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We study slow, or reaction-limited, colloid aggregation (RLCA) with both static and dynamic
light scattering and develop a self-consistent interpretation of the results. Static light scattering is
used to determine the fractal dimension of the clusters and the cutoff mass of the power-law
cluster-mass distribution. Using this same cutoff cluster mass, we can predict the shape of the tem-
poral autocorrelation function measured by dynamic light scattering. Good agreement with experi-
ments is obtained provided the effects of rotational diffusion are included. In addition, we deter-
mine the ratio of the hydrodynamic radius to the radius of gyration of individual RLCA clusters
and find P= 1.0. A scaling method is used for the q-dependent first cumulants of the temporal auto-
correlation functions to obtain a single master curve for data obtained at different times in the ag-
gregation process. The shape of this master curve is very sensitive to several key features of the pro-
cess of reaction-limited colloid aggregation. It allows us to unambiguously determine the exponent
for the power-law cluster-mass distribution, ~=1.5+0.05. Furthermore, we show that the master
curves for three completely different colloids, gold, silica, and polystyrene, are indistinguishable. In
addition, the fractal dimensions of their RLCA clusters, as measured by static light scattering, are
all df =2.1+0.05, while the aggregation kinetics for each colloid are exponential. This demon-
strates that reaction-limited colloid aggregation is universal, independent of the detailed chemical
nature of the colloid system.

I. INTRODUCTION

Significant advances in our understanding of irreversi-
ble, kinetic colloid aggregation have been made in the
past several years. ' The structure of the colloidal ag-
gregates has been shown to be scale invariant, so that it
can be characterized as a fractal, allowing a more de-
tailed study of the process of aggregation and the rela-
tionship of the cluster structure to the aggregation kinet-
ics. Two limiting regimes of kinetics have been identified:
rapid, diffusion-limited (DLCA) and slow, reaction-
limited (RLCA) colloid aggregation. Each regime exhib-
its distinct behavior, characterized by the fractal dimen-
sion of the clusters, the shape of the cluster mass distribu-
tion, and the kinetics of aggregation. This behavior is
universal in that it is independent of the detailed nature
of the colloid, provided the essential physical interactions
are the same. ' Furthermore, these two classes of aggre-

gation are limiting regimes of the kinetics, both rapid and
slow, and intermediate regimes of aggregation can often
be described by a crossover behavior between the two
limits. This suggests that DLCA and RLCA may be
suf5cient to describe the full range of kinetic aggregation.

In this paper, we present the results of a detailed study
of the universal features of reaction-limited colloid aggre-
gation. Our emphasis is on static and dynamic light
scattering from the aggregating clusters, as these are par-
ticularly useful experimental probes of a colloid aggrega-
tion. Static light scattering probes the cluster structure,
providing a measure of the fractal dimension. Dynamic
light scattering probes the aggregation kinetics and is
sensitive to the cluster mass distribution and its evolution
in time as the aggregation proceeds.

Here, we show that the two types of scattering data
can be interpreted self-consistently to obtain information
about the structure of the colloidal aggregates and the
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shape of the cluster mass distribution. We also show that
all the dynamic light scattering data obtained while the
aggregation proceeds can be scaled onto a single master
curve. The shape of this curve is highly sensitive to
several features of the aggregation process: the structure
of the colloidal aggregates, including the anisotropy, and
the shape of the cluster-mass distribution. Thus compar-
ison of the master curves obtained from different colloids
provides a critical test of the universality of the aggrega-
tion process.

We study the reaction-limited aggregation of three
completely different colloids: gold, silica, and polys-
tyrene. Using static light scattering, we show that the ag-
gregates produced by each colloid have identical fractal
dimensions df =2. 1+0.05. We obtain scaled master
curves independently from the dynamic light scattering
data for each of the colloids, and show that they are in-
distinguishable. The theoretical calculation of the shape
of the master curves is shown to be in excellent agree-
ment with the data, and allows us to determine the ex-

ponent for the power-law cluster mass distribution as
v=1.5 for all three colloids. Finally, we also show that
the average cluster size for RLCA increases exponentially
with time for all three colloids. From the identical be-
havior exhibited by these three completely different col-
loids, we conclude that reaction-limited colloid aggrega-
tion is universal.

In this paper, we restrict our attention to the regime of
reaction-limited colloid aggregation. In this regime, the
aggregation rate is very slow, making it easily accessible
to light scattering experiments, and so fairly widely stud-
ied. In RLCA, the cluster-mass distribution has a
power-law dependence on mass M, up to a cutoff mass
M„N(M)-M 'exp( —M/M, ). This power-law shape
results in a subtle dependence of the dynamic light
scattering data on the scattering wave vector, which is
easily misinterpreted. This has lead to a range of report-
ed values of ~ in the literature. Thus, here we present a
complete discussion of the behavior of dynamic light
scattering and show that a correct treatment must in-
clude the proper evaluation of the consequences of the
power-law shape of the cluster-mass distribution as well
as the effects of the contribution of the rotational
diffusion. When this is properly done, we show that it is
possible to unambiguously determine the value of the
cluster-mass exponent ~.

The rest of the paper is organized as follows. We first
present a brief review of RLCA in Sec. II. In Sec. III, we
describe the experimental details of the preparation of the
colloids, their aggregation under reaction-limited condi-
tions and the light scattering measurements. We then
discuss in Sec. IV the results of both static and dynamic
light scattering performed concurrently on the same sam-
ple and present a self-consistent interpretation of the
data. In Sec. V, we discuss the calculation of the shape of
the scaled master curve for the first cumulants of the au-
tocorrelation functions measured with dynamic light
scattering. We illustrate the pitfalls in the interpretation
that can arise if the shape of the cluster-mass distribution
and the effects of rotational diffusion are not properly in-
cluded, and we discuss the correct interpretation. We

then present the experimental determination of the mas-
ter curve. In Sec. VI, we compare the experimentally
measured master curves for the three completely different
colloids and show that they are identical, demonstrating
the universality of the RLCA regime. Finally, in Sec. VII
we discuss other studies of RLCA, and resolve some
discrepancies with the results reported here. A short
conclusion closes the paper.

II. REACTION-LIMITED COLLOID
AGGREGATION

A key to the understanding of a11 colloid aggregation is
the behavior of the energy of interaction between two ap-
proaching particles. For charge stabilized colloids, this
can be understood within the Derjaguin-Landau-
Verwey-Overbeek (DLVO) model, but the essential
features are common to a much wider variety of colloids.
The key feature is the repulsive energy barrier between
two approaching colloidal particles. If the height of this
energy barrier Eb is suSciently large compared to k&T,
the particles will be unable to stick to one another when
their diffusive motion causes them to collide, and the col-
loid will be stable against aggregation. Aggregation can
occur only when the height of the barrier is reduced. If
Eb is reduced to much less than k~ T, every collision will

result in the particles sticking together, leading to very
rapid aggregation, limited only by the rate of diffusion-
induced collisions between the clusters. This regime is
therefore called diffusion-limited colloid aggregation. By
contrast, if Eb remains comparable to, or larger than,
k~ T, many collisions must occur before two particles can
stick to one another. In this case, the aggregation rate is
limited by the probability of overcoming the repulsive
barrier P-exp( Eb Ik~ T), l—eading to much slower ag-
gregation. This regime is therefore called reaction-
limited colloid aggregation. In each case, however, as
particles stick together to become clusters, the clusters
themselves continue to diffuse, collide, and aggregate.
Thus both regimes are examples of cluster-cluster aggre-
gation. Furthermore, in either case, the strength of the
resultant bonds are much larger than ks T, so the aggre-
gation is irreversible and the clusters formed are rigid.

The qualitative behavior of the reaction-limited regime
can be understood in simple terms. Since P && 1,
numerous contacts are required before two clusters stick
together, resulting a very slow rate of aggregation. As
the aggregation progresses, clusters with different masses
are formed, as first single particles and then clusters stick
to one another. However, since the sticking probability
of two clusters is proportional to both P and to the num-
ber of available bonding sites, clusters with larger mass,
and hence more potential bonding sites, grow faster than
the smaller ones. These growth kinetics always leave a
large number of small clusters behind, resulting in a high-
ly polydisperse cluster mass distribution. By the same to-
ken, while the initial aggregation rate is very slow be-
cause all the clusters are small, the rate increases as the
characteristic cluster size grows. In fact, the average
cluster size increases exponentially in time. The growth
kinetics as we11 as the cluster-mass distribution will in
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turn influence the structure of the clusters formed. Since
the sticking probability is very low, two approaching
clusters can, on a statistical basis, sample all possible mu-

tual configurations before they finally stick together.
Thus the smaller clusters in the polydisperse distribution
have a high probability of interpenetrating the large ones.
In addition, the polydispersity of the cluster-mass distri-
bution results in many collisions involving clusters of
very different masses. These two effects lead to less tenu-
ous clusters with a resultant increase in the fractal dimen-

sion by comparison to DLCA.
The process of reaction-limited colloid aggregation is

characterized by several distinguishing features: the clus-
ter structure, the aggregation kinetics, and the time evo-
lution of the cluster-mass distribution. These features
have been studied with analytical approaches, computer
simulations, and by experiments.

The most widely used measure of the structure of
RLCA clusters is the fractal dimension df. The fractal
dimension determines the scaling of the mass of the clus-
ter with its size. We characterize the size of a cluster
of mass M by its radius of gyration R and have

d
M =(Rs/a), where a is the radius of a single particle.
We note that we assume that mass is measured in units of
mass of a single particle, so that M represents the number
of particles in the cluster. The fractal dimension df
reflects properties of the radially averaged structure of
the clusters.

Aggregates formed by RLCA from silica, ' gold, " po-
lystyrene latex, ' ' and synthetic melanin' have all
been studied experimentally. Their fractal dimensions
have been measured using various methods, including
static light scattering, ' ' small-angle x-ray scattering, '

and transmission electron microscopy" (TEM). Values
of df varying between 2.05 and 2.20 have been found for
these systems with a typical value being about 2.1. Com-
puter simulations' modeling reaction-limited condi-
tions also generate clusters with df =2.1, in agreement
with experiment.

In addition to the radially averaged properties of
RLCA clusters as characterized by the fractal dimension,
the anisotropy of the structure of aggregates has also
been studied. ' Using computer-simulated clusters, the
anisotropy was also found to exhibit scaling properties,
with a single characteristic length scale determined by
the cluster size, and with exponents determined by df.
Thus no additional parameters are needed to describe the
scaling of the anisotropy of the structure of RLCA clus-
ters.

Analytical approaches to the RLCA regime have fo-
cused on the Smoluchowski rate equation, ' which de-
scribes the time evolution of the cluster mass distribution
through a statistical characterization of the reaction ker-
nel, or the aggregation rate of two clusters of different
masses. Implicit in the use of the Smoluchowski equation
is the assumption that the kernel is a function of the two
cluster masses. The solution has been shown to exhibit
dynamic scaling, ' and can be written as

N (M) =M„f(M/M„), (l)
where N (M) is the number of clusters of mass M, and

g N(M)M"

M„(r, )=
g N(M)M"

(2)

is the nth moment of the distribution and is a function of
the time elapsed from the initiation of the aggregation
process t, . The time dependence of the cluster-mass dis-
tribution is contained in M„only, while the scaling func-
tion f(x) is time independent, reflecting the shape of the
cluster-mass distribution. For a wide variety of kernels,
the cluster-mass distribution has a power-law form with
an exponential cutoff

N(M) = AM 'exp( —M/M, ), (3)

where the normalization is determined from the conser-
vation of total mass No= +sr N(M)M, where No is the
number of primary colloidal particles. This gives

S M'
A=

1 (2 —r)
where I (v) is the gamma function. The value of r de-

pends on the form of the kernel. For RLCA, Ball et al.
used a geometric argument to determine the scaling of
the kernel, and thus the value of ~. They predicted that
w = 1.5 with the cutoff mass growing exponentially,

t /fo
M, -e ', where to is a sample-dependent time con-
stant. Computer simulations of RLCA also predict a
power-law distribution of the cluster mass, although
there is disagreement about the value of ~. One study'
suggested that ~=1.5, while another study suggested
that the exponent increases to a value closer to 2 for large
tgo

Experimentally, the shape of the cluster-mass distribu-
tion has been measured for several different colloid sys-
tems. Von Schultess, Benedek, and de Blois' studied the
cluster-mass distribution of polystyrene colloids where
the aggregation was induced by an antigen-antibody reac-
tion, which results in reaction-limited aggregation. They
found that N(M) was well described by Eq. (3), with
&=1.5, although their data extended over a relatively
limited range of mass, up to about M =10. More recent
studies of RLCA polystyrene latex induced by salt
also found a value of v.=1.5 with rneasurernents extend-
ing to M=20. The dynamic scaling of the cluster-mass
distribution was also observed in these experiments. Dy-
namic light scattering studies- ' of colloidal silica aggre-
gates produced by RLCA were interpreted by assuming a
power-law shape for the cluster-mass distribution. The
value of ~ was reported to be ~=2. However, these re-
sults were based on an interpretation of the dynamic
light scattering data which ignored several salient
features and thus must be viewed with extreme caution.
Another study using TEM counting techniques ' showed
that the cluster-mass distribution for colloidal gold aggre-
gated by RLCA has a power-law dependence, with
~=1.5. The measured distribution was also found to ex-
hibit dynamic scaling, so that data measured at different
times could be scaled onto a single curve. While the mea-
surement extended over a wide range of cluster sizes, the
statistical accuracy was limited, as is characteristic of
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counting methods.
There have been several experimental measurements of

the aggregation kinetics for RLCA. Dynamic light
scattering was used to monitor the growth rate of col-
1oida1 gold, " and synthetic melanin, ' and exponential
growth was found for both. Care must be exercised in
the interpretation of the dynamic light scattering data,
because of the polydispersity in N(M) and the contribu-
tion from rotations of clusters which lead to an additional
dependence on the scattering wave vector. Nevertheless,
the exponential kinetics persist, independent of these
effects. The aggregation kinetics of colloidal silica have
been studied using static light scattering and were also
found to be exponential for RLCA.

Reaction-limited aggregation has been explored for a
variety of colloids. They all exhibit similar behavior,
which is generally consistent with the theoretical predic-
tions based on computer simulation or the solution to the
Smoluchowski rate equations for RLCA. Nevertheless,
some discrepancies remain, the most glaring of which is
the value of the exponent for the cluster-mass distribu-
tion ~. Furthermore, a systematic study of the behavior
of reaction-limited colloid aggregation for several
different colloids, and a critical comparison of their prop-
erties, using both static and dynamic light scattering, has
been lacking. In the following sections, we present a
study of light scattering from colloidal aggregates, and
show that static and dynamic light scattering are sensi-
tive to several important characteristic features of the
RLCA process. We use the results of this study to criti-
cally test the universality of the RLCA regime. In addi-
tion, we unambiguously determine the value of v for all
the experimental systems.

III. EXPERIMENTAL METHODS

We use both static and dynamic (or quasielastic) light
scattering to study the colloidal aggregates. Static light
scattering measures the time-averaged scattering intensi-
ty from the sample I(q) as function of the scattering
wave vector q =(4vrn/A, )sin(8/2), where A, is the incident
wavelength in Uaeuo, n is the index of refraction of water,
and 0 is the scattering angle. Dynamic scattering mea-
sures the temporal autocorrelation function of Auctua-
tions in the scattering intensity resulting from the
diffusive motion of the clusters.

We measure both the total scattered intensity and the
autocorrelation function concurrently as functions of the
scattering angle, and hence the scattering wave vector,
using a photodetector mounted on the rotating arm of a
goniometer. Data are typically collected at scattering an-
gles between 10 and 150, spaced approximately uniform-
ly in the logarithm of q. The excitation source is the
488-nm line of an Ar laser, so the accessible scattering
vectors are 0.003 ~ q ~0.03 nm '. For the colloidal gold
samples, which strongly absorb the incident light, the in-
tensity is maintained at less than 1 mW before entering
the sample cell to avoid spurious heating effects.

The autocorrelation functions are measured with a
272-channel correlator. The decay time of the autocorre-

where E(q, t) is the scattered field, through the use of the
Siegert relationship,

lgi(t)l'=F [Gi(t)/&I &' —1], (4)

where (,I ) is the average intensity and F is a constant
determined primarily by the collection optics. The aver-
age intensity is measured by the correlator both directly
and by baseline channels, which are delayed an additional
1024 delay times. The two measures typically agree to
within 0.5%, and we routinely use the average intensity
determined directly from the total detected signal. The
autocorrelation functions are typically highly nonex-
ponential. We determine their first cumulant, or the ini-
tial decay rate, given by the logarithmic derivative as

0, '4

8 lng~ (t)
l

dt I=0
(5)

Experimentally, we determine I, from a least-squares fit
of the logarithin of g, (t) to a third-order polynomial.

We make the measurements in situ while the aggrega-
tion is in progress. Data are taken as a function of both
the scattering vector q, and the aggregation time t, . The
slow aggregation rate of RLCA allows time for sufficient
averaging to obtain a good measure of I, before the clus-
ter size has changed substantially, even at the smaller
values of q. However, if the autocorrelation functions are
to be measured at very long delay times, or if data at
many q but at the same t, are to be obtained, the aggre-
gation must be stopped to provide sufficient time to ob-
tain the data without a change in the cluster sizes. This
can only be done for colloidal gold. Its aggregation can
be halted by the addition of a small amount of surfactant
to the solution. We use the surfactant sodium dodecyl-
o-xylenesulfonate (NaCi2OXYS), at a final concentration
of 10 M. It adsorbs on the surface of the gold parti-
cles, providing a steric stabilization that prevents the for-
mation of any further bonds thus stopping the aggrega-
tion. The addition of the surfactant does not, however,
change any of the scattering properties of the clusters, as
confirmed by separate experiments.

We use three different types of colloids: gold, silica,
and polystyrene. Each is a charge-stabilized aqueous sys-
tem that can be aggregated under either diffusion-limited
or reaction-limited conditions.

The colloidal gold is made by a reduction of a gold salt
using sodium citrate, following a modified recipe due to
Turkevich. ' The primary particle radius is a=7.5 nm,
and the initial volume fraction of the colloid as prepared

lation function varies both as q is changed and as the
clusters grow. Thus, for most measurements, the sample
time of the correlator is adjusted so that the measured au-
tocorrelation function decays in magnitude by about one
decade. We measure the intensity autocorrelation func-
tion Gz(t) = (I (q, 0)I (q, t) ), where t is the delay time and
the angular brackets represent an ensemble average. We
determine the normalized field autocorrelation function

gi(t) = (&'(q, o)& (q, t) ) /( lE(q, o)l'&,
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is Po =2. 8 X 10 . The colloid is initially stabilized by
surface adsorbed citrate ions. Aggregation is initiated by
addition of pyridine, which is a neutral molecule that is
adsorbed on the surface of the particles, displacing the ci-
trate ions and reducing the stabilizing surface charge.
The amount of pyridine added determines whether the
aggregation is diffusion or reaction limited. For RLCA,
the final concentration of pyridine was 9 X 10 M.

The colloida1 silica used is Ludox-SM obtained from
DuPont. It consists of particles with a=3.5 nm and, for
these experiments, was diluted into two samples, one with
go= 1.0X10, the other go=1.0X10 . The colloid is
initially stabilized by SiO groups on the surface of the
particles. The pH was adjusted to ~11 by addition of
NaOH to provide enough OH ions, which are needed to
catalyze the formation of the particle bonds. Aggrega-
tion was initiated by addition of NaC1, which decreases
the Debye-Hiickel screening length, reducing the repul-
sive barrier between the particles. The final salt concen-
tration was 0.6 M.

The polystyrene latex used was also commercially ob-
tained, and had a = 19 nm, and was diluted to
go=6. 7 X 10 . This colloid is stabilized by charged car-
boxylic acid groups on the surface of the particles. Ag-
gregation was initiated by adding NaC1 to a concentra-
tion of 0.2 M, which decreases the Debye-Hiickel screen-
ing length. The particle shape is deformed on bonding,
presumably due to the large van der Waals attraction be-
tween the particles.

The study of the regime of reaction-limited colloid ag-
gregation requires considerable experimental care. The
repulsive barrier between the colloid particles must be re-
duced only to the point that it is on the order of a few
k&T. If it is reduced too much the aggregation will be
diffusion limited or will be in the intermediate regime and
will rapidly revert to the diffusion limit; if it is not re-
duced enough, the aggregation will not proceed at all in a
reasonable time. Thus a certain degree of experimental
caution must be exercised to study RLCA: the glassware
used must be carefully cleaned to avoid the ubiquitous
problem of impurities which can adsorb on the colloid
surface, changing the energy of repulsion. Our cleaning
procedure entailed soaking the glassware in chromerge
for about an hour, rinsing it with distilled water, and then
with a dilute HC1 solution, followed by a final rinse in
distilled, deionized water. The amount of salt, acid, or
pyridine added to initiate the aggregation must be adjust-
ed slightly for each batch of colloid to obtain an aggrega-
tion that takes place in a reasonable amount of time. For
the initial concentrations used here, this time is roughly
10 h. Faster rates lead to aggregation in the intermediate
regime, while slower rates result in experiments lasting
inordinately long times. Even with careful control of the
cleanliness of our glassware and purity of our colloid
solutions, we find in practice that the simplest way to
achieve suitable RLCA conditions is to start with several
samples of the colloid. Slightly different initial concen-
trations of the aggregating agent are added to each, and
the size monitored during the initial stages. Some sam-
ples will aggregate too rapidly, crossing over to the
diffusion-limited regime in a relatively short period of

time, precluding the study of the RLCA regime over a
suScient length of time. Other samples may not aggre-
gate at all during the course of the experiment. However,
we always find suitable samples which exhibit RLCA ki-
netics over the entire experimental duration, and data are
collected from these samples. This rather empirical
method makes possible routine achievement of the true
RLCA conditions over the duration of our experiments,
which is typically about 10 h. The colloidal gold is par-
ticularly delicate, as the colloid degrades rapidly due to
impurity absorption on the surface of the particles, mak-
ing the results less reproducible. This problem was
avoided by using a freshly prepared batch for each exper-
iment.

There are several other experimental precautions that
must be observed. The aggregation process is studied
over several hours and a very wide distribution of cluster
sizes is produced. Thus care must be taken to avoid
differential sedimentation of the clusters during the mea-
surement. To illustrate this problem, we can calculate
the drift velocity of a cluster of mass M due to gravity. It
is given by

'
df —1

(p —po)a'
9g a

(6)

where p is the density of the colloidal particles, po is the
density of water, g is the gravitational acceleration, and g
is the water viscosity. Here RI, is the hydrodynamic ra-
dius of the cluster, which for our present purpose can be
taken equal to R .

The cluster mass distribution for RLCA is highly po-
lydisperse. Thus the larger clusters will sediment a much
larger distance than the smallest clusters. For example,
for gold, which has p= 19 g/cm and a =7.5 nm, a larger
cluster, with a radius of Rg 10 pm, will have a gravita-
tional drift velocity of -21 mm/h. By contrast, a small-
er cluster, with a radius of 0.1 pm, will have a drift veloc-
ity of only -0.14 mm/h. This can substantially change
the cluster-mass distribution at any height over the
course of a few hours. Even for silica, which has a small-
er density (p=2.5 g/cm and a =3.5 nm), a moderately
sized, 1-pm cluster has a drift velocity of -0.4 mm/h,
which is not negligible for an experiment that extends
over a full day. To avoid the problem of differential sedi-
mentation, our experiments are conducted in zero aver-
age gravity. This was not achieved by doing them on
the space shuttle. Rather, we used a long cuvette as a
sample cell, filled it completely with the colloid, and
sealed it at the top. The cell was then inverted every 15
min to achieve zero gravity on average, and thus elimi-
nate any effects of sedimentation. This procedure is
essential if the results are to be compared with the calcu-
lations of simulations, which ignore the consequences of
gravitationa1 sedimentation.

Finally, to compare the experimental measurements to
the theoretical predictions, we must ensure that the pro-
cess studied is truly one of aggregation rather than one of
gelation. Due to their fractal nature, the aggregates oc-
cupy an increasing volume fraction of the solution as they
grow, even though the total mass is conserved. If this



2010 LIN, LINDSAY, WEITZ, BALL, KLEIN, AND MEAKIN 41

volume fraction approaches unity, gelation occurs. The
physics of this gelation process is quite different from
that of aggregation and cannot be compared to theoreti-
cal models for RLCA. Complete gelation occurs when
the cluster volume fraction is roughly unity, and, if R, is
the radius of the largest cluster at the time of gelation,

3 —dfthe required initial volume fraction is Po=(a/R, )

For example, if R, —10 pm and a=3.5 nm, as for col-
loidal silica monomers, then $0=8X10 for gelation.
Thus to follow the aggregation to later times, we must
avoid gelation by ensuring that $0 8 10

IV. LIGHT SCATTERING FROM RLCA AGGREGATES

To fully exploit the light scattering data obtained from
colloidal aggregates and extract the maximum amount of
useful information requires a careful analysis of both the
static and dynamic light scattering data. In this sec-
tion, we develop a detailed, self-consistent description of
both static and dynamic light scattering from RLCA ag-
gregates. We compare calculations with experimental
measurements of both the total intensity and the shape of
the intensity autocor relation function, obtained con-
currently, at different scattering wave vectors. These ex-
periments are performed on colloidal gold, since indepen-
dent measurements have established many of the impor-
tant features of its aggregation, including the fractal di-
mension of the clusters and the shape of the cluster-mass
distribution. To obtain high quality data at several
scattering angles from the same sample, the aggregation
process is halted by the addition of surfactant. For our
calculations, we make extensive use of clusters obtained
from computer simulations using rules modeling
reaction-limited colloid aggregation.

We obtain excellent agreement between our calcula-
tions and our data for both the static intensity and the
shape of the autocorrelation function. The q dependence
of the static intensity allows us to determine the structure
factor of the clusters and their fractal dimension, as well
as the radius of gyration of the average cluster in the dis-
tribution. Since dynamic light scattering is sensitive to
the hydrodynamic radius RI„we are able to independent-
ly determine the ratio P=Rh/R from autocorrelation
functions measured at small values of q. The shape of the
autocorrelation functions measured at higher q is also
sensitive to the contribution of rotational diffusion, allow-
ing us to also determine the anisotropy of the structure of
the clusters.

A. Static light scattering

The scattering intensity of a single cluster of mass M
can be written as

IM(q)-M S(qRg)F (q) .

We assume that the primary particles are sufficiently
small that their form factor F(q) = 1 for all experimental-
ly accessible values of q. The scale invariance of the frac-
tal clusters ensures that the structure factor S(qR ) is a
function of the product qR only. The asymptotic behav-
ior of the structure factor is

1, qR «1
S(qRg )-

(qR ) f, qR»I .

Thus, for qR «1, the clusters can be considered as
point scatterers and the scattering is completely coherent,
so that I~(q) -M . By contrast, for qR ))1, the fractal
correlations of the cluster structure are resolved, and

S(qRg )-(qRs ) -M 'q so that Isr(q)-Mq
The shape of the structure factor is most sensitive to

R in the crossover regime, when qR =1. Here, the
shape is determined by the finite extent of the fractal
correlations imposed by the size of the cluster. We can-
not experimentally measure the structure factor of a sin-
gle cluster. Instead, we calculate S(qR ) froin an aver-

age of several hundred computer-simulated RLCA clus-
ters. For convenience, we parametrize the results by a
polynomial form

S(x)=(l+C,x +C2x +C3x +C4x ) (9)

where x =qR, C, =8/3df, and Cz=3.13, C~= —2.58,
and C4=0.95 are obtained from a fit to the calculated
structure factor. This expression has the correct asymp-
totic forms at both limits of x. Furthermore, the value
chosen for C, ensures that S(x ~0)=1+x /3, so that it
follows the Guininer form as required at small x. The
higher-order terms are required to correctly character-
ized the calculated shape of the structure factor, which
exhibits a rather sharp crossover. While other, physically
motivated, forms for the structure factor of fractal clus-
ters have been proposed, the polynomial form in Eq. (9)
has been shown to describe the scattering from
computer-generated cluster more accurately.

The experimentally measured scattering intensity is a
weighted sum over the cluster-mass distribution

I(q)= QN(M)IM(q) —gN(M)M S(qR ) .
M M

(10)

For the cluster-mass distribution, we use the power-law
form with an exponential cutoff, given by Eq. (3). We set
the cluster-mass exponent to be ~=1.5, in accord with
the results of TEM measurements of N(M) for colloidal
gold aggregates ' produced by RLCA. We relate the
cutoff mass M, to an average cluster mass defined by the
second moment of the cluster-mass distribution

g N(M)M
M

Q N(M)M

For ~=1.5, we have M&=0.51M, . We also define the
1/df

average radius of gyration R =aM2, which is the only
fitting parameter required to compare the calculated I(q)
with the experimental measurement. With this choice of
N(M), the scattered intensity also has the same asymp-
totic behavior as the structure factor for a single cluster.
At small q, it is isotropic, independent of q, while at large—d
q, it has a power-law shape I(q)-q f, reflecting the
fractal dimension of the clusters.
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B. Quasielastic light scattering

Dynamic or quasielastic light scattering (QELS) mea-
sures the fluctuations of the scattered light, thereby prob-
ing the dynamics of the aggregates. ' ' When qRg &1,
the Auctuations result from the translational diffusion of
the clusters, while when qR ) 1, they result from both
translational and rotational diffusion. To account for
both of these contributions, the structure factor can be
decomposed into spherical harmonics and the autocorre-
lation function can be calculated from these harmonics.
The results obtained are in excellent accord with experi-
mental measurements. ' An alternate approach is to ex-
plicitly take advantage of the scaling properties of the
clusters, and write the autocorrelation function as

g, (t)= gN(M)M S(qRs)exp( qD, trt) . —1

M
(12)

The experimental data are only sensitive to the value of
R when it exhibits a clear crossover from the power-law
behavior at high q to the isotropic q-independent behav-
ior at low q. To obtain experimental data in this regime,
we add surfactant to stop the aggregation when the clus-
ters are at a suitable size to experimentally access the
crossover region. An example of the measured scattering
intensity for clusters meeting these requirements is shown
by the circles in Fig. 1. The crossover region extends
over the entire range of accessible q, and only at very
large q do the data appear to be linear on the logarithmic
plot. The fit to Eq. (10) is shown by the solid line in Fig.
1, and is in excellent agreement with the data. The only
fitting parameter is the average mass, and we find
M&=1020+20, which gives the average radius of gyra-
tion R =203 nm. This value of M2 or, equivalently, R,
which characterizes the cluster-mass distribution at time
t„can now be used in fitting the dynamic light scattering
data.

This is again a sum over the cluster-mass distribution,
weighted by the scattering intensity of each cluster and
by the decay of the autocorrelation function for each in-
dividual cluster. The decay rate for each cluster is deter-
mined by an effective diffusion coefficient D,fr =Df (qRs ),
where the translational diffusion coefficient is D =g/Rz
with g= ks T/6m ri. The contributions of rotational
diffusion are included in f(qRg). When qR «1 rota-
tional diffusion does not contribute, and f(qRs)=1.
When qR ))1, rotational diffusion makes a substantial
contribution, and f(qRs)-2. We calculate f(qR ) us-

ing computer-simulated RLCA clusters. The structure
factors are resolved into their spherical harmonics and
the q-dependent effective-diffusion coe5cient for each
cluster is determined. We used 175 clusters of masses
from 50 to 1460 particles, and obtained f (qR ) from the
average.

We note that in Eq. (12) we include the effects of rota-
tions only in D,z for each cluster. Thus we assume that
the autocorrelation function from an individual cluster is
strictly exponential in shape. This neglects the effects of
rotational diffusion on the higher cumulants, and thus,
Eq. (12) is exactly only to the first cumulant. However,
this approximation is quite good. Since the aggregates
formed by RLCA are so highly polydisperse, the nonex-
ponential shape of the autocorrelation function is dom-
inated by the effects of the cluster-mass distribution.
This is confirmed by a calculation of the second cumu-
lant I 2 for the autocorrelation function of an individual
cluster, which shows that F2/1

&
« 1 for qR ))1.

An example of an autocorrelation function obtained at
low scattering vector is shown in Fig. 2. It was obtained
at 8=15', corresponding to q =0.00447 nm ', using the
same sample whose static scattering was shown in Fig. 1.
Using Eq. (3) for the cluster-mass distribution, and Eq.
(9) for the structure factor, with Rs =203 nm, as obtained
from the static scattering, we calculate the autocorrela-
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FIG. 1. Static light scattering intensity (in arbitrary units)

from colloidal gold aggregates formed by RLCA. The data
were taken when the sizes of the aggregates were not large
enough for the intensity to exhibit a linear fractal scaling in the
logarithmic plot. The solid curve is a calculation using Eqs. {3),
(9), and (10) with Rg =203 nm.
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FIG. 2. Autocorrelation function measured at 0=15 for
gold RLCA aggregates. The solid curve through the data is a fit
using Eq. (12) and D,s, which includes the efFects of rotational
diffusion. The 6t and the data are hardly distinguishable. The
dashed curve is the same calculation, but excluding the effects of
rotational diffusion.
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tion function using Eq. (12). The only unknown parame-
ter is P, the ratio of the hydrodynamic radius of each
cluster to its radius of gyration. This is used as a fitting
parameter. We obtain P=1.0, which gives the excellent
fit shown in Fig. 2. Since qR =0.9, f (qR )=1, and ro-
tational diffusion plays only a minor role as can be seen
from the dashed curve shown in Fig. 2, which is a calcu-
lation using D,z=D for all the clusters. Thus the value
obtained for P does not depend in any significant way on
the contribution of rotational diffusion. The value ob-
tained is in remarkably good agreement with the value of
P=0.97 determined for computer-simulated RLCA clus-
ters, and is consistent with theoretical predictions. It
is also in agreement with that obtained for colloidal silica
using light scattering, after the effects of polydispersity
are properly included.

At larger q, f (qR )) 1, and the effects of rotational
diffusion significantly modify the decay of the autocorre-
lation function. However, we are able to account for
these effects by using the calculated form for f (qRg ). As
an example, we show in Fig. 3 the autocorrelation func-
tion measured at 8=96', which corresponds to q=0.0255
nm '. W'e obtain excellent agreement with the data
when we calculate the shape of the autocorrelation func-
tion using Eq. (12), with P=1.0 and R =203 nm. Since

qRg =5.3, rotational effects are clearly important, as can
be seen by the dashed curve in Fig. 3, which is the calcu-
lation without rotations, and deviates considerably from
the data, Indeed, by including the effects of rotational
diffusion in calculating the autocorrelation function, we
can obtain excellent agreement between our calculations
and the data at all values of q. We illustrate this in Fig.
4, where we show the values of R obtained from using
Eq. (12) to fit the autocorrelation functions at 11 angles
from 15' to 161'. In performing the fits, we have set
P= 1.0 and have included the effects of rotational
diffusion in f (qR ). Thus the only fitting parameter is

220—
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'l 400.002
I I i
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q ( nrn
'
)

0.05

FIG. 4. Values obtained for Rg from fitting the autocorrela-
tion function at different scattering wave vectors. The solid line
shows the value of Rg =203 nm, obtained from fit to the static
scattering intensity shown in Fig. 1.

R~. Since the same sample is used for all these measure-
ments, the same value of R should be obtained. The de-
viation found in the fitted Rs is less than 6%%uo, demon-
strating the excellent agreement.

In this section, we have developed a self-consistent in-
terpretation of the static and dynamic light scattering
data from RLCA aggregates. The same value of the
average radius of gyration R is obtained from the fits to
the data for both types of light scattering. In addition,
we are able to determine the value of P=R&/Rs for
RLCA clusters. However, we emphasize that we have as-
sumed that the form of the cluster-mass distribution is
given by a power law with an exponential cutoff, as in Eq.
(3). Furthermore, we have taken r=1.5, based on in-
dependent TEM measurements for colloidal gold. While
this assumption gives excellent agreement with the data,
the results are not particularly sensitive to the value of r
used. Indeed, nearly as good fits are obtained with values
of r between 1.4 and 1.7, albeit with slightly different
values of Rg. In the following sections we develop an ad-
ditional form of analysis, which exploits more experimen-
tal data, and allows us to unambiguously confirm the
chosen value of ~=1.5.

V. SCALING OF THE FIRST CUMULANT
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FIG. 3. Autocorrelation function measured at 8=96 for
gold RLCA aggregates. The solid curve through the data is a fit
using Eq. (12) and D,&, which includes the effects of rotational
diffusion. The dashed curve is the same calculation, but exclud-
ing the effects of rotational diffusion, which are significant in
this case.

As shown in the previous section, we can self-
consistently describe both the static and dynamic light
scattering from the same sample. These measurements,
however, were made at a single time t„and thus do not
provide any information about the kinetics. Further-
more, the value of the cluster-mass exponent ~ could not
be unambiguously determined from either measurement.
In this section, we present an alternate analysis of dynam-
ic light scattering data that provides information about
both the kinetics of the aggregation process as well as the
cluster-mass exponent. We consider the first cumulant of
the autocorrelatian function, and shaw that data ob-
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tained at all aggregation times t, and at all values of q
can be scaled onto a single master curve. This is accom-
plished by exploiting the dynamic scaling of the cluster-
mass distribution. The shape of this master curve de-
pends critically on key features of the aggregation pro-
cess, including the structure and anisotropy of the aggre-
gates and the shape of their cluster-mass distribution.
Thus the master curve can also be used to critically com-
pare the aggregation behavior of completely different col-
loids, as we show in Sec. VI.

Rather than using the first cumulant of the autocorre-
lation function directly, it is convenient to remove the
trivial q dependence by determining the average
effective-diffusion coeScient D,fr=I &/q . Using Eqs. (5)
and (12),

gN(M)M $(qR )D,fr
D,q

—M

QN(M)M~S(qR )
(13)

D,ff a

M

f M dM+u f M fdM

M2 —r M+ cM1 —7

Q

(14)

This is simply an average of the effective-diffusion
coefficients of the individual clusters, which include the
effects of rotations, weighted by the cluster-mass distribu-
tion function and the static scattering intensity. Both the
structure factor and D,ff are functions of q, so that D,ff
also is a function of q. It is this q dependence which pro-
vides the sensitivity to the features of the aggregation
process.

To determine this q dependence, and the origin of the
sensitive dependence on the cluster-mass distribution and
the properties of the clusters, it is instructive to first
evaluate Eq. (13) analytically. This can be accomplished
by making several simplifying assumptions. We neglect
the contribution of rotational diffusion, thus set
D,fr=D =(II3Rg. We assume N(M)=A'M '

up to a
cutoff mass M„and take N(M) =0 for M )M„where
A'=(2 —r)NO/M, '. Finally, we set S(qRs) equal to
its asymptotic forms, given by Eq. (8). Replacing the
summations in Eq. (13) by integrals, we have,

—d
where u =(aq) f is the mass of the cluster with
R =q '. Physically, this represents the boundary of the
two difFerent regimes of the structure factor in Eq. (8).
Thus D,ff is independent of q in two limits: the first case

1/df
is when q &R, ', where R, =aM, is the radius of
gyration of the largest cluster. Then only the first in-
tegrals in both the numerator and denominator of Eq.
(14) contribute, with the upper limit in each case being
M„which is independent of q. The other two integrals
are both identically zero. Here, all the clusters are small
enough that their internal fractal structure is never
probed, and their scattering intensity is then proportional
the square of their masses. The second case is when

q &a ', and the internal structure of all the clusters is
resolved. (We assume that even the clusters of mass
M=1 scatter as fractals. ) Here, only the second of the
two integrals in both the numerator and denominator
contribute, with the lower limit in each case being 1,
again independent of q. The first integrals are both iden-
tically zero.

More generally, the value of q lies in between these two
limits and all four integrals contribute, resulting in a q
dependence for D,z. The value of ~ determines the actual
shape of this q dependence. Note, however, that if
df =2.1 and v= 1.5, the exponent of the second integrand
in the numerator is very close to —1, leading to a very
weak dependence of the result on either of the limits of
the integration. Physically, this reflects the fact that al-
though the larger clusters scatter more strongly, this is
almost exactly compensated by the larger number of the
smaller clusters resulting from the power-law cluster-
mass distribution. Thus clusters of all mass contribute
nearly equally to the integral. Furthermore, this sensi-
tivity ensures that the contribution of rotational diffusion
will be significant and cannot be ignored. As ~ increases
above 1.5, this integral is increasingly dominated by its
lower limit, the clusters of mass u. The contribution of
rotational diffusion is important for these clusters, and
thus cannot be ignored. As ~ approaches 2, the exponent
of the second integrand in the denominator approaches—1, and it becomes increasingly sensitive to both of its
limits. Thus for all values of v relevant to RLCA, D,ff is
very sensitive to all the clusters in the distribution.

Performing the integrals in Eq. (14) exactly, we obtain,
after some manipulation,

g (u )/(3 r 1/df )+u ——[(M, /u) —1]/(2 —r —1/df )
D.e

(u '—1)/(3 —~)+u '[(M, lu) '—1]/(2 —~)
(15)

In the limit of M, /u ~ ao, the M, /u term in the numera-
tor can be neglected if ~& 2 —1/df. Furthermore, if ~ & 2
and u »1, a simple power-law q dependence results,
D,ff~q, with a= 1 —(2—~)df, as has been suggested
previously. However, this simple q dependence is strict-
ly true only in the limit of M, /u ~~. In practice, it re-
quires unrealistically large values of M, to be valid when-
ever 7 is near either 2—1/df or 2. Thus D,z never exhib-

its a simple power-law dependence on q and any attempt
to use this type of behavior to extract a value of ~ is
bound to fail. Furthermore, the contribution of rotation-
al diffusion cannot be neglected in determining the q
dependence of D,ff.

To determine the true shape of D,ff(q), we numerically
evaluate the expression in Eq. (13). We use a power-law
cluster-mass distribution with an exponential cutoff, as
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given in Eq. (3). Since all clusters can make a significant
contribution with a power-law distribution, we use Eq. (9)
for the structure factor and include the higher-order
terms to properly account for clusters with qR =l.
Similarly, we include the effects of rotational diffusion
through the use of the scaling form for D,s(qRg ), calcu-
lated from computer-simulated RLCA clusters. In Fig.
5, we show the results of these calculations for ~= 1.5 and
a=7.5 nm, which is suitable for the colloidal gold. The
calculations are shown for several different values of the
cutoff mass: (a) M, =10, (b) M, =10, and (c) M, =10 .
For each curve, the asymptotic regions, where D,ff is in-
dependent of q, can clearly be seen. The beginning of the
asymptotic region at high q, determined by the value of a,
remains at the same value of q. By contrast, the begin-
ning of the asymptotic region at low q, which reflects the
value of M„occurs at increasing lower values of q as the

1/df
average cluster size grows. In fact, R, =aM, sets a
natural length scale for D,z, as it must because of the dy-
namic scaling of the cluster-mass distribution. We can
exploit this fact to scale all the curves onto a single mas-
ter curve. For convenience, we choose D =D,tt(q=0) as
the scaling parameter, which sets the characteristic
length scale as RI, =g/D, which scales with R„and is the
average hydrodynamic radius that would be determined
from the first cumulant of a QELS measurement as q —+0.
Thus, in Fig. 5(d), we plot D,s/D as a function of qR& for
each of the three curves for the different M, . A single
master curve is obtained, except at high values of qR&,
where the individual curves deviate, reflecting their
diff'erent upper cutoffs due to the different values of R, /a
for each case. When R, /a ~ ~, the asymptotic limit of
the master curve is reached, and each of the individual
curves falls on this curve up to the point where

q ( nrn
'
)

qRh -Rs /a. Indeed, it can be shown that, if N (M) has a
scaling form Eq. (1), D,a/D is a function of qR& only.

The scaling of the separate curves has an important
consequence for experimental measurements. The experi-
mentally accessible range of q is limited, extending over
0.003 q ~0.03 nm '. However, repeating the measure-
ments at later times, when M, has increased, allows us to
explore different portions of the full shape of the asymp-
totic master curve. Then by scaling these different data
sets together, a single master curve can be obtained.
Since, even for the largest q achieved experimentally,
qa « 1 for all the colloids used, all the experimental mea-
surements fall on the asymptotic curve.

The utility and importance of the master curves come
from their sensitivity to the details of the aggregation
process. These details include the shape of the cluster-
mass distribution, the structure factor of the clusters, and
the anisotropy of their structure as reflected by the con-
tribution of rotational diffusion. To illustrate this sensi-
tivity, we show, by the solid lines in Fig. 6, the calculated
master curves for several different values of the cluster-
mass exponent ~. In addition, we also show by the
dashed lines the master curves that would be obtained
with the same values of r if the effects of rotational
diffusion were not included, by setting D,fr=D. For
qR& & 1, the curves are indistinguishable. However, as
qR& becomes appreciably larger than 1, the shapes of the
master curves depend markedly on the value of r. In ad-
dition, the inclusion of rotational diffusion is also clearly
reflected in their shapes. These examples illustrate the
sensitivity of the master curves to both the structure of
the clusters and the shape of the cluster-mass distribu-
tion, and demonstrate how the master curves can be used
to probe the features of the RLCA process.

To illustrate how the experimental master curve is ob-
tained, we again use colloidal gold. To extend the limited
range of q that can be accessed experimentally, we must
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FIG. 5. Calculated D,s.=I,/q' as a function of q using Eq.
(13), with (a) ~, = 'J0, (b) ~, = 10, and (c) M, = 10'. The scale
for D,~ is on the left and the scale for q is on the top. The ex-
perimentally accessible range of q extends to about 0.03 nm
after which the calculated curves are represented by dots. The
three curves are scaled onto a master curve (d) as D,z/D vs qR&,
whose scales are on the bottom and the right of the plot.
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FIG. 6. Calculated D,ff/D for several different values of r,
each with (solid curves) and without (dashed curves) the efFects

of rotational diffusion.
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determine D,rr(q) at many times during the aggregation,
corresponding to different values of M, . This is accom-
plished by initiating the aggregation, and repeatedly
measuring the first cumulant at a series of different angles
as the aggregation proceeds. Because the aggregation
rate is so slow, it is possible to collect sufficiently good
data at each angle before the size of the average cluster
has changed significantly. However, it is not possible to
collect data at all angles, to obtain a complete set of
D,rr(q), before M, has changed. Instead we interpolate
between the measurements of the first cumulants at each
angle, to obtain sets of data, each giving D,fr(q) measured
at the same time t, and thus reflecting the same value of
M, . This corresponds to a single calculated curve in Fig.
5. We find experimentally that D,ff increases exponen-
tially in time at each q, and use this behavior for the in-
terpolation. Seven sets of data obtained in this fashion
are shown in Fig. 7 with each t, labeled.

To experimentally determine the value of D for each
data set would require a measurement at inaccessibly low
values of q. Instead, data are scaled empirically using a
single parameter for each data set. This corresponds to
D =g/R„, and reflects the length scale of the largest clus-
ter of the distribution at time t, of the data set. On the
logarithmic plot in Fig. 7, this scaling corresponds to
shifting each data set along its diagonal. We can always
obtain sufficient data that there is considerable overlap
between successive data sets, so that the determination of
the scaling parameters is unambiguous.

In Fig. 8, we plot the resultant master curve obtained
in this fashion from the data shown in Fig. 7. All the
data sets do indeed lie on a single master curve, as expect-
ed. We also plot the calculated master curves, shown
previously in Fig. 6, for the three different values of ~, in-
cluding the effects of rotational diffusion. We emphasize
that there is no free parameter in comparing the data to
the calculation. Excellent agreement is obtained between
the experimental data and the calculated master curve,
allowing us to determine that ~= 1.5+0.05. These results
confirm the value of ~ obtained previously using TEM
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FIG. 8. Data from Fig. 7 scaled onto a master curve, by mul-

tiplying each of them by a factor of R„/g, and plotted as a func-
tion of qRI, . An Rz(t, ) is obtained for each data set such that it
overlaps with the others. The solid lines are the same calculated
master curves as shown in Fig. 6, with rotational effects includ-
ed.

5000

counting techniques. ' However, these light scattering
results have substantially better statistical accuracy.
Furthermore, the value of ~ is in excellent agreement
with the theoretical prediction based on the Smolu-
chowski equations. Finally, we again emphasize that the
effects of rotational diffusion must be included to correct-
ly compare the experimental data with the calculations.

We can also determine the kinetics of the aggregation
directly from the scaling used to obtain the master curve.
The scaling parameter R& corresponds to the average hy-
drodynamic radius that would be measured in the limit

q ~0, and thus reflects an accurate measure of the aver-
age cluster size of the distribution at t, . In Fig. 9, we
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FIG. '7. Measured data for D,q as a function of q, taken at

different times t„ for colloidal gold prepared under RLCA con-
ditions.
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FIG. 9. Scaling factor Rz as a function of aggregation time t,

obtained from the scaling shown in Fig. 8 that would be mea-
sured at q=0. RI, represents the average hydrodynamic radius.
The solid line is a fit giving an exponentia1 form for the aggrega-
tion kinetics.
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plot RI, as a function of t, on a semilogarithinic scale.
t, /fo

The linear behavior indicates that R& -e ' ', so that the
average hydrodynamic radius grows exponentially. This
is also in agreement with the prediction from the solution
of the Srnoluchowski equations.

VI. UNIVERSALITY OF REACTION-LIMITED
COLLOID AGGREGATION

The light scattering data discussed above provides a
measure of the features of the aggregation process, in-
dependent of the material details of the colloid, thereby
allowing RLCA of different colloids to be compared. '

The static light scattering from different colloids provides
a means to compare the fractal dimension of the clusters,
while the time dependence of the scaling factors used to
construct the master curves provides a means to compare
the kinetics of the aggregation process. Finally, the mas-
ter curves themselves provide a means of comparing
several features of the RLCA process, including the
cluster-mass distributions, the structure factor of the ag-
gregates, and their anisotropy. All material specific pa-
rameters, such as the primary particle size, have been
scaled out of the master curve, providing a critical com-
parison, with no free parameters.

To investigate this universality, we use three very
different colloids: gold, silica, and polystyrene latex.
Each is comprised of a different material, each is stabi-
lized by different functional groups, each is aggregated by
different methods, and each forms completely different
interparticle bonds upon aggregation. However, the ag-
gregation of each colloid can be controlled to obtain ei-
ther Eb «k~T or Eb ~k~T, allowing both diffusion-
limited and reaction-limited colloid aggregation to be
achieved.

Light scattering data from the silica and polystyrene
colloids were collected in the same fashion as for the gold
colloids discussed in Sec. V. Autocorrelation functions of
the intensity fluctuations were measured repeatedly at
difFerent angles as the aggregation proceeded. The static
light scattering intensity was measured concurrently, al-
lowing the fractal dimension to be determined indepen-
dently. Caution was exercised to avoid difFerential sedi-
mentation effects by inverting the sample cells every 15
min. Since the scattering intensity from the silica is so
weak, two samples were used. The first sample had a
larger initial volume fraction of go= 1.0X10, and its
aggregation was followed until RI, «1 pm. The volume
fraction of the clusters is still « 1, so that gelation is not
approached. The high concentration of colloidal parti-
cles increases the scattering intensity of the clusters when
their size is small compared with q ', enabling reliable
data to be obtained at early times of the aggregation,
when qR& &1. The second sample had a lower initial
volume fraction $0=1.0X10 . Data from this sample
were collected only after qRI, ~ 1, when the scattering in-
tensity was sufficiently large. Here, the lower value of $0
ensured a sufficiently small volume fraction of clusters so
that the aggregation could be studied to RI, =5 pm
without approaching gelation. We emphasize, however,
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FIG. 10. Master curves obtained independently for gold (0 ),
silica (+), and polystyrene ( X ) for RLCA. The solid curve is
the calculation with ~= 1.5.

that the scaling method used here is still applicable using
the two separate samples since the shape of the cluster-
mass distribution exhibits a scaling form, and is un-
changed for the two samples.

Master curves were produced from the dynamic light
scattering data from the silica and polystyrene following
the procedure described in Sec. V for the gold, and all
three curves are plotted in Fig. 10. As can be seen, the
master curves from the three different colloids are com-
pletely indistinguishable. We emphasize again that these
master curves were determined independently for each
colloid, and that the normalization removes all features
specific to the individual colloids from the master curves
so that there are no adjustable parameters in their com-
parison. The similarity of the master curves is striking
evidence in support of the universality of reaction-limited
colloid aggregation. This conclusion is independent of
any theoretical interpretation or calculation of the shape
of the curves.

The solid line in Fig. 10 is the calculated shape of the
master curve assuming that v.=1.5, and is in excellent
agreement with the experimental data. This confirms our
ability to describe the process of RLCA and the structure
of the resultant aggregates. Furthermore, it demon-
strates convincingly and unambiguously that v=1.5 for
RLCA.

The static scattering from the three colloids also illus-
trates the universality of RLCA, as shown in Fig. 11.
The data were all obtained when qR& ) 1, so that the
fractal structure of the clusters is clearly resolved, as indi-
cated by the straight lines in the logarithmic plot. From
the slopes the fractal dimensions are determined:
dI=2. 10 for gold, 2& =2.12 for silica, and dI =2.13 for
polystyrene. To within experimental error, the fractal di-
mensions are identical, yielding dI =2. 10+0.05 for
RLCA aggregates, where the error limits reflect our esti-
mate of the total experimental variations.

The aggregation kinetics for each colloid were deter-
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FIG. 11. Static light scattering from RLCA aggregates of
gold (O ), silica (+), and polystyrene ( 4 ). The measured fractal
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FIG. 12. Kinetics of RLCA aggregation of gold (o ), silica
(+), and polystyrene (+). The scale of R& is logarithmic to
show the exponential growth.

mined from the time dependence of the scaling factor
used to obtain the master curves. We plot Rz as a func-
tion of aggregation time t, in Fig. 12. The kinetics for
both the gold and silica have identical forms, with ex-

/to
ponential growth R& -e ' ' as indicated by the linear be-
havior in the semilogarithmic plot. The colloidal silica
data were taken with the first sample, and stop at
RI, &1000 nm. The different slopes reflect the different
aggregation time constants to for each colloid, which are
determined by the single particle sticking probability P
and by the initial particle concentration No

The kinetics of the polystyrene colloids are also ex-
ponential, but appear to have two distinct time constants,
with to decreasing by a factor of about 3 after approxi-

mately 1 h. The polystyrene colloids are unique among
the colloids used in this work in that they deform on ag-
gregation. This increases the radius of curvature of the
particles, which in turn increases the interaction energy
between two approaching particles, decreasing the reac-
tion rate. Nevertheless, the form of the aggregation ki-
netics for the polystyrene is still best described as ex-
ponential, in agreement with that of the other colloid sys-
tems.

The behavior of the light scattering data from each of
these three completely different colloids is identical. The
similarity of the static light scattering from each colloid
shows that the clusters formed in each case have the
same fractal dimension. The similarity in the form of the
kinetics for each colloid shows that they all exhibit ex-
ponential growth of the average cluster size. Perhaps
most convincingly, the existence of the master scaling
curves of identical shape for each colloid shows that the
properties of the aggregates are identical: their cluster-
mass distribution is the same, their structure factor is the
same, and the anisotropy of the aggregates is the same.
Thus we conclude that reaction-limited colloid aggrega-
tion is a universal process, independent of the chemical
details specific to individual colloid systems.

VII. COMPARISON TO OTHER RESULTS

The process of reaction-limited colloid aggregation is
characterized by several distinguishing features. It
occurs when the sticking probability between two parti-
cles is very low, and thus its rate is much slower than
would be the case if the repulsive barrier were eliminated
entirely. The clusters formed are fractal and have

df =2. 10+0.05. The growth of the average cluster size is
exponential in time. The shape of the cluster-mass distri-
bution can be described by a power law, with an exponen-
tial cutoff. The cluster-mass exponent is ~=1.5+0.05.
This paper presents strong evidence that these features of
RLCA are universal, and should therefore apply to other
colloids aggregated under reaction-limited conditions.
There have, however, been several reports of RLCA
which appear to produce results at odds with those re-
ported in this paper. It is therefore important to attempt
to resolve any inconsistencies to determine the extent of
the universality of RLCA.

One feature of RLCA that has been the subject of some
debate is the value of the cluster-mass exponent
Several different values have been reported from comput-
er simulations. Brown and Ball' performed an early
simulation and found ~=1.5. Meakin and Family re-
ported that ~ was closer to 1.8, but further analysis of
their data, which includes the exponential cutoff in
%(M), suggests that ~ was closer to 1.5 at early times,
but then rose to a value closer to 1.7 at later times. The
origin of the discrepancy between the two different simu-
lations is unclear.

There have also been other values of ~ reported for col-
loidal silica, based on the analysis of dynamic light
scattering data. Martin and Schaefer ' compiled a
scaling plot similar to those reported here, and obtained
~=2.0. However, their data are significantly different
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FIG. 13. Master curves obtained for (a) gold and (b) silica
RLCA aggregates with sedimentation effects due to gravity.
The initial volume fraction for the silica is go=10 . The
differential settling rates of the clusters change the cluster-mass
distribution, leading to the change in shape of the master curve.
The calculated shape without gravitational settling is shown, for
comparison, by the solid curve.

from the silica data presented in this paper. A key
feature of our master curves is the apparent saturation of
the data at large qR&. The data rise fairly rapidly when

qR& & 1, but then begin to saturate and rise much more
slowly as qR& approaches 100. In fact, this behavior is
observed for the master curves calculated for all ~ be-
tween 1.5 and 2.0 By contrast, the data reported by Mar-
tin and Schaefer ' continue to rise with qR&, never ex-
hibiting any saturation.

There are two possible origins of this discrepancy. The
first possibility is the problem of differential sedimenta-
tion. This will modify the cluster-mass distribution, and
will presumably affect the aggregation process. It cer-
tainly modifies the shape of the master curve obtained.
In Fig. 13(a), we show the master curve obtained for gold
using the same procedure as before. Here, however, the
sample was not inverted every 15 min to avoid the effects
of gravity and attain g=0 on average. As can be seen in
Fig. 13(a), the shape of the master curve obtained is
markedly different. Instead of saturating at large qR&, as
the gravity-free curves do, the data continue to rise, with
a slope of about 0.45. Even though the density mismatch
with the silica is much less than with the gold, a similar
effect is obtained with a silica sample if differential sedi-
mentation is not eliminated, as shown in Fig. 13(b).
These results were obtained under similar conditions as
those reported by Martin, using go=10, and the
shape of the master curve in Fig. 13(b) is similar to that
reported by him. The data again continue to rise with
constant slope and no observable saturation. However,
the slope is less than that of gold data obtained under
gravity. The effects of differential sedimentation are al-
ways present unless the experiment is carried out in space

under rnicrogravity conditions or gravity is removed by
the methods used here. However, these effects are not in-
cluded in the simple models developed to account for
RLCA. Thus the value of v. obtained from the experi-
mental master curves without elimination of the effects of
the differential sedimentation cannot be reliable.

A second possible problem may arise from the relative-
ly large initial concentrations used in Martin and
Schaefer's experiments. These authors present the same
data in two separate publications, ' but the initial con-
centration is reported as go=10 in one and go=10
in the other, making the true initial concentration im-
possible to determine. Nevertheless, at any of these high
concentrations, gelation will occur for rather small R&.
Indeed, they report that their sample does gel, and in
our experiments we observe very large clusters, of sizes
on the order of several millimeters, at later times. Gela-
tion is clearly a different process than aggregation, and
will, in fact, produce cluster-mass distribution with
~&2. Thus it is also possible that both the previous re-
ported results, ' and the results in Fig. 13(b) represent
a crossover from aggregation to gelation, which wi11

again modify the shape of the master curve. As a result
we must conclude that v=1.5 for true reaction-limited
colloid aggregation of silica.

There has been another report in the literature by Wil-
coxon, Martin, and Schaefer claiming that colloidal
gold can not be aggregated by RLCA. This was based on
a measurement of the kinetics determined from the time
dependence of the apparent hydrodynamic radius
R,s =q g/1 „calculated directly from the first cumulant.
This R,& was found to be linear in time rather than ex-

ponential, and the fractal dimension of the clusters pro-
duced was df =1.8. The problem with the results of Wil-
coxon, Martin, and Schaefer is actually trivial, and is im-
mediately apparent when the aggregation rate they report
is compared with other measurements of reaction-limited
colloid aggregation. They used an initial concentration
that was a factor of 10 less than that used in the present
work. Nevertheless, at t, = 100 min, they reported
R ff 200 nm. By comparison, a similar measurement of
R,z for true RLCA, using a colloid with an initial con-
centration a factor of 10 higher, does not reach R,&=200
nm until t, =450 min, a factor of nearly 5 larger than the
lower concentration results reported by Wilcoxon, Mar-
tin, and Schaefer. Thus their results are simply not in the
limit of RLCA regime. Instead, their results reflect the
crossover behavior in the intermediate regime, which has
been previously reported. " This behavior occurs when
the aggregation rate is slower than the diffusion limit
and, as such, behaves as reaction-limited aggregation.
However, as the number of cluster decreases due to the
aggregation, diffusion becomes increasingly important in
determining the rate limiting step, and thus the aggrega-
tion must ultimately pass over to DLCA. This aggrega-
tion is well described as a crossover behavior between
reaction- and diffusion-limited colloid aggregation, and
the kinetics can be qualitatively described as being initial-
ly exponential, then crossing over to the power-law be-
havior characteristic of DLCA. However, these kinetics
can often appear essentially linear in time, as shown in a
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previous report for the kinetics of colloidal gold. " Thus
the results of Wilcoxon, Martin, and Schaefer are simply
not in the RLCA regime and the suggestion by the au-
thors that RLCA gold results in linear kinetics is in-
correct. We note, by contrast, that in obtaining the re-
sults reported in this paper, we ensure that the initial ag-
gregation rate is suSciently small that the crossover to
DLCA is never approached in the course of our experi-
ments, allowing us to study the true RLCA regime.

The work of Wilcoxon, Martin, and Schaefer also sug-
gested that multiple scattering affected both the static
and dynamic light scattering results for colloidal gold.
However, the light scattering intensity from the colloidal
silica is about three orders of magnitude less than from
the gold. Nevertheless, we have shown here that both the
static and dynamic results from the gold are identical to
those from the much more weakly scattering silica. This
is clear experimental evidence that multiple scattering
does not affect the gold results. Moreover, detailed
theoretical calculations demonstrate how the conse-
quences of the fractal correlations persist, leading to the—dfcharacteristic q dependence of the static scattering,
even in the presence of the optical resonance characteris-
tic of metallic scatterers.

Finally, there are reports of slow, and apparently
reaction-limited colloid aggregation which clearly do not
fall into the universal description presented in this paper.
These entail the aggregation of biological molecules or
proteins. ' ' While their kinetics seem to be quite slow,
in accord with the RLCA results presented here, the frac-
tal dimension of the clusters produced is df =2.5, con-
sistently much higher than that measured here. A pro-
posed explanation for this discrepancy is restructuring of
the colloids which may occur due to the lower rigidity of
the biological molecules compared to the colloids studied
here. It is also possible that bonds formed are slightly
weaker, effectively resulting in some annealing of the
structures of the clusters. Either of these effects would be
expected to increase the fractal dimension of the aggre-
gates, consistent with the observation. However, whatev-
er the cause, it is clear that a necessary condition for the
universal RLCA behavior reported here is that the aggre-
gation be truly irreversible and the aggregates formed be
rlgld.

VIII. CONCLUSIONS

In this paper, the process of reaction-limited colloid
aggregation is studied using static and dynamic light

scattering and a self-consistent description of the two
forms of light scattering from colloidal aggregates is
presented. Static light scattering is used to measure the
fractal dimension of the clusters, as well as their structure
factor. By assuming a power-law form for the cluster-
mass distribution, we can also determine the cutoff mass
of the clusters in the distribution, provided the aggregates
are small enough so that qR —1. This same distribution
and cutoff mass can be used to describe the shape of the
autocorrelation function measured by dynamic light
scattering, provided the effects of rotational diffusion are
included. Excellent agreement is obtained with the mea-
surements. We also measure the ratio of the hydro-
dynamic radius to the radius of gyration of individual
clusters, and find P= 1.0 for RLCA aggregates.

We study the effects of the power-law cluster-mass dis-
tribution on the behavior of dynamic light scattering, and
show that it causes the results to be sensitive to clusters
of all sizes. It leads to a q dependence of the first cumu-
lant of the autocorrelation function, but we show that
this cannot be simply expressed as I &-q + . Instead,
the shape of the function D,a(q)=I &/q, depends criti-
cally on several key features of the aggregation process:
the distribution exponent ~, the effects of rotational
diffusion, and the shape of the structure factor. We scale
the measured data onto a single master curve, whose
shape reAects the q dependence of D,ff, obtaining the ag-
gregation kinetics from this scaling. The shape of the
master curve allows us to unambiguously determine the
value of exponent for the cluster-mass distribution.

Since the shape of the master curve is so sensitive to
the key features of the aggregation process, it can be used
to critically compare the behavior of the aggregation of
completely different colloids. We show that the master
curves obtained from three completely different colloids,
gold, silica, and polystyrene, are indistinguishable. This
implies that the cluster-mass distribution, the structure of
the clusters, and their anisotropy are identical for each of
the colloids. The cluster-mass distribution exponent is
~=1.5+0.05 for each colloid. In addition, the aggrega-
tion kinetics for each colloid exhibit exponential growth.
Finally, the fractal dimensions measured by static light
scattering are df =2.1+0.05 and are identical for each
colloid. These are in good agreement with the theoretical
predictions of the RLCA model. Thus the results
presented here provide striking confirmation that
reaction-limited colloid aggregation is a universal pro-
cess.
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