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Coherence in two-photon down-conversion induced by a laser
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We discuss the situation in which idler beams from two parametric down-converter crystals are

allowed to interfere. We show that, when two mutually coherent signal beams derived from a com-

mon laser are injected into the down-converters, the two idler beams can become mutually coherent

also. Moreover, the resulting interference pattern can, in principle, have 100% visibility when the

number of injected photons per unit down-converter bandwidth is large. This is just the condition

for stimulated down-conversion to dominate over spontaneous down-conversion.

I. INTRODUCTION (g(t) la,'e,. It((t) ) =0 .

Although signal and idler photons produced in the
process of spontaneous parametric down-conversion are
strongly correlated in time, ' there is no phase relation-
ship between the signal and idler fields E,'+' and E ',

+'.
The theory of down-conversion has been treated with
various degrees of approximation, ' and it is easy to
show that, in general,

On the other hand, if the initial state is the coherent state
Iu ), for the signal and the vacuum state Ig„„);for the
idler, then we readily obtain from Eq. (3)

IP(t))=IV &, lg...&, +gtVa,'IU &, Il&, +

so that

(g (
—)g (+)) 0

(P(t)le, 'tt;Ig(t)) =gtvv*', (6)

so that signal and idler fields do not interfere. Entangle-
ment of the down-converted field with the vacuum in the
sense of Horne, Shimony, and Zeilinger' allows the field
to carry information about the pump phase, ' ' as has re-
cently been demonstrated experimentally, and makes it
possible for (,E,'+'E';+') to be nonzero. Yet Eq. (1) still

holds, and signal and idler are still mutually incoherent.
The situation changes, however, when a coherent refer-
ence beam is injected into the crystal, say at a frequency
close to and in the direction of the signal field. This has
the effect of inducing stimulated down-conversions, so
that signal and idler fields becomes mutually coherent.

In the simplest possible two-mode model of down-
conversion, the parametric interaction Bt in the interac-
tion picture is written

8t =(ifig&, 8, V+hc) . (2)

which is nonzero in general. The coherent signal field has
therefore induced coherence between signal and idler.

II. PRINCIPLE OF COHERENCE INDUCED
IN TWO DOWN-CONVERTERS

In the following we analyze the closely related, but
somewhat more complicated situation, illustrated in Fig.
1. Two nonlinear crystals NL1 and NL2 are both opti-
cally pumped by coherent waves V, , V2 at the same

pump frequency coo. Down-converted signal and idler
beams emerge in slightly different directions from each
crystal. We allow the two idler beams to come together
and interfere, as shown. Needless to say, in the absence
of any other injected signal, the two idler beams are mu-
tually incoherent, and do not give rise to an interference

Here g is the (real) mode coupling constant, V is the com-
plex amplitude of the classical pump field, and a, and a,
are photon annihilation operators for the signal and idler
modes. It then follows that the state I P(t) ) of the down-
converted field after a time t in the interaction picture is
related to the initial state

I
1(((0)) by

Vi

NL1

lp(t)) =e '""'"l1((0))

=[1+gt(tt, o(, V —hc)]lg(0))+ (3)
laser beam

V2
where it is assumed that t is short compared with the
average time interval between down-conversions. If the
initial state It(j(0)) is the vacuum Ig„„),lg„„), for both
signal and idler, we find from Eq. (3) that

NL2

FIG. 1. Outline of the situation being treated.
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pattern. However, when two monochromatic signal
beams of complex amplitudes v& and vz at the signal fre-

quency co, are injected, which may be derived from a
common laser source by use of the beam splitter BS, as il-
lustrated in Fig. 1, they give rise to coherence between
the two idler beams, as we shall show.

We may consider the quantum state I g( t) & of the
down-converted light to be a direct product of the states
produced by the two crystals, so that from Eq. (5) we
write

where we have written

v, =lvle' ',
v, =l vie' ',
U, =lule' ',
U, =lule' '.

(12)

I@«}&=(IU) &,)lg„.&, )+g)«)&,')IU) &,)Il &;))

(lu2 &g2lfygg &/2+g2t V2fi @21~2 &@211&i2) .

It fo11ows that

& q(r }la,',a„ly(t) & =(g, t)(g2t) Vt V2U, "2,
whereas

& 0(r) I&,'&&; IP(r) & =(g r}'I v) I'(IU( I'+1),

&g(r}l&) &;210«}&=(g r}'IV21'(IU21'+1) .

(8)

(10)

When IUI ))1, the interference of the idler beams exhib-
its a 100% depth of modulation or visibility. Once again
the coherent signals have induced coherence between the
two idlers through the process of stimulated emission.

However, this conclusion is based on a simple mono-
chromatic two-mode model of down-conversion, which is
known to be inadequate and misleading for some pur-
poses. We shall therefore repeat the calculation using a
more realistic model of the process.

Hence, if gg =g =g2, Ivy I

=
I VI =

I V21, IU) I

= IVI = IU21

we have for the interference pattern

& g(r)1(& t, +8 ', ,)(8, , +&,,)Ig(r) &

=2(gt)
I VI [IUI +1+ lvl cos(92 —8, +4, —Pz)],

III. MULTIMODE TREATMENT

We shall make use of the formalism for the down-
conversion process developed previously. ' The state
If(t) & of the down-converted light at time t is related to
its initial state lg(0) & by

sin —,'(co'+co" coo)t, &2—, , +
Ig( ) &= 1+r)V5co g g P(co', co"), , „e ' a, (co')o;(co")+H.c. If(0)&+ .'+ " (13)

Here P(co', co"} is a spectral weight function for the signal
modes ~' and idler modes co", which are assumed to be
distinct and nonoverlapping, and 5' is the mode spacing.
As 5co~0 sums over discrete modes turn into integrals,
with

217560 g IP(ci), coo Ql)l 277 Jdcolg(co, coo co)I = 1

[~j, lp(r) &
= lt(, (r) &, Ilia, (r) &, , (15)

I

V is the pump wave amplitude expressed in units such
that I Vl gives the pump intensity in photons per second,
and r) is a dimensionless number such that Iril I Vl gives
the rate of down-conversion in photons per second.

In the present problem we again express the state

I tt(t) & of the down-converted light as a direct product

(14) with

I

sin
2

(co +co coo)r1

+g, v, 5~&y4, (~',~"), , „e ' a„(~')IIU, &&„I~"&, ,
2(M +CO COO)

(16)

and similarly for 1/2(t) &2. Here I I U, I &„ is the multimode coherent state of the signal field. Ice" &;, represents a state of
one idler photon of frequency cv", and M, and Mz, representing the amplitudes of the initial state, are very close to uni-

ty.
We shall represent the two emerging idler fields E ', ,

+ ' and 2 ', 2+ ' by the mode expansions

g (+)(r)—il

' 1/2

g 1, , (co )e g (+)( )
5'
2~

1 jz

g &,~(co )e
(17}
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in which ~& and &2 are propagation times from crystals NL1 and NL2 to the detector in the interference plane.
We now use Eqs. (15) to (17) to calculate

I „=(P(t)lE,'„'(t)E('+'(t)lf(t)), (n, m =1,2) .

We then find

I 12

3
5co S)n)(~1 ~1 ~0)t —(1/2) ( + cu

—)t i (t — )

M)2)) V) g gp)(C0), p))'), , „e ' ' ' e ' ', )& (v) Ilc),z(cpI)IIu)} ), 1
277 I —( ct)

1
+ ct) 1 ci)p )

ct)
l co) 2

sin —,'( p)2+ p)2' p)0—)t
M2 92V2 g g ( 2(~2&~2 )

( g rr
I II —(Ci)2+ ct)2 Ct)0)

602 N2 2

(1/2)i (co)+co& —ru&)t —
is&& (t —

t () (19)

We now replace co&' and co&' by putting mation. Then the 0, and Q2 integrals reduce to

CO ) + GO ) COp
=0 )

&2+N2 COP
—02,

and consider the long-time limit when t is much larger
than any reciprocal frequency widths (although still small
compared with the average time interval between down-
conversions). We convert (5ct)/'22r) gn to an integral
when 5ct)~0, and note that for long t the dominant con-
tributions come from small values of 0, so that we may
replace (I))(co),ct)0

—ct)')+ 0)) by (t )(tu', ct)0
—

ct)I ) and
t))'2(coz ct)0 Cur+f12) by 42(coo ct)0 cur) to a good approxi-

I

in
1 1 'n (1/2t — )

dn, , e
2~ '

—,'0,

1 s&n —,Vr, 2t
dQ e ' '=1

—,'n,

Finally, on recalling that

we have from Eqs. (19)—(21)

(20)

(21)

I I
I I i (~O —

col )( t —r
l ) I' ( coo c02 )( t r2 )

I )2=22r5COM, M2 21) V) rtzVz g p) (ct)), cop
—ct)))u)(ct)))e g $2(coz, ct)0

—ct)2)uz (ct)2)e (22)

In practice the spectral functions t))t)(ct), ct)0
—ct)) and

(ttz(ct), ct)0
—ct) ) characterizing the down-conversions are

very broad functions compared with v)(co) and vz(co),
which describe the injected laser beam. If the laser beam
is centered on frequency co„we are justified in replacing

( ci)1 ct)p ci)1 ) by $1 ( ct) ct)p ct) ) a)id ((}2(ct)2 ct)p cpz ) by
$2(co„cop—ct), ) under the summation. On converting
sums to integrals by writing in analogy with Eq. (17),

I )2=(2m. ) M, M2 rt) V) 2)2Vzp;(a)„coo cu,)—
X tttz(cu„cop ct), )8")('W(t ——r) ) W'(t —rz)

I coo( r2 —r
l

)Xe (24)

Now if the laser beam has a long coherence time, which
is much longer than ~&, ~2, we may approximate
W(t r) ) and W*(t ——rz) by writing

1 /2
W(t —r))= W(t)e

(25)

' 1/2

g v)(co)e ' '=AW(r),

g uz(ct))e ' '= 5'W(~),

W*(t —rz) = W*(t)e

(23) Then Eq. (24) finally reduces to

I,z=(2') % "t(*M)M2*2)*(V) 2)zVztt)) (P)„cop cp,)—
xttz(cp„cop —cp, )l w(t)l e (26)

where W(r) is the complex amplitude of the laser field,
and assuming that both coherent signal fields are derived
from the same laser by a beam splitter of complex
reflectivity % and transmissivity T, we obtain

Here l W(t)l is the intensity of the laser beam expressed
in photons per second.

We now proceed to calculate I » and I 22 in a similar
manner. From Eqs. (15) to (17) we find
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3
567 2 1+~1 ~0) —(1/2 ti (cot +col r—uo)t ice) (t —r) )

XX4'&(~& ~& )
277 —( Q) i +Qj i Qjo )

2

—(CO~+ COp C00)
~Z ~2 2

(27)

After going to the long-time limit and using Eqs. (20), as before, together with the definitions (23) and the quasimono-
chromatic approximations (25), we arrive at

I )) = lq) V) I' 2~&~ g ly, (~,~,—~)I'+(2~)'Iy, (~„~,—~, ) I'lw I'I IV(r) I'

= lni V) I'[1+(2~)' & I'ldi(~„~o —~, ) I'I IV(r) I'] . (28)

The last line follows from the previous one with the help
of Eq. (14). In a similar manner we obtain

f

tern depends strongly on the magnitude of the term
(2m) I(j)(co„coo—co, )l I W(r)l . If

I =lg v I'[I+(2~)'I Tl'lg ( „~o—,)I'llv«)l'] . (2~)'Iy(~„~0—~, ) I'I IV«) I'»1 (33)

at

(29)

We may now combine Eqs. (26), (28), and (29) to arrive

((E' '+F". ' ')(E'+'+2'+')&
= lg VI'(2+(2~)'14(~„~0—~, ) I'I IV(r) I'

x t I+2IA'Tlcos[(coo —a), )(r,—r, )

+xl f »
where

y =arg$2(co„coo —a), ) arg$—, ( a)„a)0 a), )—

(30)

~ N, COO M — Q), QPO CO

=
I p2( co„coo—co, )I, (32)

in order to simplify the answer.

IV. DISCUSSION

From Eq. (30) we see that by virtue of the cosine
modulation at the idler frequency coo —co„ there is an in-
terference pattern that depends on the optical path
difference c(~2—r, ). However, the visibility of this pat-

+arg(g2V2rlt V; )+arg(AV')+arg(M, M2 ), (31)

and we have assumed that

then the visibility is given by 2IRTI and can be 100%
when IA I

= 1&2=
I
'TI. On the other hand, when the

same term is very sma11 the visibility is very small also.
Let us then examine the order of magnitude of this

term. From Eq. (14) it follows that there are about as
many nonvanishing contributions to the sum on the left
as the number of times that 5' can be divided into the to-
tal bandwidth Ace of the spontaneously down-converted
signal light. Hence 2n IP(co„coo co, )l m—ust have the or-
der of magnitude I/b, co. It then follows that the critical
term

(2~)'ly(~„~,—~, ) I'I IV(&)I'-2~1 IV(&) I'~~~ (34)

depends on the ratio of the injected signal intensity in
photons per second, divided by the bandwidth of the
spontaneous down-converted signal light. The critical
parameter is therefore the number of injected photons
per unit down-converted bandwidth, which is essentially
the same parameter that expresses the ratio of the stimu-
lated to the spontaneous emission probability. It is only
when the stimulated emission dominates, that the inject-
ed signal beams induce coherence between the two idlers.

In principle, this condition for high visibility should be
relatively easy to achieve. But in practice the bandwidth
hco of the spontaneously down-converted light is so large
compared with the laser bandwidth that correct align-
ment may be very difficult.
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