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We here present the theory of lasing without inversion for systems with a split upper laser level.
We show that the effect of amplification without inversion may be realized for at least two different
situations. In the first situation, the effect is due to the asymmetry of radiative characteristics of
quasidegenerate transitions. In the second situation, the effect can be provided without any asym-

metry and is achievable for the definite phase of the transfer of coherence between the quasidegen-
erate levels (quasiparametric amplification). We also show that for laser amplification without in-

version, the rate (frequency) of mixing of the quasidegenerate levels should be significantly higher
than the linewidths of these levels. This mixing of quasidegenerate levels can be realized by low-

frequency electromagnetic radiation or by interaction with an auxiliary third level. In addition, we

derive the conditions for providing laser action for such systems rigorously, and we give some

specific examples for the realization of this effect in gaseous and solid-state media. One of the most

promising configurations may be realized in solid-state media when two narrow quasidegenerate lev-

els are embedded in quasifree states (low-density state conduction band). We also discuss the use of
a parametric mechanism for the creation of spatial gratings and for the construction of new types of
electro-optical devices.

I. INTRODUCTION

Recently Harris' and Kocharovskaya and Khanin
predicted the possibility of amplification of light in a
three-level medium without inversion of population.
Harris considered the case of continuous-wave or long
pulse laser modes with two upper autoionizing levels as
being purely lifetime broadened and the difference be-
tween their energies as being small (quasidegenerate lev-
els). Kocharovskaya and Khanin analyzed the
amplification of ultrashort laser pulses in the three-level
system, with the two lower levels being quasidegenerate
ones.

The possibility of light amplification without popula-
tion inversion may be based on the nonreciprocal in-
terference of absorption and stimulated emission between
a pair of upper or lower split levels and a single level; a
similar effect based on Doppler recoil splitting of the
emission and absorption spectra was suggested by Elton.
Arkhipkin and Heller considered amplification without
inversion with an upper single level as a field-induced au-
toionizinglike state.

The feasibility of laser action without population inver-
sion has been shown by Harris' for the case of strong
asymmetry in the line strengths and linewidth of quaside-
generate transitions. In this case, the effect is anticipated
for the exact resonance of light with one component of
the quasidegenerate transition which has lower frequen-
cy, which also has lower oscillator strength.

In Ref. 2 laser amplification without inversion is attri-
buted to the population capture of two quasidegenerate
lower levels and to the excitation of low-frequency coher-
ence. Since the consideration in Ref. 2 is based on the
neglect of relaxation times, it can be shown that this con-
sideration is valid only for ultrashort laser pulses.

The feasibility of laser action in the media is usually es-

timated from the analyses of rate equations for popula-
tion of the levels; these equations for multilevel systems
are derived from the kinetic equation for the density ma-
trix and from Maxwell's equations for the radiation field
in quasisteady approximation (valid when the field en-
velope and population difference are changing very slow-
ly in comparison with cross-relaxation time ). It is
known that for three- or four-level laser systems which
have a single resonance of laser radiation with one of the
transitions the laser action cannot be provided without
population inversion. The effect is possible only for the
case of double resonance of laser radiation with two tran-
sitions of closed frequencies (the quasidegenerate transi-
tions). These two transitions may be transitions from the
lower single level to two discrete levels embedded in con-
tinuum, ' to one level embedded in continuum, or to two
weakly interacting quasicontinuums.

This effect cannot be predicted by means of analysis of
rate equations, ' because interference of two resonant
noncoherent processes must be taken into account and
we have to consider the equations for nondiagonal corn-
ponents of the density matrix. The conception of invert-
ed population was introduced for two-level systems and
then was used in the analyses of multilevel systems for
predictions of new laser schemes. Derivation of the con-
ditions of maser and 1aser oscillation was made by means
of analysis of the equations describing the change in level
populations due to the combined effect of pum. ping, spon-
taneous and induced radiative transitions and relaxation
processes. All these processes were characterized by
rates or probabilities of transitions (and relaxation),
which has been introduced in the absence of a laser field
by independent treatment and then were used in the
equations of level populations. This theoretical forma1-
ism known as rate equations predicted a11 known laser
systems. That is why the terminology of lasers without
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FIG. 1. The four-level laser scheme for providing
amplification without inversion. co is the laser frequency. The
upper laser level is split and consists of two quasidegenerate lev-

els 2 and 3. w„are rates of spontaneous or radiationless transi-
tions, coo is the frequency of transition between the levels 2 and
3, and 5 is the auxiliary level through which the fast coherent
mixing of levels 2 and 3 can be provided.

inversion is an echo of consideration of a multilevel laser
system in the framework of rate equations.

%'hen considering the systems with split laser levels it
is particularly important to go beyond rate-equation ap-
proximation, and it is one of the topics of this paper. We
state the theoretical treatment of the problem of lasers
without inversion in the formalism of standard kinetic
equations for a density matrix.

Consider the case of a split upper laser level (Fig. 1).
(The cases of the split lower level and of the transitions
from the discrete level to two weakly interacting
quasicontinuums will be considered in our next publica-
tions. ) For the case of an upper split level, we show that,
besides the ordinary probabilities of one-photon absorp-
tion and stimulated emission, there are the probabilities
of transitions that arise from the interference of two non-
coherent processes. Two different situations were con-
sidered.

(a) Laser gain may be provided due to the asymmetry
in radiative characteristics of quasidegenerate transitions
and can be attributed to the interference of absorption
(co=m;, ) and "hyper-Raman-scattering" (co+coo—~o
=co; ), where coo is the frequency of the field that
coherently mixes the quasidegenerate levels. This laser
action is achievab1e if the rate of the mixing of two

I

quasidegenerate levels is much greater than the linewidth
of transition. There are not any requirements for strong
asymmetry in radiative characteristics of quasidegenerate
transitions as was stated in Ref. 1.

(b) The second situation is not connected with asym-
metry of quasidegenerate transitions. In this case the
effect may be due to the interference of absorption
(co=co;. ) and "Raman scattering" (co —coo=co, ). The
feasibility of laser action now depends on the sign or, in a
more general case, on the phase of the complex dipole or
multipole moment of transition between upper quaside-
generate levels. Since the laser gain without population
inversion does not connect with the intensity of the laser
field or with the pulse duration (as in Ref. 2), the new

type of laser may be constructed. The efFect of laser
amplification without inversion is based on the interfer-
ence of two noncoherent multiphoton transitions, which
includes the transfer of coherence between quasidegen-
erate levels and is similar to the interference of two non-
coherent processes in four-wave mixing in two-photon
resonance.

II. EQUATIONS OF MOTION
FOR THK DENSITY MATRIX

Density-matrix formalism is probably most convenient
for the calculation of microscopic expression of optical
susceptibilities and for dealing with relaxations of excita-
tions. As in the regular theory of lasers, we start from
the equation for motion for density matrix p (Ref. 8)

—+ice „+T „' p „= i' '[V—,p] (la)

i)pmm
+X(w l, p

—
wk pki, )= —iiii '[V,p], (lb)

Bt

where co „ is the frequency of transition, T „ is the
characteristic relaxation time between the states

~
m ) and

~
n ) (cross relaxation), w „ is the probability of radiation-

less transition between the states ~m ) and ~k ), and V is
the Hamiltonian of interaction of a field with matter.

By way of example, we consider the standard four-level
laser system when the upper laser level is split (Fig. 1).
The laser field interacts with transitions 1~2 and 1~3
simultaneously. The levels 0 and 4 serve as auxiliary lev-
els for the pumping process. For the coherent mixing of
levels 2 and 3, we consider two opportunities: (a) levels 2
and 3 are coherently mixed by an electromagnetic field
with frequency coo=co32, and (b) they interact with each
other through level 5.

For the first situation the equations for density matrix
may be written

(i~12+ ~12 )P12 ~ V12(p1 1 P22) i~ V13P32 i~ P13 32dt

dDP13 —
1 ~ —

1 ~ —1 ~ —1

i3 (P 1 1 P33 ) 12P23+ ~ P12 V23
dt

dDP23 —1 ~ —] ~ —1 ~ —1

dt
+ ~23+ ~23 )P23 ~ V23(P22 P33 ~ V21P13+ ~ P21 V13

(2a)

(2b)

(2c)
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dP11 —1 ~ —1

+wlopll —
w21P22

——lA (Vlzp21 P12V21)
—ll (V13P31

—P13V31)
dt

—2' 'Im(p, z Vz, )
—2lrl 'Im(p, 3 V31),

dP22 ~ —1 ~ —1

dt
—W42P~+ W»pzz —«

= +2lll 'Im(p, z V» )
—2A 'Im(p23 V32 ),

dP33 ~ —1 ~ —1

w43p44+ w31p33 + ill ( V13p3 1 p13 V31 ) + 1 fl ( V23p» p23 32 )
dt

=+2k' 'Im(p» V31)+2A' 'Im(p23 V32 ),
d p44

dt
w04PQO+ 43P44+ w42P44

=0

(2d)

(2e)

(2g)

where V23 is the Hamiltonian of interaction of the elec-
tromagnetic field with transition 2~3.

For the situation (b), when levels 2 and 3 interact with
each other through level 5, let us analyze the equations
only for the population of levels 2 and 3 [see (2e) and
(2f)]. The terms Vz3, V3z may be expressed in the rates
0;5=4 'V, 5 and 05; =Pi 'V5, which describe the energy
exchange between levels 2, 3, and 5. These terms can
represent different processes of energy transfer, for exam-
ple, dipole-dipole transfer, resonance-exchange transfer,
and the transfer between narrow quasidegenerate levels
embedded in quasifree states in solids. They serve as the
perturbations of a stochastic nature. The rates of such
processes of the transfer can reach the order of 10' —10'
sec '. ' We can use in this situation the steady-state ap-
proxirnation to express density-matrix elements p22, P33
through p55, and thus density-matrix element p22 through

P33 This procedure is described in Appendix A. As is
shown there we can estimate the effective Rabi frequen-
cies Q23=lrz 'Vz3 and 032=Pi 'V3z through rate con-
stants u;5 and w5;, the experimental data for which are
often known:

cases we will leave the matrix elements of the Hamiltoni-
an of interaction V,z and Vz, in Eqs. (2e) and (2f) keeping
in mind expressions (3) for the second situation. We ana-
lyze the first three equations in (2). We introduce slowly
varying envelopes for the density matrix

P 1z =P
1zexp(i 03t ) p' =P— (4a)

and for the Hamiltonian of interaction

V12 13
= V12 13 exp(icut ), V12 13

= V~12 13

We also use the notations
—1

YiJ /J

=103; +/CO+7; l5;J +); I

IiJ Pii PJ'J

(4b)

In the first approximation on laser field intensity we can
neglect those terms in (2c) which are proportional to
V21 V13 which describe the processes of the second order.
By this a way we obtain

—
1

P23 1 023 I23~23

In231~ W23 (W25W53)

1&321 W32 (W35W52)
(3)

This way we reduce the problem in situation (b) to the
problem in situation (a).

Let us consider the system (2) in the case when
coherent mixing of quasidegenerate levels 2 and 3 occurs
by mixing the electromagnetic (low-frequency) field or by
energy exchange through auxiliary level 5. In both these

dp +~12P12 ~ ~12'912 ' 13P32+'P13 32 ~

dP13
13 I 13 12P23+ ~23P12dt

The steady-state solutions of Eqs. (7) have a form

(7a)

(7b)

p„(~„&„+1&„1) [( II„q„ II,~„)~»—n32(n„~„—n»23)],
P13 (~12~13+1~I231 ) [(1II132/13 1IIlzp23)~12 II23(~I122/12 II13P32)] .

(8a)

(8b)

III. DERIVATION OF THE CONDITIONS
OF LASER AMPLIFICATION WITHOUT INVERSION

We will now derive the conditions of laser
amplification without population inversion. This condi-
tion may be obtained, for example, by analyzing the equa-

t

tion for the population of the lower single laser level 1

[see (2d)]

dP11 + W lop 1 1 W21p22 ~ m(p1 2 V21 +P13V31 )
dt
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912 P11 P22 o 913 P» P33 (10)

We will show now that for the case of a split upper laser
level (when laser radiation can efficiently interact simul-

taneously with two transitions 1~2 and 1 —+3) the nega-
tive sign of the right-hand side of Eq. (9) may be provided
without population inversion at any of these transitions.
In other words, there are not any requirements like (10).

We note that since the resonant polarization at fre-

quency co can be expressed as

Ptt (err) =dzipiz(co)+d»p»(~) =y„(ar)E(err), (11)

where yrt (co) is the resonant susceptibility of the medium,

Eq. (9) can be rewritten in a form

If the right-hand side of (7) is positive, the absorption of
the laser field takes place; on the contrary, when the sign
of the right-hand side is negative then one can reach the
amplification of the laser field. In the case when the

upper laser level is not split, this latter condition may be
satisfied only for population inversion between the levels
1 and 2 and/or 3,

&O. (13)

Now we introduce the notations

a =r 12 Y 13+ I f1231'—512513,

( 5127 13+513712 )

and substitute expressions (8) into Eq. (12). We obtain

—1

dt
+ttriop» ur21 pzz= —2R Im(p»V»+p» V» )

=+21ri 'Im[P„(co)E "(co)]

=+2111''lE(to)l'Im[yri(co)] .

(12)

As follows from (11) and (12) the negative sign of the
right-hand side in (16) corresponds to the negative sign of
the imaginary part of the resonant susceptibility of the
medium at frequency co (emission of energy). Thus the
criterion of arnplification without inversion can be writ-
ten in the form

—21rt 'Im(pizV21+p13V31) +21rt 'IE(~)l'1m[X@(co)]

[P(~)E'()] =&zlplz+ II31P13

=(a +b ) '(a —ib) [Qz, [(iQ,2', 2+Q13032 /32Y23 )(7'13+i513)—II32(II13ri13 i~I12II232)231 23 )]

++31[(1+13913+~12~23923Y23)(Y12+1512)

+23(~12912 ~13~329321 23 ) ] l (15)

Let us consider the different terms of this expression.
The expression in the first set of square brackets on the
right-hand side describes the processes on the transition
1~2. The first term inside these brackets is due to ordi-
nary one-photon absorption at the transition 1~2. The
second and the third terms here may be interpreted as
resonant parametric or coherent (depending on the
phases of the fields) three-frequency interaction of the
fields with a frequency condition

co =N coo+5, 67+6012—512 . (16)

This interaction represents an interference of two reso-
nant processes: one-photon absorption on the transition
1~2, and resonant stimulated Raman scattering
1~3~2 on the same transition. Although the frequen-
cy mismatch 5 is not equal to zero (which is a necessary
condition for parametric interactions), this process can be
realized at restricted time intervals or due to the small
value of energy differences between the quasidegenerate
levels (which can be much less than the linewidths y, z

and y»). The last term in the first set of square brackets
may be presented as a noncoherent resonant four-
frequency process (which does not depend on the phases
of the fields) with frequency condition

co —co+coo coo, co+et)~2 —6~2 . (17)

This interaction may be interpreted as an interference of

I

two processes: the one-photon absorption on the transi-
tion 1~2 and the stimulated hyper-Raman-scattering
(1~2—+3~2) on the same transition. Similar interpre-
tations concerning transition 1~3 can be given for the
second set of square brackets in (15).

Before deriving the conditions for amplification
without inversion let us make some remarks. Within di-
pole approximation we can represent V,z= —

,d2E(co),

V» = d»E(co). In situat—ion (a), where levels 2 and 3
are coupled by an applied electromagnetic field E(coo) we
can also assume that Vz3= —dz3E(coo) only for solids,
since in the media with a center of inversion

dizd23d3, =0. Let us note that in the media with a center
of inversion (for example, in gaseous media) the situation
when levels 2 and 3 have strong enough coupling to a
common level 1 and yet also have an efficient coupling to
each other is also possible, and not only through the trivi-
al case of weak quadrupole or magnetodipole interaction
(for example, the case when 1~2,3 are dipole transitions
and 2~3 are magnetodipole or quadrupole ones). The
coupling of all three levels is allowed, for example, for the
case when levels 2 and 3 are randomly degenerative ones.
Let levels 2 and 3 be close and transitions 1~2 and 2~3
are dipole. Then the transition 1~3 is forbidden. The
strong electromagnetic field mixes levels 2 and 3 and,
thus, forms an effective dipole moment d3, at forbidden
transition 1~3, which is proportional to the intensity of
the electromagnetic field. We do not consider this theory
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in detail here, however, we are going to consider it in our
future publications.

Thus we can write for the terms described a three-
frequency interaction:

Q ]zQz3Q3] = fi —d ]z dz3 d3 ]E( co )E(coo)[E( co ) ]'

ment of the transition 2~3; while introducing it we took
into account that

d]zd3]E(co)[E(co)]*=Id]zdz] I IE(co)l

For the coherent mixing of levels 2 and 3 through auxi-
liary level 5 [situation (b)] instead of

——]]] IE(co)I d]zd3]1z3E(coo) . (18)
Qz3 dz3

—E( coo ) /fi = —
I dz3 I

3 ( coo )f( t )exp( i]Ip ) (21)

E(coo) =23 (coo)cos(coot ) = 2 (coo)f(t)

we obtain

Q]zQz3Q3] I Q]zQz3Q3] lf ( r)exp(] q»

(19)

(20)

where we have introduced a phase g of the dipole mo-
I

For representation of a low-frequency electromagnetic
field in a form

we have to introduce an appropriate expression for the
Hamiltonian of interaction 023. However, we still can
represent the term, describing three-frequency interaction
in the form (20), in which f(t) and Qz3 depend on the ac-
tual mechanism of energy transfer and on energetic
difference between levels 2, 3, and 5.

Transforming (15) we obtain the following expression
for the right-hand side of Eq. (12):

—2' 'Im(p, zVz, +p, 3V3, )= 2(a —+b )

X [(a I Q» I'g»y»+ a
I Q» I'rl»y»+ b 5» I Q» I'q»+ b 5» I Q» I'g»)

+a IQ„I'IQz3I gz3yz3 +a IQ]3I'IQz3I 73zyz3'

+ (Q]3Q32Q2]) 9321 23 5]3+ «]2Q23Q3] /23y23 5]2

y]3Re(Q]3 32Qz]) l32y23 by]2+e(Q]2Q23Q3]) lzzy3z +b Re(Q]3Q32Q2]) )]3

+b +e(Q]zQ23Q3] )9]z+a ™Q]3Q32Qz])93zy23 y ]3+a ™Q]2Q23Q3]) l23y23 y ]2

+ 5]3 (Q]3Q32Q2]) l32y23 +b5]2 (Q]2Q23Q3] 923y32

—a Im(Q]3QzzQz])z)» —a Im(Q]zQz3 3])z)]z] .

Substituting (20) in (22) and then in (13) we find the following condition of amplification:

(22)

a I Q]z I'g]zy]z+ a
I Q]z I'zl]3y]z+ b 5]31Q]z I'zl]z+ b5]zl Q]31'n]3+a I Q]z I'I Qzz I'nzzyz3'+ a I Q]z I'I Qz31'g3zyzz'

—a
I Q]3QzzQz] If(r)«os@ )g3zyz3'5]3 —a

I Q]zQz3Qz] If«)(cosq )gz3yzz'5]z+ b y]3I Q]3QzzQz] If(r)«os' )g3zyz3'

+by]zlQ]zQz3Qz] If (r)(cosq }zlz3y3z' —b IQ]3Q3zQz] If«)«os' )g]3—b IQ]zQz3Q3] If«)«os@ )zl]z & 0 . (23)

A. Ampli6cation based on the asymmetry

of radiative characteristics of quasidegenerate transitions

Let us now consider the case when 5, z & 0, 5,3 &0 (the laser frequency is located between the frequencies of quaside-

generate transitions) and let us introduce notations 5,z= I5,zl, 5»= I5»l. For b =(5,zy» —5»y, z) =0, we rewrite (23)
in the form

a IQ]zl'g]zy]3+a IQ]31 9]3y]z b5]3IQ]zl g]z+b5]zlQ]31 9]3

+a IQz31'gz3yz3'(IQ]zl' —IQ]3I')+a IQ]3Q3zQz]lf «)«os' )nz3yz3'(5]3+5]z)

—b IQ]zQ3zQz] lf «)«os@ )qz3yz3'(y]3 —y ]z)—b IQ]3Q3zQz] If«)«os@ )(n]z+ n») & 0 (24)

Let us first consider the case when the three-frequency
interaction is negligible, and the four-frequency interac-
tion dominates (for example, it is possible when the aver-

age over the time value of cosy=0, or cosy(0, or y is
arbitrary but IQzzl »5,z+5»). As is shown in Appen-
dix B in this case for the assumptions

I

the inequality (24) can be reduced to the following one:

~„(IQ„I'—IQ„I')
where c= (26)

(IQ]zl'n]z+ IQ]31 /]3)

IQz3I y]zy]3 I z31 ]z ]3,

F23 Y12 3 13 923 912 913
(25)

Conditions (25) and (26) are satisfied for a wide range
of parameters. For example, they can be satisfied for
IQ, 3I &2IQ]zl and for the rate of coupling of levels 2
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2 J

3i

The assuinptions (27) may lead to the effect of
amplification without inversion which is not based on the
asymmetry of quasidegenerate transitions. The analysis
of inequality (24) (see Appendix B) shows that in this case
if we assume in (24) pzz&p33 then for y=ir, the condi-
tions of laser action without inversion are

lo1231 "yiz, y13, f( )"
I Q231 » y12 y 13 f23 t12 913

(28)

FIG. 2. The schematic diagram of the four-frequency process
for producing laser action without inversion. Four-frequency
interaction (b) induced by laser field co and coherent-mixing field

~0 is more efficient than absorption on the transitions 1~3 (c)
and 1 —+2 {d).

B. Quasiparametric amplification

The second opportunity to achieve laser action without
inversion does not connect with asymmetry of radiative
characteristics of split transition and is based on three-
frequency interaction. To show this we assume in (24)

IQi, l'=IQ131 } 12 113. (27)

and 3 significantly higher than the linewidths of transi-
tions 1~2 and 1~3. In the case when the linewidths of
quasidegenerate transitions are approximately equal to
each other, the condition g23 g, 2, g» may be provided if
the laser pumping is used, which makes the population of
the single lower level and the populations of the upper
laser levels equal to each other. For the case of different
linewidths of quasidegenerate levels, the population
difference g23 can be of the order of the population
differences g, 2 and g» without any laser pumping. Thus
four-frequency interaction can provide the amplification
without inversion only due to asymmetry of radiative
characteristics of quasidegenerate transitions.

Figure 2 illustrates the effect of laser action without in-

version based on the asymmetry of radiative characteris-
tics. In this case the four-frequency interaction [see Fig.
2(b)] induced by a laser field o3 and coherent-mixing field

co0, is more efficient than the process of absorption on the
transitions 1~3 [see Fig. 2(c)] and 1~2 [see Fig. 2(d)].
This is due to the higher rate of coupling of levels 2 and
3, compared to the rate of relaxation of levels 2 and 3 to
level 1. The probability of parametric reradiation on the
frequency co is, thus, more efficient than the ordinary ab-
sorption on the transitions.

The case considered in particular includes the situation
which was treated in Ref. 1 (5,2=0, IQ»lz» IQ, zlz,

y13 &yiz). This follows from (23) by letting b —+0
through 512~0, and y»~ 00. The more rigorous deriva-
tion is given in Appendix B.

We note that as it follows from (25) and (26), the
stronger inequality IQz3l »y, zy13, the weaker asym-
metry of radiative characteristics (IQizl « IQ»l,
y 12 ((y 13 pzz & p33 ) of quasidegenerate transitions is re-
quired.

Conditions (28) are similar to those obtained for four-

frequency interaction. To reach the effect one has to pro-
vide the phase y=m and the rate of coupling of the levels

2 and 3 much greater than the linewidths of quasidegen-
erate transitions, the difference of frequencies of which
should not exceed their linewidths. For 2i23 &0 (pzz (p33)
the required phase is g=0. The discussion of a way to
provide conditions of amplification without inversion is
considered in the next section.

IV. DISCUSSION AND CONCLUSIONS

Here we have treated the problem of lasers without in-
version by using a standard nonlinear-optical approach
(analysis of equations for the density matrix). Until now,
several different particular cases for providing laser
amplification without inversion were considered these
can hardly be applied to calculations of the parameters of
actual systems. Our theory predicts both new processes
and new laser materials because it formulates some gen-
eral conditions for providing amplification without inver-
sion.

We have shown that the effect of amplification without
inversion may be rea1ized for at least two different laser
systems with split upper laser levels. The first situation
describes arnplification based on the interference of two
noncoherent processes: one-photon absorption and
hyper-Raman scattering [see frequency condition (17)].
For the laser frequency located between the frequencies
of quasidegenerate transitions, the effect can be achieved
if the asymmetry in radiation characteristics (the oscilla-
tor strength and linewidth) of these transitions takes
place. In the second situation the effect can be provided
without any asymmetry in radiative characteristics and it
has the parametric nature: amplification without inver-
sion is achievable for the definite phase of the transfer of
the coherence between the quasidegenerate levels. Phe-
nomenologically, it can be represented as a resonant
three-frequency interaction based on the interference of
one-photon absorption and Raman scattering [see fre-
quency condition (16)]. One of the particular cases of
strong asymmetry in radiative characteristics of split
transition was considered in Ref. 1; in this situation, the
requirement of strong asymmetry is not necessary if the
rate of coupling of quasidegenerate levels is high enough.

%'e derive the necessary condition of laser amp-
lification without inversion: the rate (the frequency) of
mixing of quasidegenerate levels should be significantly
higher than the linewidths of these levels. This condition
can be satisfied by at least two ways. One can mix
quasidegenerate levels with electromagnetic, low-
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frequency (microwave, millimeter-wave) field; in this case
the rate of mixing of quasidegenerate levels can be desig-
nated as a Rabi frequency. In the second situation the
coherent mixing of quasidegenerate levels can be provid-
ed through an auxiliary level. This can be due, for exam-

ple, to dipole-dipole or resonance-exchange interactions
(See Fig. 1).

The parametric three-frequency mechanism (see Fig. 3)
can provide only the amplification for definite phase of
transfer of coherence between levels 2 and 3 and for time
intervals b t Scop/2n, where cop is the frequency between
quasidegenerate levels [see conditions (24) and (B15)].
This means that such a process can be used to generate
short pulses (for example, picosecond and femtosecond
pulses). We have shown that the phase of transfer may
be prescribed to the phase of generalized dipole or mul-

tipole moment of transition 2~3; for producing this
effect, the phase should be equal to m if the population of
level 2 is greater than the population of level 3.

One of the conditions for producing the effect is the
rough equality of the population differences g23, g», and

7J ]2 ( 7)23 7/ / 2 71 f 3 ). This can be provided by two ways:
when the population of level 1 is significantly higher than
the population of levels 2 and 3, and in the same time the
population of level 2 is much higher than the population
of level 3. The asymmetry in populations of quasidegen-
erate levels in this case may be due, for example, to asym-
metry in radiative characteristics (y»))y»). Thus, in

such a situation one does not need to have laser pumping
of levels 2 and 3. The second way is to pump the levels 2
and 3 to the degree at which their populations are closed
to the population of level 1, so the population differences

f23 g ]3 and g &2 are approximately equal to each other.
For the latter case, there is no requirement in population
asymmetry of levels 2 and 3, but one needs laser pumping
(which, however, does not necessarily provide the invert-
ed population).

To provide the splitting of the laser transition, the ap-
plication of constant electric or magnetic fields may be
used. In both cases, there is an opportunity to govern the
frequency of transition coo between the quasidegenerate
levels. In such situations the rate of coherent mixing of

2 II

quasidegenerate transitions depends on the value of split-
ting (frequency difference between the split transitions);
there is an optimal field amplitude for providing the max-
imum effect. One has to make detailed calculations for
the valid prediction of concrete laser systems working
without inversion of level population. These must take
into account the mechanisms of coherence transfer be-
tween two quasidegenerate levels.

We are now going to give some general examples of ap-
propriate media based on the results of our considera-
tions.

Laser action without inversion may be realized in free
atoms, molecules, or ions if they contain two levels that
are quasidegenerate with respect to magnetic quantum
number or angular moment, and if they exchange very
fast their excitations with the third level that is random
degenerate with these two levels. Another widely spread
possibility is when these two levels are embedded in con-
tinuum and exchange energy with it. In this case, if the
radiative characteristics of quasidegenerate transitions
are different, the effect of laser amplification based on the
four-frequency mechanism may be achieved. By applying
a constant electric or magnetic field, we can increase the
energetic difference between quasidegenerate transitions
and asymmetry in their radiative characteristics. Systems
described on hydrogenlike ions may serve as an example
of a promising laser medium for vacuum-ultraviolet and
soft-x-ray regions.

There is also an opportunity for constructing lasers
without inversion on solid-state materials, which are in
general more rich for the realization of different energetic
level configurations. For example, when two narrow
quasidegenerate levels are embedded in quasifree states
(low-density state conduction band), the rate of coherent
exchange between these levels with continuum may be
very high, and provide the sufhcient rate of mixing of
quasidegenerate levels (023).

The parametric mechanism (which has never been
treated before) has some principally new applications.
Because the effect in this case is due to the interference of
two noncoherent processes and because it depends on the
phase of transfer of coherence between the split transi-
tions, this mechanism can be used for the creation of spa-
tial grating, the period of which is defined by frequency
difference between the quasidegenerate levels. Such sys-
tems may be very promising in the design of new electro-
optical devices such as beam deflectors, devices for visu-
alization of electric field distribution, and new types of
optical storage. We will discuss these opportunities in
our next publications.

APPENDIX A

(a) (b) (c) (d)

For the second situation (the levels 2 and 3 interact
with each other through level 5) let us analyze the equa-
tions for the population of levels 2 and 3 [(2e) and (2f)]:

FIG. 3. The schematic diagram of the three-frequency para-
metric process for producing laser action without inversion.

Parametric process (b) induced by laser field co and coherent-

mixing field coo is more efficient than the absorption on the tran-

sitions 1~3 (c) and 1~2 {d).

dp22
~42P44+ ~21P22dt

12P21 P12 ~21 ( +25P52 P25 +52 )

(A la)
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dp33
W43P44+ W31p33

The equilibrium state of these equations (dp22/dt=0,
dp33 ldt =0) is

( V]3P31 PI3 V31 ) 1( 35P53 P35 53) (A lb)
P 2 52P55 25 P33 35 2 53 (A4)

The right-hand sides of Eqs. (A 1) contain the terms pro-
portional to 0;5=4 'V;5 and 05, =A 'Vs; which de-
scribe energy exchange between levels 2 and 3 and 5.
These terms can describe different processes of energy
transfer, for example, dipole-dipole transfer, resonance-
exchange transfer, and the transfer between narrow
quasidegenerate levels embedded in quasifree states in
solids. These processes of energy transfer between the
levels 2, 3, and 5 serve as the perturbations of a stochastic
nature. The standard procedure of quantum-statistical-
mechanical theory of relaxation allows us to obtain from
(A 1) the following equations for the steady-state response
to such perturbations:

dpzz
W42P44+ W21P22+ W25P22 W52P5dt

dpzz

dt
+wz3pzz W32P33 0 ~ (A5a)

dp33
w32P33 w23P22 (A5b)

The steady-state solution of this system can be easily
found:

(A6)

The comparison of (A4) and (A6) gives

Since the rates w;5 and ws; are much faster than all other
rates w; in our five-level system we can replace Eqs. (A3)
by an effective system

( V]2P21 P]2 V21 )
~ —

1 (A2a)
W32 (W35W52), W23 (W25W53)

1/2 1/2 (Aj)
dp33

43P44+ W31P33+ 35P22 W53P55dt

1 fl ( V]3p» —p, 3 V31 ), (A2b)

where the probabilities of transitions (the relaxation
rates) w, 5 and w5, are of the order of IQ;5I and IQ5; I. We
note that if we continue to consider our five-level system
in the terms of rate constants w;5 and w 5; we could never
derive the conditions of the effect of laser action without
inversion, because this effect does not exist in this ap-
proximation. We will use Eqs. (A2) only for estimation of
effective Rabi frequencies 023 and 032 while solving the
problem within the framework of density-matrix formal-
ism. For such estimation let us first define wz3 and w32

through w;5 and ws;.
We assume that w;5 and ws; are much larger than

w3] w2] w43 w42 w51 This assumption is justified for
most examples of the energy-transfer mechanism which
we have been given before. The rates of the dipole-dipole
and resonance-exchange mechanisms can reach the order
of 10' —10' sec '; the probabilities of nonradiative
electron excitation transfer in solids are the same order.
Taking this into account we reduce Eqs. (A2) to the form

dp22 + 25P22 w 52P55dt
(A3a)

IQ23I "W23 (W25W53)

IQ32I W32 (W35W52)
(A8)

By this way we have reduced the problem in situation (b)
to the problem in situation (a).

APPENDIX B

We derive now the conditions of amplification without
inversion from inequality (23). We allow 5]2)0, 5»&0
and introduce the notations 5,2=I512I, 513 I513I for
which we obtain from (14)

r ]23 13+ I Q23I
'+ 512513

b=(512r]3—5»r») .
(B1)

Thus we can estimate the rate of mixing of levels 2 and 3
through level 5 by introducing effective rate constants
w32 and w23 defined in (A7).

Now for the estimation of effective Rabi frequencies
Q23 A V23 Q32 t] V32 [see (Al)] we can use (A7)
and experimental data for the values of rate constants
W 5~Ws;

dp33 +w35P33 w53Pssdt
(A3b)

In the notations (Bl) we obtain the following condition
instead of condition (23):

~
I Q]2l'n]2r ]3+~

I Q]3I'g 13r ]2
—b5]31Q]21'AD ]2+ b 5]2 I

Q 13 I'n]3

+~
I Q231'n23r 23'( I Q]21'—I Q]3I')+ ~

I
Q 13Q32Q21 If ( t)(cosq )g23r 23'(5]3+5 12)

—blQ»Q»Q»lf«)«osq )g23r23'(r]3 —
y]2&

—5IQ]3Q»Q»If(t)«osq )(q»+g») &0. (B2)
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We assume now that IQ231 5]2 5]3. (B5)

IQ231'»y»y]3,

b =(512Y]3 513Y]2)=0,

(B3)

Then the condition (B4) is reduced to the following one:

IQ231 c&3 13Y]2,

where

then a =
I Q231, and we obtain from (B2)

—
I Q231 n23y23 ( I Q]21

—IQ]3Q32Q2]lf(t)(cosy»n233 23 (513+512)

& IQ]21 n]2Y 13+ IQ]31 n]3y]2 .

n23( I ]31'—I
Q„I')

C=
( I Q]21 n]2+ IQ]31'n]3)

The inequality (B6) is satisfied for

n23 n]2 n]3 ( or p22 p33) '

(B6)

(B7)

(B4)

(a) For the case when four-frequency interaction dom-
inates, we let y» be of the order of y» and y», and g23
be of the order of g», g&3. We also assume the average
over the time value of cosy =0, or cosy (0, or y is arbi-
trary but

I
Q231'» y»y 13 (B8)

and rewrite (B2) in the form

In the particular case 5,2=0 (5»= —15]31),which was
considered in Ref. 1, we can also assume

I Q231'( I Q» I'n»y»+ I Q» I'n»y»)+ 15» I'y»
I Q]2I'n» —

I Q231'y 23'
I Q23I'n231 Q» I'

& IQ231'y23'n2315» I I Q»Q32Q» If«)«os(p) —15» I I Q231'y»y23'I Q»Q23Q» lf (t)(cosy )n23

—
15131y 121 Q]3Q32Q21 If«)«os' )(n]3+ n]2)

It is easy to show that this inequality can be satisfied for

IQ231» 15]31 ~ y]2 «y]3. (B10)

(b) Now we consider the case when three-frequency interaction dominates. Let b =0, IQ, 21 = IQ, 31, and y, 2-—y]3.
Then we reduce (B4) to the form

—
I
Q „Q3,Q„lf (t)(cosq )n23y 23'(5]3+5]2) &

I
Q „I'n„y,3+ I Q „I'n]3y ]2

For y=~ we obtain

IQ»Q32Q2]lf(t)n23y23'~32& IQ»l'n»y»+ IQ» 'n»y»

(B1 1)

(B12)

or

At

I Q23lf (t)~32 In231 Q]3Q2] I i( I Q]21'n„y „+I Q, 31 J]3y]2) I & y]2y]3 . (B13)

IQ23lf(t)~32» Y]21 ]3

the inequality (B14) is satisfied for

1~231 "y]2,y]3, f(t)" 1, IQ231»y]2, y]3

and

(B14)

n23 n]2& /13 (P22 P33 )

For n23 &0 (p,2 &p33) the required phase is ]p=0.

(B15)
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