station-
ary solution is replaced by a periodic oscillation when the
upper branch is destabilized by Hopf bifurcation. How-
ever, the feature of the Hopf bifurcation in the lower
branch is rather different from that of the upper one.
The system jumps to the upper branch before the turning
point is reached whenever Hopf bifurcation takes place.
In Ref. 12 this anomalous jumping is specified as a new
kind of instability in SMOB. This kind of instability
must be a subcritical Hopf instability. When the lower
branch is destabilized by an infinitesimal change of the
control parameters, the state is repelled far away from
the lower branch, and falls into the basin of the attractor
of the upper branch. However as we shall show immedi-
ately, the attractor eventually reached by the system
when subcritical Hopf bifurcation occurs is not necessari-
ly another branch of the stationary solution. It may be
some new attractor.

In Fig. 1, at all the points II, type-II bifurcation arises.
On the segments P Hopf bifurcation is supercritical,
while it is subcritical on B.

The most interesting discovery, thanks to the
classification of sub- and supercritical bifurcations, can be
found in Figs. 3 and 4. In Figs. 3, we consider a parame-
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ter combination C=500, k=0.5, y=2, 6=—22, and
A=7.5 when only a single-valued stationary solution of
Egs. (1.1) exists. By evaluating functions f and G, it is
verified that at Y; in Fig. 3(a) subcritical bifurcation
arises. Hence, it is expected that as Y <Y;, when the
unique stationary solution is still stable, there must be a
new attractor coexisting with the stable steady solution.
The motion on the attractor must be time dependent
since no second stable stationary solution exists. In Fig.
3(a), we plot the maximal values of X as a function of the
external field. The curve passing L and U, represents the
steady solution which is stable on the solid line while un-
stable on the dashed one. The two bistability loops are
apparent. Between Y,, and Y, there is a coexistence of a
stable stationary solution with an oscillation. Increasing
Y from below, the stationary solution loses its stability
immediately after Y, is exceeded. Meanwhile, no charac-
teristic change is observed for the motion on the other at-
tractor at Y=Y, . In Figs. 3(b) and 3(c), we take Y =516,
which is obviously on the segment Y, Y;, and plot the
evolution of the absolute value of the output as a function
of time. In Fig. 3(b), the initial values are given in the vi-
cinity of the steady state; the trajectory approaches the
steady state as ¢ increases. On the contrary, in Fig. 3(c)
the initial values are given a distance away from the sta-
tionary solution; the motion soon turns to be a stable os-
cillation.

One more remarkable feature arising in Fig. 3(a) is the
coexistence of the two time-dependent motions. Yy, is
the upper boundary of the Hopf unstable region. At Y,
we have G; <0, then the Hopf bifurcation should be su-
percritical. Consequently, slightly below Y, one may
expect small-amplitude oscillation. We do find it indeed.
Between Y, and Y., we again find a coexistence of
time-dependent motion and the stable stationary solution.
Between Y, and Yy, the stationary solution is replaced
by a small-amplitude oscillation. Hence, a coexistence of
two attractors of time-dependent motions is identified.
After Y <Y,, the large-amplitude oscillation disappears
suddenly. Between Y; and Y, there is only a single at-
tractor of periodic motion. In Figs. 3(d) and 3(e), we take
Y=715. The phase figures are shown in the plane of
Re(x)-Im(x). In Fig. 3(d), the initial state is located in
the vicinity of the stationary solution, while in Fig. 3(e) it
is far from that. In the former case a small-amplitude
periodic trajectory (on the attractor MU,) is identified,
while in the latter we find a motion which apparently re-
sults from period-doubling bifurcation on the attractor
oUuU,.

In Fig. 4, we take parameter values as 6=—18, A=6
with C, k, and ¥ unchanged from Fig. 3. Then, the sta-
tionary solution is triple valued for certain value of Y [see
Fig. 4(a)]. The upper (lower) branch is destabilized by
super- (sub-) critical Hopf bifurcation at Y (Y, ) which
is shown in Fig. 4(a). Figure 4(a) is similar to Fig. 3(a).
Nevertheless, an interesting difference arises after chang-
ing the parameters 6 and A. Between Y,, and Y;, a
coexistence of three attractors, the stable stationary solu-
tion, a small-amplitude oscillation, and a large-amplitude
oscillation can be observed. Between Y,; and Y,, one
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again finds a coexistence of three attractors. On the seg-
ment Y,,Yy,, the coexistence of the stable stationary
solution of the upper branch, and two large-amplitude os-
cillations occurs. On the segment of Yy, Yy, we find a
coexistence of three attractors of time-dependent
motions. In Figs. 4(b), 4(c), and 4(d), we fix Y =600
which is right on Y,,Yy,. Starting far away from both
the upper and the lower branches initially, we occasional-
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ly find Fig. 4(b), which denotes a motion on the attractor
0,U,, or sometimes obtain Fig. 4(c) which is apparently
on O, U,. If the initial state is chosen in the region about
the upper branch we grasp a small-amplitude periodic
motion which results from the destabilization of the
upper branch via the supercritical Hopf bifurcation (on
MU)).

It is noticed that in Figs. 3(a) and 4(a), the curves look
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FIG. 3. (a) C=500, 6= —22, A=17.5, k=0.5, and y =2. The stationary solution is single valued. The x coordinate represents the
maximal value of X (the transcient process has been excluded). A new attractor on which a large amplitude oscillation occurs is ob-
served. Two bistability loops are apparent. (b) Y=516. The other parameters are the same as in (a). The initial state is near the
steady state. The system quickly relaxes to the steady state. (c) The parameters chosen are the same as in (b). The initial state is far
from the stationary solution. The system finally approaches a periodic motion. (d) The parameters are given in (a) with Y=715. The
initial values are provided in the vicinity of the steady state. The system ends up with a small-amplitude oscillation. (e) All parame-
ters are of the same values as in (d). The initial state is far away from the steady state. The system is finally attracted by a double-

periodic oscillation.
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600

FIG. 4. (a) The parameters and the meanings of the curves are the same as in Fig. 3(a) with 8 and A replaced by —18 and 6, re-
spectively. Tristability can be found in the regions Y,,Y; and Y,,Yy,. (b) The parameters are the same as in (a) with ¥ =600 where
tristability of oscillation occurs. For certain initial conditions the system approaches this large-amplitude oscillation which is on
O, U; in (a). (c) When the initial condition is changed from those of (b) the system may occasionally end up with a double-period os-
cillation which is on the attractor O, U, in (a). (d) When the initial condition is chosen very close to the steady state, the system final-

ly reaches a small-amplitude oscillation on the attractor MU, .

irregular after Y, [Fig. 3(a)] or Y,, [Fig. 4(a)]. The
motion on those parameter regions may be expected to be
complicated. In fact, we have indeed found apericdic
motion in these regions. However, we do not intend to
go further into this matter in the present paper.

We would like to emphasize that apart from what we
have shown in Figs. 3 and 4, there is still a variety of be-
haviors of the motion after the stationary state is destabi-
lized by Hopf bifurcation. In Fig. 1, for instance, if we fix
A=6.19, the entire Hopf unstable region falls into the
lower branch of the stationary solution. (This
phenomenon is seldom observed. There exists an island
of the Hopf unstable region while the segment of the
lower branch near the turning point remains stable. Even
in Fig. 1 this phenomenon can be found only for a very
small interval of A.) For the given parameters, both
Hopf bifurcations on the lower branch are supercritical.
After the stationary solution is destabilized by Hopf bi-
furcation, no jump to the upper branch occurs. Instead,
the stationary solution is replaced by a small-amplitude
periodic motion which can be seen in Fig. 5. [In Fig. 5,
the meaning of the curves is the same as in Figs. 3(a) and
4(a).] If we fix A=3.03, the bifurcation figure is com-
pletely different. Then, on both the upper and lower

branches the Hopf bifurcations are subcritical. A jump
to the upper stable stationary solution does happen as the
lower branch is destabilized by the Hopf bifurcation be-
fore reaching the turning point; it is just the kind of bi-
furcation explored in Ref. 12. Meanwhile, as the upper
branch is destabilized, a large-amplitude oscillation
bursts, replacing the unstable stationary solution of the
upper branch.

IV. CONCLUDING REMARKS

Let us end our presentation by offering the following
remarks.

(i) For the first time, we have detailed the conditions of
codimension-two bifurcations of SMOB modeled by Egs.
(1.1). We believe that codimension-two bifurcations are
the most important multicodimension bifurcations in
SMOB which really give physical effects. Based on the
understanding of type-III B bifurcation, one may expect
to analytically predict the onset of chaos, and on that of
type-1II bifurcation, new attractors may be explored in a
systematic way.

(ii) In Sec. III, we have indeed found several kinds of
new attractors which have never been reported for
SMOB. A time-dependent solution may be found in the
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FIG. 5. The maximal values of X are plotted against Y after
the system eventually reaches its asymptotic state. A=6.19.
All the other parameters are given in Fig. 1. Both bifurcations
at the two boundaries of the Hopf unstable region on the lower
branch are supercritical. A small-amplitude oscillation arises
immediately after the stationary solution is destabilized by Hopf
bifurcation.

parameter region where the stationary solution keeps its
stability. Moreover, the coexistence of three attractors is
a rather interesting discovery. In Figs. 3(a) and 4(a), we
demonstrate the existence of an attractor of large-
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amplitude oscillation. This new attractor can be ob-
served in a wide parameter region. It seems to us that the
complicated motion revealed for the SMOB system may
be related to the motion on this attractor.

(iii) The approach used in the present work can be
directly extended to laser systems with an active medium
by taking 0 = — 1 instead of ¢ =1. In the case of 0 = —1,
Y=0, and 6=A=0, we go back to the FRL system, or
equivalently, the standard Lorenz equations.

(iv) In Ref. 12 it was found that the Hopf bifurcation
instability in the lower branch will lead to the earlier
switching to the upper state. As these authors remark
their analysis cannot answer the question whether the bi-
furcation can lead to stable oscillation or not. Our
analysis, together with those in Refs. 17, 12, and 37,
shows that four outcomes of the low-branch instability
exist. Apart from the anomalous switching as studied in
Refs. 17 and 37, which is essentially a kind of global in-
stability and does not require the local instability, the in-
stability can also lead to a small-amplitude oscillation (su-
percritical case) as shown in Fig. 5, to a finite-amplitude
oscillation (in some cases of subcriticality), as shown in
Figs. 3(a) and 4(a), or to an earlier switching due to a
Hopf bifurcation instability (in other cases of subcriticali-
ty). Therefore a complete understanding of the low-
branch instability is reached.
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University, Beijing, China.
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