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Radiative properties of atoms near a conducting plane: An old problem in a new light
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We examine the level shifts and radiation rates of an atom near an infinite, perfectly conducting
plane. Following the work of Dalibard, Dupont-Roc, and Cohen-Tannoudji [J. Phys. (Paris) 43,
1617 (1982); 45, 637 (1984)], we distinguish between the effects of radiation reaction and vacuum
fluctuation. This separation provides some new physical insight into the nature of “cavity”
modifications of atomic properties. In particular, we are able to identify the Casimir interaction as

entirely due to the vacuum fluctuations.

I. INTRODUCTION

The radiative properties of atoms are modified in cavi-
ties, because the electromagnetic field surrounding the
atom is modified by the boundaries of the cavity. The
presence of the cavity affects both the natural lifetimes
and the energies of atomic levels. Although these effects
have been known theoretically for many years they have
only recently begun to be demonstrated in the laboratory.
With the use of lasers it is now possible to study highly
excited states of atoms which have large polarizabilities
and therefore are strongly coupled to the electromagnetic
field. Furthermore, the excited atoms can be detected
with high efficiency, so that experiments can be per-
formed at the single atom level. These developments
have made it possible to observe cavity effects in the labo-
ratory! and have led to the growth of a new field called
‘“‘cavity quantum electrodynamics.”

Quantum electrodynamics (QED) provides a quantita-
tive theory of the radiative properties of atoms in
confined space, although a clear and simple physical pic-
ture does not always emerge from the full QED descrip-
tion.2~'> From one point of view, the cavity effects may
be regarded as modifications of the vacuum field distribu-
tion and mode density associated with the fluctuations of
the quantized radiation field. On the other hand, the
same effects can often be described by considering the re-
action of the instantaneous atomic dipole to its own radi-
ation field reflected from the cavity walls. In the second
viewpoint the physical mechanism is the fluctuation of
the atomic dipole and it does not seem necessary to con-
sider the field fluctuations directly.

Both mechanisms, an atom driven by fluctuations of
the electromagnetic environment, and an atom reacting
to its own field, yield identical answers for many of the
radiative properties. In fact, we know from the work of
Ackerhalt, Knight, and Eberly,'? Senitzky,!3 and Milon-
ni, Ackerhalt, and Smith,!* that “radiation reaction” and
“vacuum fluctuations” are in a sense two sides of the
same coin. They have shown that within standard QED,
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the extent to which each mechanism contributes to the
total effect can be chosen at will merely by changing the
ordering of the matter and radiation operators in the in-
teraction Hamiltonian.'

Following a suggestion by Fain,'!® Dalibard, Dupont-
Roc, and Cohen-Tannoud;ji'”!® (henceforth called DDC)
have discussed an extension of these ideas. They consider
the rate of variation of an arbitrary atomic observable G
due to the coupling of the electron momentum with the
vector potential of the vacuum A,

46

= . 1
an eN- A, (1)

coupling

where N is the relevant atomic operator. A is the sum of
a vacuum field A, and a field generated by the atom A,.
Although A commutes with N, A, and A, individually
do not. Consequently, the contribution of each field to
the total rate seems to depend on the ordering of N and
A. However, DDC show that the rate of change of G
separates unambiguously into a vacuum fluctuation part
(VF) and a self-reaction part (SR) when each part is re-
quired separately to be Hermitian:

46 =L(N-A,+A,N),
dt e
(2)
4G 1 —(N-A,-A,'N).
dr |

Of course, each part must be separately Hermitian if it is
to have separate physical meaning.

A generalization of this idea allows them to separate
the two parts even when the atom-radiation coupling is
more complicated than Eq. (1). This approach seems to
provide a simple physical basis (Hermiticity) for deter-
mining which radiative effects are due to vacuum fluctua-
tions and which to self-reaction.

DDC then proceed to solve Eq. (2) by perturbation
theory taken to second order in atom-field coupling. In
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particular, they give expressions for the separate contri-
butions from vacuum fluctuation and self-reaction to the
energy-level shifts and radiation rates of an atom. Their
results are formally identical with an application of the
fluctuation-dissipation theorem both to the atom coupled
with a fluctuating electromagnetic vacuum and to the
electromagnetic field coupled with a fluctuating atom. Of
course, their perturbative solution cannot describe situa-
tions such as an atom interacting with a single mode of
the electromagnetic field,' but Eq. (2) itself is quite gen-
eral.

In this work we calculate the changes in the energy
and spontaneous decay rate when an atom is in the vicini-
ty of an infinite plane conducting surface (a prototype for
a cavity). We refer to the region on one side of the sur-
face as semiconfined space. This is not a new problem,
but by separating the vacuum fluctuating and self-
reaction parts according to the scheme of DDC, we are
able to gain some new physical insight into the cavity-
induced effects.

This work is an extension of the free-space results of
DDC to the case of a rudimentary cavity. On three oc-
casions, Eq. (22), (29), and (37), we take a result of DDC
as a starting point for our discussion. The reader is re-
ferred to Sec. 4 of Ref. 17 for the derivation of these re-
sults.

We begin with a discussion in Sec. II of the statistical
functions which are used within the DDC framework t(J)

172

Af(k)= L sin(k,z)kXZage'**~“"+H.c. ,
EOwV
172
AMKk)= i LY
eV k

in which 4, €;, and w have the usual meanings, V is the
normalization volume, af and @}/ are the annihilation
operators for the E and M modes having wave vector k
and H.c. denotes the Hermitian conjugate.

@ ®

FIG. 1. This figure defines the notation and coordinate sys-
tem. (a) The cylindrical position coordinates of the atom. (b)
The electric field, the wave vector, and its components in an E
mode. (c¢) The magnetic field, the wave vector, and its com-
ponents in an M mode.

describe the atom and the vacuum field in semiconfined
space. In Secs. III and IV we examine the effect of the
conducting boundary on the spontaneous decay rates and
energy levels of the atom. Finally, we compare our re-
sults with the work of other authors and draw some con-
clusions about the physical origins of cavity-induced
effects.

II. STATISTICAL FUNCTIONS
IN SEMICONFINED SPACE

In this section we calculate the basic statistical func-
tions which will be used to describe the vacuum and the
atom in semiconfined space. The conducting boundary
that defines the space will be called the mirror.

A. Field modes

Let the normal to the conducting surface define the z
axis. We distinguish two types of plane-wave modes for
the field in front of the surface. These we call E modes
(E,=0) and M modes (B,=0) by analogy with the TE
and TM modes of a waveguide. The wave vector of a
mode is k and its components normal and parallel to the
mirror are k, and x. The position vector is r and its com-
ponents normal and parallel to the mirror are z and p.
The notation and coordinate system are illustrated in Fig.
1. The field operators for E and M modes are

(3)

LI ~ M itkp—ot)
cos(kzz)z—z—k—sm(kzz)lc apye"P"““+H.c. ,

B. Correlation and susceptibility functions
for the field

Following DDC we define the correlation functions for
the vacuum field,

Cﬁ(r,r)=% >

A(=EM)

ol[ A4} (r,0), A}(r,t —7)]1[0) .

4)

The subscript plus (minus) indicates anticommutation
(commutation). A, is a Cartesian component of the vac-
uum field in the presence of the mirror but not yet per-
turbed by an atom. In general, the correlation function is
a tensor C v but in this case all the off-diagonal elements
are zero. Similarly the susceptibility of the vacuum field
is defined as

xh(r,7)

(Ol[A}(r,1), 4} (r,t —7)]_[0)O(T) ,

(5)
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in which ©(7) is the Heaviside step function.

1. Transverse fields

From Egs. (3) and (4) it follows that for £ modes

# d3k |1
F(E) — axk |t .- .2
C. Pr, )= 2, f pml b (sin“k,z )(sin“¢)

X(e*iw‘r_*_eimr) ] (6)
and for the M modes

CF(M)( ):_ﬁ___ 3k

I, T (smzk z)(cos?8)
250 473

X(coszcﬁ)(e Tiety glor) ] R
(7

where ¢ is the azimuthal angle and 6 is the polar angle of
k. After integrating over all orientations of k and adding
E and M modes we obtain

+oc
3 f zur‘w|

2 sin(wT)

F _
C. r,7)= 3 T

87rec

_cos(wT)
(oT)?

sinfwT)

(0T)? |’ ®

where T stands for 2z /c, the time taken for light to prop-
agate to the mirror and back. The first term in Eq. (8) is
just the free-space correlation function, therefore the
change in correlation function of the transverse field due
to the presence of the mirror is

CCaV(r’

+w ior __sin(wT)
81r € c3 f ol ‘ oT

_ cos(wT)
(0T)?

sinlfwT)
(0T)?

For the susceptibility of the transverse field a nearly
identical calculation yields

X, )

oo __sin(wT)
3f a)G(T)‘ Tl

__cos(wT)
(0T )?

47rec

sin(wT)

(T (10)

From the symmetry of the problem it is evident that
C,=C, and ¥, =X,.
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2. Perpendicular fields

Only the M modes contribute to the normal com-
ponent of the field. From Egs. (3) and (4) it follows that

3
cFon(e, = [ 4K 1L ok 2 )sin%6)
2¢, ()]
X(e—ia)r+eim7) 11
and hence
g 1 cos(wT)
cfir,m) el |+ — costol)
477' € e’ f | 3 (oT)?
sin@T) | (g
(oT)
After subtracting the free-space part we obtain
e cos(wT)
CcaV(r’ le _
477' €y dte,c’ f o] (oT)?
sin(wT)
(oT)?
(13)

Similarly, the change in susceptibility of the perpendicu-
lar field due to the mirror is

X;a\( ,T)
+ac cos(wT)
lw‘r e( ) _
277 €0 c3 f e (0T)?
sin(fwT)
—(wT)3 (14)

3. Fourier transforms
of the field statistical functions

of f(1)

We define the transform f(w)

tion
= [ doe flo) . (15)

This is consistent with the convention of DDC. The
transforms of the correlation functions [Egs. (9) and (13)]
are obtained by inspection:

through the rela-

C ™ p)= 27‘5 ol |- sin(wT) _ cos(wT)
8meoc oT (0T )?
sin(wT)
(@T) |’
(16)
CVw)= ol = cos(wT) | sin(wT)
‘ 4%’ (0T)? (oT)}

We have dropped the argument r in order to simplify the
notation but of course there remains a position depen-
dence through the quantity 7 =2z /c. The susceptibilities
are not so easy to transform because of the presence of
O(7) within the integrals. Appendix A shows how we ob-
tain the results



1590 D. MESCHEDE, W. JHE, AND E. A. HINDS 41

¥ Mw)= 1 1 ||sin(lwT) | coslwT) 1 el | 4 cos(wT)  sin(wT)

* 8mec® T oT (@T? (0T oT (@T)? ’

(17)

7(w)= 1 1 | |sin(wT) | cos(wT) 1 +i cos(wT) sin(wT)

: 4mtec’ T oT (wT)  (oT) oT (wT)?

C. Correlation and susceptibility functions for the atom
Following DDC we now define the correlation functions for an atom in state a,
: 2

e e

Cutm=— || Callp,(thp,(t=7)]la) (18)

where p,,(#) is a Cartesian component of the electron momentum operator. Once again we are interested only in the di-
agonal elements of the more general tensor. This operator evolves only under the internal atomic interactions; the atom
has yet to be coupled to the vacuum. Similarly, the susceptibility of the atom is defined as

2

xp(n=—|— | (allp,(0),p,(t—7)]_la)O(T (19)

#

We will be interested in the Fourier transforms of these statistical functions which are given by DDC:

67,(@):—21— £ 2|<bfp#|a)| (=) +8(o+m,)] (20)
and
1 ’ 1 1 1
Ta — € 2 :
= — — + + —8(w— 21
X i) 7 | %I(blpula)l l" P P pr— i[8lo+wy,)—8lw—w,)]t, 21)
f
where 6 is the Dirac delta function, #w,, is the energy in- =27 2 f da)a)C (w)Im[Y 5(“’)]
terval E, —E,, and P indicates that the principal part is
to be taken in subsequent integration. d
The key results of this section are Egs. (16), (17), (20), and (ii) 22
and (21), the correlation functions and the susceptibilities =27 2 f dooC & plo)Im[ )( w)].
of the vacuum and the atom. Following DDC we will
now calculate the decay rates and shifts of the atomic lev- Pz and Pyg can be positive or negative, enhancing or
els in the context of perturbation theory. suppressing radiative decay in confined space.

A. Self-reaction-induced decay rate

The modification of Pgg due to the presence of the mir-

III. SPONTANEOUS DECAY RATE ror is obtained by subtracting the free-space value.

Hence
The power radiated from an atom consists of two cay — 6 cav,
parts, Pyr due to vacuum fluctuations and Pgg due to —27’2 f doo “’)Im[/\’ ®)]. (23
self-reaction, as outlined in Eq. (2). In the coupled reser-
voir model of DDC these can be written as (i) With the help of Eqs. (17) and (20) we find
J
e? sin(wg, T)  coslwy, T)  sin(wg, T)
Pcav_.—_ wa <b] |a)2 —
SR 477€Omz 3 % b | Py | 0, T (wabT)z (wabT)3

cos(wg, T) 4 sin(wg, T')

+2[{blp,la)|?
[{lp:la)l (g T)? (g T

where [(blp,la)|*=|(blp,la)|*+[(b|p,la}|*



41 RADIATIVE PROPERTIES OF ATOMS NEAR A CONDUCTING ... 1591
B. Vacuum-induced decay rate
The mirror-induced change in Py is
_2172 f * dooC M (w)Im[) Yw)] . (25)
With the help of Egs. (16) and (21) we find
2 sinlwg, T)  cos(wy, T)  sin(w,, T)
cav — e 2 ab ab ab
=———= Fogloul |[{blp,la)* |- - +
vE dmegm*c? % abab Pe g T (g T)? (g T)?
cos(wg,, T)  sin(w,, T)
+2[¢blp,la)|* |- o (26)
(wgp T) (0 T)

Note that Eq. (26) is identical to Eq. (24) except for the
replacement of w,;, by |, |.

C. Total decay rate

The total power radiated from the atom in
semiconfined space is P =P%+ P+ PS¥, where PP is the
power that would be radiated in free space,

Pl= e’

6meym ab+lwab|)
0

2 32wab

X(Kblp,la) >+ {blp,la)?) . @D

For ground -state atoms it is reassuring to note that each
term in P{Y is canceled exactly by the corresponding
term in PSY because w,, is negative for every b. This
cancellation also ensures more generally that there are no
upward radiative transitions from any initial state. For
downward transitions from an excited state, P acquires
equal contributions from Py} and from P&y’ regardless of
the distance from the mirror. This is the same kind of
conspiracy that DDC found in the free-space case and
which is contained in the term (w,, + |, 1) in Eq. (27).
It seems to tell us that the vacuum fluctuations and the
self-reaction are equally important in radiative decay,
both in free space and in the presence of a boundary.

At distances far from the mirror (w,, 7T >>1), the
modifications become negligible and the radiated power
approaches the free-space value as one would expect.

Close to the mirror (w,, T << 1) the power radiated by
a dipole parallel to the surface goes quadratically to zero
[P «(w,,T)*] while a perpendicular dipole radiates at
twice the free-space rate. This behavior has a simple ex-
planation. Close to the mirror the field 4, goes linearly
to zero because it must satisfy the boundary condition
A,=0 in each mode. This applies both to the vacuum
field and to the field generated by the atom. Hence the
decay rate goes quadratically to zero. In a similar way
the reflection at the boundary doubles the perpendicular
component of both the vacuum field and the field pro-
duced by atomic fluctuations. This generates four times
the power density of decay radiation, but only in half the
free-space volume. Hence the radiated power doubles.

IV. ATOMIC ENERGY LEVEL SHIFTS

It is convenient to work in the Coulomb gauge where
the Hamiltonian describing the external interactions of
the atom in the dipole approximation is

_e o e
H-—EA . Ap+tVyu - (28)
In this section we will separate H into vacuum-
fluctuation and self-reaction parts and will examine the
level shifts (calculated to order e?) associated with each.
Evidently the 42 term is to be associated with the vacu-
um, while the “instantaneous’” Coulomb interaction ener-
gy Va 1s a self-reaction term. This assignment is not
only intuitively reasonable, it is also required if the sepa-
ration into vacuum-fluctuation and self-reaction contri-
butions is to be gauge invariant.” The A-p term will be
decomposed into a vacuum-fluctuation part and a self-
reaction part as discussed by DDC.

A. Self-reaction-induced level shifts

The self-reaction part of the level shift due to H can be
written following DDC as

Ap=(alVyula) =73 [ “do[C Y] T i) . @9
u ©

Here we are only interested in the mirror modification of
Agr which we obtain by subtracting the free-space part
from x*:

Sw=(alVyula)— wzf Tdo[C )] Mw) -

(30)

1. Electrostatic term

The first term in Eq. (30) is the London—-van der Waals
interaction of the instantaneous electric dipole with its
image:?!

e? (alp*+2z%a)

{alVular==7"0 162

(31)

Here we are making the approximation that the size of
the atom is much less than z, the distance to the mirror.
It will prove useful to rewrite this in terms of T (=2z /c)
and p, the electron momentum,
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<a|Vstat|a>:_

s (<blp,la) P+ <6 1V2p,la) ) . (32)

2. Self-reaction contribution to the A-p term

The second term in Eq. (30) is readily evaluated with the help of Egs. (17) and (20). The result is

" .
e 1 1 cos(wg, T)  sin(wg, T)
L (blp.la)|? — — +cos(w,, T)
8megmic? T% {blp,| (0 TP (wy,T)? (0gT) ’
_ 1 cos(wg, T)  sin(wg, T)
+1{b1V2p,la)|? - - . (33)
| | Pzi | (a)ng)z (a)abT)z (wabT)
3. Total self-reaction-induced level shift
The sum of Egs. (32) and (33) yields the total levels shift due to self-reaction,
2 coslwy,, T)  sin(wy, T)
cav e L (b a) 2 ab _ ab +cos(w , T)
SR 8regmic® T % Iblp,la)] (g T)? (g T') a0
- cos(w,, T)  sin(w,, T)
+{b[V2 2 - (34a)
[<61v2p,la)] on TP (0o T)
For future use it is convenient also to write this result in [ ,
the form %a[:_/: 26; E Cflav(l',TZO)
SR= 2 AR (D) . (34b)
—vzf “do[€ ™)' YY) . (38)

In the limit of small w,, T this shift is dominated by the
1/T3 G.e., 1/2% terms and is just the London—van der
Waals interaction

gz;{v ) bT=0 <a‘Vs(at‘a ) (35)
At large distances the shift becomes

cav
SR Dyp T=c

1 2
- - = T
87reom ST Eb‘ [<blp,la)|*cos(w, T), (36)

which is precisely the interaction energy of a classical
electric dipole of amplitude |[(blp,la}|/ma,, with its
own reflected far field.

B. Vacuum-induced level shifts

The vacuum-induced part of the level shift due to H
can be written following DDC as

“do C llw)*y o) .

Ay =—<0|A2|0>—1rzf

(37)

Once again we are interested in the modification of the
energy due to the mirror which we obtain by subtracting
the free-space part from Eq. (37),

1. The A% term

The first term of Eq. (38) represents that part of the in-
teraction e242/2m due to the presence of the mirror. It
is readily evaluated using Egs. (9) and (13). The result is

2 2
L3 Ccirr=0)= —e’f’—»Tl—z ,

(39)
2m m dm’eyme’

where, as usual, T=2z /c. This contribution to the level
shift comes entirely from A,. For future reference it is
useful to rewrite this result using a version of the
Thomas-Reiche-Kuhn sum rule

”’=_~2|<bW2pzia>I2‘wab|2 (40)
to obtain
5—; Y (r,r=0)

:_ﬁ 22|<b|\/2pzfa)|2|wab|z. 1)

2. Vacuum-fluctuation contribution to the A-p term

Now we evaluate the second term in Eq. (38) with the
help of Egs. (16) and (21). The contribution from the x
and y components of the field is
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sinfwT) cos(wT) | sin(wT) 1 1
_ — (blp la)|?|P|————— |—P (42a)
167, m2 3 2 f t oT (oT)? (oT)? {blp, 0t wg O~ Wgp
and from the z component
cos(wT) |, sin(wT) = 1 1
— [(b|V2p,la)|?|P —P . (42b)
1672 € m2 3 2 f (0T )? (oT)} i oty O~ Wgp

Although we are able to evaluate these integrals analytically as described in Appendix B, they have a rather inelegant
form. The results for the transverse (p) and normal (z) contributions are, respectively,

o2 0, | 148U0,|T)  flwg,|T)
— (blp,la)|? —f@g,!T)
4regmic? Tzl p,la)] g lwa | T (log, | T fllwa

cos(wgy, T)  sinlwg, T)
+I |- b ] T 0 +cos(w,, T) (43a)
2 (g T)? wgp T
and
o2 wg | 1+8lwn!T)  flon,!T) - cos(@y, T)  sin(wg, T')
S S (b|V2p,la)|? +T |- - , (43b)
4megm?ic? T 2| V2p.1a )] g | lwgy | T (g TP 2 (0T Wap T

where the auxiliary functions f and g are defined in Appendix B.

3. Total vacuum-induced level shift

When we sum Egs. (41), (43a), and (43b) to find the total vacuum-induced level shift, we see that the first term in Eq.
(43b) is canceled by the contribution from Eq. (41) and that some of the terms in Eqgs. (43a) and (43b) correspond exactly
to terms in the self-reaction shift given in Eq. (34a). Thus the total vacuum-induced shift can be written as

©g o2 1 1+g (o, T flwg,lT)
cav— AZY(b)+ — (blp,la)|? —fUwg|T)
vE % ‘wab| 477260"12(.'3 T % | ab‘ | pp I ‘wab|T (lwab|T)2 f ’
—_ g(l(l)ab|T) f(|a)ab|T)
+1¢b|V2p,la)|? (44)
A R P T

C. Total level shift

The total level shift is A®Y=Agy +AVF. Close to the
mirror, when w, T <<1, A{y diverges no faster than
1/T?, as shown in Appendlx C whereas AgY diverges as
1/T? [see Eq. (35)]. Therefore the total level shift near
the mirror is dominated by the London-van der Waals
interaction and is due entirely to self-reaction.

At a large distance from the mirror (w,, T >>1), AR is
dominated by the first term of Eq. (44), which has the
1/T form shown in Eq. (36). This corresponds, as we
remarked in connection with the self-reaction shift, to the
atom interacting with the reflected far field of its own ra-
diation pattern. Thus the total shift of level a due to
lower-lying states comes half from the self-reaction and
half from the vacuum fluctuation, in complete accord
with our conclusions about the spontaneous-emission
rate. Similarly the shifts due to states lying above state a
cancel as do the spontaneous-emission rates. This cancel-
lation means that the energy of a ground-state atom far
from the mirror has no such “far-field” shift. This is a
reasonable result because the ground state does not radi-
ate. In this case the shift is due entirely to the vacuum
fluctuations and is contained in the second and third

I

parts of Eq. (44).

The large-distance limit of Eq. (44) is discussed in Ap-
pendix C. We find that the large-distance level shift for
ground-state atoms is

(Acav caV)lwab —
2
e 1 Dgp 4
= — (blpla)*—— .
4mregm?c® T % l@g | {lp (lol T
(45)
This result is precisely the Casimir-Polder shift,? first ob-

tained in 1948. It is usually written in terms of the static
scalar polarizability a,, defined as

2|{bler|a)|?

Agpar= — ’ (46)
w3 B
whence
cav cav — 1 3ic
(ASR +AY )twab T = are, _81rz 7 Astat - (47)

This result leads us to accept the following physical
picture of the Casimir-Polder shift.® The fluctuating
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vacuum induces an ac Stark shift in the atom which, in
free space, is Bethe’s famous self-energy contribution®® to
the Lamb shift. When a boundary is imposed on the vac-
uum, the spectrum of fluctuations is changed as indicated
by Egs. (9) and (13), and the corresponding correction to
the Lamb shift is the Casimir-Polder shift. The change in
| 4|% is significantly only for those wavelengths that are
long compared with the distance to the boundary, in
which case IAplz becomes zero while | 4,|? is doubled.
For these frequencies we crudely take the change in the
field to be equal to the unperturbed field. The atomic lev-
el shift, ignoring factors of order unity, is then just

1/2z
A~f0 dk k*a(k)E} (48)

where a(k) is the electric polarizability. At large dis-
tances, where 1/T is less than all the atomic resonance
frequencies, a(k) is effectively constant. Then

a~Tq [ dk ki~ Ty (49)
€ 0 €02

which has all the essential features of the more exact re-
sult in Eq. (47).

The Casimir-Polder force has frequently been de-
scribed as a ‘“‘retarded London-van der Waals force.”
This now seems inappropriate since the Casimir-Polder
force is entirely due to vacuum fluctuations while the
London-van der Waals force is purely the result of self-
reaction.

V. SUMMARY AND CONCLUSIONS

Several authors have already analyzed this problem
from various points of view and there seems to be general
agreement as to the net values of the decay rates and level
shifts. In particular, we agree completely with the results
given recently by Barton.* Perhaps the only significant
deviation is in the short-range level shift found by Barut
and Dowling’ which includes an extra London-van der
Waals energy for excited states. We do not find such a
term and believe that it is erroneous.

What is new about our work is that we have attempted
to separate the self-reaction and vacuum-fluctuation mir-
ror effects subject to the physical constraint that each in-
teraction must be separately Hermitian. As pointed out
by DDC, this provides a unique prescription for separat-
ing the effects.

We find that vacuum fluctuation and self-reaction con-
tribute equally to the decay rates regardless of distance
from the mirror. Close to the mirror, the level shifts are
dominated by the 1/z° London-van der Waals self-
reaction. Far from the mirror the level shifts of excited
states are dominated by the 1/z interaction with reflected
spontaneous radiation to which the two mechanisms con-
tribute equally. For ground states the spontaneous radia-
tion is absent and the leading level shift at large distances
is then the 1/z* Casimir-Polder interaction which is en-
tirely due to the vacuum fluctuations.

From the experimental point of view it would be in-
teresting to observe the Casimir-Polder energy of an atom
near a conducting boundary. Perhaps the most appealing

arrangement?* is an atom in its ground state at the center
of a spherical cavity where there is no London-van der
Waals interaction and the (nonzero) level shift is entirely
due to the Casimir-Polder energy. Unfortunately spec-
troscopic methods necessarily involve an excited state
whose long-range resonant self-interaction will tend to
dominate the shift of the interval, as observed, for exam-
ple, by Heinzen et al. !
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APPENDIX A: FOURIER SPECTRUM
OF THE FIELD SUSCEPTIBILITY

The mirror modifications to the field susceptibility are
given in Eqgs. (10) and (14). They have the form

0= [ Tdoe g0 (AD)
We define the spectrum of the susceptibility as

T cav, _ 1 Rl — T, cav

X (w)—‘?:; _dee X (A2)

This is just the inverse of the relation given in Eq. (15).
Taking Egs. (A1) and (A2) together we find that

A cav _ i + o0 da)’ ,
¥it@)=iglw+—P [ " —F—g (),

(A3)

in which P indicates the principal value of the integral.
The relevant integrals are

i +o do' o'sin(o'T) I

._.,P = T s

2 f*ac o' —w o'T 2TCOS(w )

i +o do' w'cos(w'T) i sin(wT)

Lp =— 3097 (A4
27 f—oc o'—w (o'T)? 2T T A4
Lpf +te do' o'sin(0’T) _ i cos(wT)—1

2 Voo 0'—0 (0'T)? 2T  (oT)?

The use of Egs. (A3) and (A4) takes us immediately from
the time-dependent susceptibilities given in Egs. (10) and
(14) to the frequency-dependent functions given in Eq.
(17).

APPENDIX B: INTEGRATION OF EQS. (42b) AND (42a)

1. The basic integrals

The functions f(a) and g(a) are defined as in
Abramowitz and Stegun,?? Secs. 5.2.6 and 5.2.7,

= sinx
[ Fdx="-=f(a),
0 x +a
(B1)
© . COSX __
e

Since
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o sinx
f dx =1cosa ,
— o0

x ta
(B2)
fm dxﬂ=1rsina
— X +a ’
it follows that
fwdxﬂ=—f(a)+1rcosa ,
0 x—a
(B3)
® . COSX __ .
fo dxx+a =g(a)—msina .

2. Integration of Eq. (42b)

The integral to be performed is Eq. (42b) (see Sec.
IV B2). For simplicity we drop the constants in front of
the integral, the summation, the squared matrix element
and the principal value symbols. In the remaining in-
tegral, which we denote by I, we substitute x =wT and
a =|wg|T. This gives

2 Wgp o cosx , sinx 1 1
I== dx | — + —
T\wabifo x x2 x+a x-—a
(B4)
Now we make the substitutions
RIS S W D T S B
x |x+a x-—a ax a|x+a x-—al’
(B5)
1 11 _ 2 1 11
x2 |x+a x-—a ax? 2lx+a x—a |’
and the integral becomes
2 Wy o 2 COSX 1 1
== dx | =j,(x)+ +
T lea,,]fo x aj‘(x) x+a x-—a
sinx 1 1
+ — , B6
a? |x+a x-—a (B6)

where j,(x) is the spherical Bessel function. With the
help of Egs. (B1) and (B3) we find

o i
I=i b 1+g(a)+f(a)+1 __cosa _ sina
T |a)a,, | a a 2 2 a 2 a
(B7)
3. Integration of Eq. (42a)
In this case the integral analogous to (B4) is
J
cav — e2 iz |<b| Ia)'Z +0(C¢) T)
VB 4r?egmc} T < oy, Pe ab
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® .
_ 2 %a f dx | —sinx — 8% sm;c
T |a)abl X X
1 1
- B8
x+a x-—a B8)

The new terms are given by Eqgs. (B1) and (B3) with the

result
a)ﬂ
I=i b 1+g(a)+f(a)_f(a)
T |yl a 2
+ T | _£o5a _ €O8A , sa (B9)
2 al

Equations (B7) and (B9) lead immediately to the results in
Egs. (43).

APPENDIX C: SHORT- AND LONG-DISTANCE
LIMITS OF A¥

Equation (44) gives the energy shift Ay due to the
vacuum fluctuation. Here we determine the asymptotic
behavior of AJy at large distance (w,, T = o0 ) and small
distance (@, T= 0).

1. Short distance

IwablT 2

As x=0
f(x)=’—+('}/-—1+lnx)x+ - [x2+0((x?),
g(x)= —(y+Inx)+ —2— x+0(x?), (C1)
cosx _ sinx 1 1 )
- - ————+
2 . 22 O(x?)
Therefore
glx)  fx)  m | cosx sinx
X x2 2 _x2 X
—-LiTiom @
x 2
and
1+g(x)+f(32c) fa+ T _coszx_smx T cosx
x X 2 x X
=’%+0(x). (C3)
Hence the short-distance limit of Eq. (44) is
+|<b|\/§p,|a>|2[ L T 4 0(w,D (C4)
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2. Long distance
Asx = o
1 2! 4! 1 3 st
f(x)=; ]—;‘2—'{'?— , g(x)=’—2- 1 . +x4 , (C5)
therefore
1+g (0T fllog|T)
= b fllog|T) |— —— (C6)
lwgp | T wg | T) (g, | T)
and
gUwy, T fllwg,|T) _ 2 ) ©
lwg| T (logy | T (lag, | T

Equations (C6) and (C7) lead us immediately from Eq. (44) to Eq. (45).
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