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Accurate cross sections are obtained for the excitation and stripping of a muon from ap in col-
lisions with hydrogen atoms. This is done by calculating the excitation, ionization, and charge-
transfer cross sections for the p-He+ collision and scaling the results. An impact-parameter
coupled-state method with a basis set of up to 51 Sturmian wave functions is used to obtain cross
sections at center-of-mass energies ranging from 20 to 600 keV. Along with Stark, Auger, radiative,
and stopping rates these cross sections are used to calculate the probability of stripping a muon
from ap by numerically solving a set of coupled differential equations that describe the kinetics of
ap as it travels through a mixture of D2 and Tz. An effort has been made to minimize the uncertain-

ty in the value of the stripping probability resulting in error bars of 9% and 11% at densities of 1.2
and 0.05 times liquid-hydrogen density, respectively. X-ray yields belonging to K and L series tran-
sitions among ap states have also been computed. The present results are compared with recent
theoretical and experimental data.

I. INTRODUCTION

The process of using a muon (p) to repeatedly induce
the fusion of hydrogen isotopes at thermal energies is
known as muon-catalyzed fusion (MCF). The efficiency
of MCF is determined by the number of fusion events per
muon during its lifetime. It is limited by the fraction of
muons which are lost to the catalytic cycle via "sticking"
to the a particle which is created in the fusion process.
The muon is lost only if it remains "stuck" to a for its en-
tire lifetime. If the muon is stripped by collisional ioniza-
tion or charge transfer with the surrounding hydrogen
isotopes, it is returned to the fusion cycle, thereby adding
to the efficiency of MCF.

Among the several fusion reactions which muons can
catalyze, t-d fusion is the most promising due to the larg-
est formation rate of tdp, . The tnuon sticking to the a
particle appears now to be the major bottleneck of this
MCF cycle. The probability that a muon will stick to the
u particle after a fusion event, and remain stuck to it
even after slowing down, is known as the effective stick-
ing fraction m,

' . Despite much effort spent in investigat-
ing sticking there exists a substantial discrepancy be-
tween theory and experiment in the value of the effective
sticking fraction. For a D2-T2 mixture at 1.2 times
liquid-hydrogen density (LHD) the average of recent ex-
perimental results [Jones et al. ,

' (0.35+0.07)% (the
+0.07% estimate is from private communications);
Breunlich et al. , (0.45+0.05)%; Nagamine et al. ,
(0.46+0.07)%; Bossy et al. , (0.42+0.14)%] for w,

' is

(0.42+0.09)%. At the same time recent theoretical works
all arrive at sticking of between 0.57%%uo and 0.58% (Refs.
5—7) at this density which is outside of the experimental
value by about two standard deviations. The error of the
theoretical value was estimated to be about +0.05%.
Thus the error bars of the experimental and theoretical
values do not overlap. In addition experiments by Jones
et al. and by Breunlich et al. resulted in drastically
different dependences of sticking on density. Theoretical
density dependence agrees reasonably well with the latter
measurement. Since the sticking fraction sets limits on
the elfectiveness of MCF, further investigation of this
quantity appears to be a vital task in MCF research.

The probability that the muon will be stripped from
the a particle is known as the reactivation coefficient, and
is denoted by R. The value of R has been studied by
many authors using various theoretical methods to calcu-
late cross sections and various models for the dynamical
processes involved. The first discussion of the reactiva-
tion process is found in Jackson's classic paper of 1957.
A value for R of 22% was calculated by Jackson using a
method which employed experimental values from elec-
tron loss cross sections for (ae)-Hz scaled to the ap sys-
tern to obtain stripping cross sections, which were then
extrapolated to very high velocities using a v behavior
where v is the velocity of ap. The value for R obtained
by Jackson was independent of density because in the
dynamical model used the muon was stripped from a in a
one step process. This model was also used by Gershtein
et al. in their paper of 1981. Using more appropriate
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He ++H++e (ionization)
He++H+ —+ '

He ++H (charge transfer)

(1)

(2)

One electron processes such as these are interesting in
themselves and have been studied extensively both
theoretically and experimentally. ' The most accurate
stripping calculations to date use experimental data to
obtain cross sections for Eqs. (1) and (2) and scale them to
the muonic system. ' ' These experimental data typical-
ly have error bars of about +20% which are passed on to
the calculation of R. This results in error bars for R be-
tween +14% and +17% depending on the density of the
surrounding hydrogen isotope mixture. The error bars in
the reactivation coefficient R can be narrowed by com-
puting accurately the important cross sections such as
those for Eqs. (1) and (2). The purpose of the present
work is to provide cross sections for the proton-He+ sys-
tem from extensive calculations and after scaling them to
the muonic system, use in the calculation of R within the
multiple step model of reactivation.

By far the most important quantities affecting the
stripping process of ap are the ionization and charge
transfer cross sections from the 1s state and the stopping
cross section of ap in the hydrogen isotope mixture. The
stopping cross section as a function of velocity is assumed
to be equal to that for protons in hydrogen which is avail-
able in tables compiled from several different experi-
ments. Presently this is the best way to obtain stopping
cross sections and we will not attempt to reduce the error
bars on these values. However, it is important to note
that the error introduced into the value of R by the un-

experimental values for the stripping cross section their
resulting value for R was 23%, nearly identical to
Jackson's. A great improvement in the value of R was
made in a paper by Bracci and Fiorentini' in which
scaled experimental values were again used for stripping,
but a classical trajectory Monte Carlo (CTMC) calcula-
tion was used to extrapolate to very high velocities
(u )4.4 a.u.). In addition the Born approximation was
used to calculate excitation cross sections to electronical-
ly excited states and CTMC to calculate stripping cross
sections from these excited states. These cross sections
were used in a model of reactivation which now involved
a multiple step process whereby the muon was allowed to
undergo several transitions before being stripped. In this
multistep model the value of R is density dependent and
was calculated to be 24% at a density equal to that of
liquid hydrogen. There have been other calculations of R
since then which also use the multiple step model, each
using slightly different methods for one or more of the
cross sections and some including more transitions than
others. ' '" ' For example, at about one liquid hydro-
gen density (1 LHD) R is calculated to be 32% by
Men'shikov and Ponomarev, "25% by Takahashi, ' 35%
by Markushin, 35% by Struensee and Cohen, ' and 36%
by Rafelski et al.

The process of stripping the muon from ap is directly
analogous to the following proton-hydrogenic —ion reac-
tions,

certainty in the stopping cross section is only about +5%
at liquid hydrogen density (LHD) while the experimental
stripping (ionization plus charge transfer) cross sections
introduce about +15k uncertainty at LHD.

The stripping of ap at LHD is a multistep process in-
volving not only direct stripping from the ground state
but also excitation and deexcitation between ap states
and stripping from excited ap states. Inclusion of such
processes can increase the value of R by about 25%. The
most important of these additional processes are the exci-
tation to and stripping from states with n =2 and n =3.
The present calculations provide accurate cross sections
for 1s-2s, 1s-2p, 1s-3s, 1s-3p, and 1s-3d excitations in addi-
tion to stripping and charge transfer cross sections from
the 1s state.

These calculations are based on an impact-parameter,
coupled-states formalism in which the nuclei are treated
classically and the electron (muon), quantum mechanical-
ly. The wave function for the electron is expanded in a
two-center Sturmian pseudostate basis set, where one
center is the target a and the other the projectile p.
These calculations have been carried out previously by
Winter with smaller basis sets. By using a very large
basis set of 51 functions we will be able to check the con-
vergence of the previous stripping results, extend these to
higher energies, and provide accurate excitation cross
sections.

The main purpose of the present work is to calculate
the reactivation coefficient. However, because there is in-
terest in cross sections for the p-He+ system apart from
the application to MCF we will present a brief overview
of the coupled-state Sturmian method in Sec. II and
present diagnostics and results for the proton-He+ sys-
tern in Sec. III. In Sec. IV we will review the kinetics of
stripping in MCF and use the cross sections from Sec. III
in the kinetic equations to calculate the reactivation
coeScient R.

II. METHOD

Several theoretical methods have been used to calcu-
late cross sections for collisional ionization and charge
transfer between two atoms. In choosing the method best
suited for a particular problem one must consider the ki-
netic energies involved and the desired accuracy. The
6rst Born approximation for ionization is best suited for
very high center-of-mass collision energies ()400 keV).
For high accuracy at very low collision energies ((I
keV) a proper approach would be some type of time-
independent coupled channels method in which the nu-
clei and electron are all treated quantum mechanically.
For intermediate energies ( —1 to 600 keV) one may sim-
plify this approach to a time-dependent coupled states
method in which the nuclei are treated classically and the
electron quantum mechanically. In this method the
wave function for the electron may be expanded in vari-
ous basis sets (molecular, atomic, pseudostate, etc.) de-
pending again on the energies and the system involved.

We have chosen a time-dependent, coupled-states
method which uses Sturmian functions centered on each
nucleus to expand the electronic wave function. The
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method was first applied by Wilets and Gallaher' to the
proton-hydrogen electron transfer process; it was further
developed and tested with a larger basis by Shake-
shaft. ' ' Winter applied the method to the proton-
helium ion system using even larger bases (up to 35 func-
tions), and obtained excellent agreement with experi-
mental results for total electron stripping at energies
from 14 to 120 keV center-of-mass energies. More re-
cently Winter has obtained cross sections for a three-
center expansion on the same system and extended them
to even lower energies. The present study uses Winter' s
two-center method with 51 (and 43) functions to obtain
stripping as well as excitation cross sections for the
He+( ls)+H+ system.

The details of the method can be found in a paper by
Winter. We will only briefly present the main points of
the formalism here. In the time-dependent, coupled-
states method the nuclei are assumed to move on a classi-
cal path, and the electrons satisfy a time-dependent
Schrodinger equation. In the present study the so-called
impact-parameter method was used in which the nuclei
are assumed to move along straight lines with constant
velocity such that R(t)=b+vt, where v is the internu-
clear velocity, b is a vector perpendicular to v with length
equal to the impact parameter, and R is the coordinate of
nucleus B relative to nucleus A in a collision between
projectile A and target 8. The wave function 4 for the
electron satisfies the following time-dependent
Schrodinger equation:

h4=iA 4
at

(3)

For a simple one-electron system (neglecting spin-orbit
coupling} the Hainiltonian h is

Zz e Z&e Z~ Z&e
V — — +

2m rg rg R
(4)

where the gradient contains the derivative with respect to
any inertial frame, m is the reduced mass of the electron-
nucleus system, and r (a= A, B) denotes the position of
the electron with respect to nucleus a. The inertial frame
of reference chosen to define the gradient is centered at
the midpoint between A and B. We will define the vector
r' to be the position vector of the electron in this refer-
ence frame. The time derivative in Eq. (3) must be taken
holding r' fixed, therefore dldt=(BIBt)„. The internu-
clear potential energy term Z~Z&e /R does not affect
the results and can be neglected.

In order to solve Eq. (3) the electronic wave function is
expanded in essentially two approximate atomic orbital
basis sets, one centered on each nuclei, with time-
dependent coeScients,

C(r', t)=ggaI, (t)fi (r', t),
a k

where

centered on nucleus a with approximate eigenvalue E& .
The vector r is the position vector of the electron in an
inertial frame relative to nucleus a. The atomic orbital
wave function lil, is determined by diagonalizing the
atomic Hamiltonian

2
2

Z0 = V—
2m r

cr(lsB~kP)=2m I pPIts(p)dp .
0

(10)

Thus cr is calculated by integrating the coupled
differential equations along many trajectories, each hav-
ing a different impact parameter such that the approxi-
mation to the integral in Eq. (10) is

piriax

o (lsB ~kP) =2m g pPI, &(p)(bp),
p=0

where Pk&(0) is finite and p,„ is of the order of a few
Bohr radii.

The stripping probability for a given impact parameter
is defined by the following sum over final states:

in a finite basis set of Sturmian wave functions PJ (r},
where j = ( nlm ). Thus gz is obtained as an expansion
with time-independent coefBcients:

fl =g Cgi pj (r(, ) .
J

The Sturmian basis set is simply a set of scaled hydro-
genic functions IP„& ) which satisfy the equation (in
atomic units)

2
2 Knl 1 Knl—

—,
' V„— +— P„i (r)=0,

n

where 0 ~m~ 1 and a„1=nl(I+1). Note that the hy-

drogen atom wave functions are obtained by setting
K„l =1. The use of the Sturmian basis in the present ap-
plication is advantageous in that it is a complete set span-
ning both the bound and continuum regions of space.
Thus it is possible to deal with excitation, electron
transfer, and ionization all with a set of discrete func-
tions.

The time-dependent coefficient a„(t) in Eq. (5) is ob-
tained by substituting the expansion for 4 into the time-
dependent Schrodinger equation and left multiplying by
f„resulting in a set of coupled differential equations. In
the following calculations the electron is initially in the 1s
state of atom 8 so an initial boundary condition is

al, ( —~ ) =5„a„.The probability for a transfer to any
final state p is given by PI,&(p) = ~ai, ti( ao ) ~, where
p= A, B and p is the impact parameter. The cross section
for transfer to any final state kp is obtained by integrat-
ing p times the probability P&t3(p) over all (relevant) im-

pact parameters:

. v-r . U tfI, (r', t ) =$1, ( r (r', t ) )exp HEI, t +i —i (6)—
2 8

and gi, is an approximate atomic orbital wave function
where the primed sum is over only those states embedded
in the continuum, for which Ekz 0. The stripping cross
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o'„"'=g' o(iskB)+g 0( ls~ jA ) .
k

(13)

section is defined by a similar sum over partial cross sec-
tions,

TABLE I. Convergence of the total electron probabi'lity

g P«and impact parameter p times stripping probability P„as
a function of the number of integration points for several

center-of-mass energies at p=0.75 a.u. using a basis set of 43
Sturmian functions.

E, (keV) XPkp pP„

The first sum in Eq. (13) is equal to the ionization cross
section 0';"' and the second sum to the charge-transfer

cross section.
The time-dependent coupled equations which arise in

the coupled-states method have been integrated using
Hamming's method started by a Runge-Kutta integra-
tion. The truncation error limits for the integration are
between 5X10 and 5X10 . The coupled equations
were integrated over the interval z =vt from —100ao to
1000ao.

The charge exchange matrix elements have been evalu-
ated by double numerical integration over the prolate
spheriodial coordinates A, and p where

16
24

16
24
32

24
32
32

20
24

20
24
32

24
32
80

120 1.000 58
0.99996
1.00000

0.999 63
0.999 98
0.99999

III. COLLISIONAL STRIPPING
AND EXCITATION RKSULTS

0.1230
0.1230

0.07443
0.074 76
0.074 73

0.055 46
0.055 63
0.055 63

r&=(A+p) —,R
(14)

p,kl
cosHp=

A, RIM
(15)

with r„and R the magnitudes of the position vectors of
the electron with respect to nucleus p and of the two nu-
clei relative to each other, respectively. The angle 8& is
the polar angle for the electron and the upper and lower
signs correspond to p= A, B. The exchange coupling was
assumed negligible for values of ~z~ )40ao.

Table I illustrates the convergence of the total electron
probability and the kernel of the stripping cross section
integral as the number of integration points is increased.
It can be seen from this table that as the energy is in-

creased the mesh of points must become increasingly
more dense to attain the same degree of convergence in
the stripping cross section and in the total electron prob-
ability. The other cross sections converge in a similar
fashion.

In order to span the relevant velocity range for the
reactivation process (v =1 to 34 a.u. ) we have carried
out Sturmian calculations at v =1.0, 1.5, 2.0, 3.0, 6.0,
8.0, 12.0, and 30 a.u. Many of these were chosen near the
peak at v =2.0 a.u. in order to provide a well-defined
peak shape and position.

35 I I I I

I

30 —I

25 II

20 +
I

15
- I

I
I

I

5

I I I I I I I I I I I I I I I I I

Ref. 5

~ Present Calc.

Present Fit

. 27

. 25

f. 24

I I I I I I I I I I I I I I I I I I I I I I I I0
0 100 200 300 400 500 600

E, (keV)
FIG. 1. Comparison of theoretical stripping cross sections for the p-He+ system. The theoretical data plotted are from Cohen's fit

of experimental data (Ref. 5), calculations by Winter using two-center (Ref. 24) and three-center (Ref. 25) basis sets, and the present

calculations. The experimental data set plotted is from Angel et al. {Ref.27) and is the only experimental data which includes ener-

gies greater than 200 keV.
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TABLE II. Cross sections for collisions between protons and He+ vs square of velocity.

U2

(a.u. )

0.7

1.0

1.25

1.5

2.0

3.0

6.0

8.0

E,
(keV)

14

20

25

30

40

60

120

160

Basis set
size

35'
34(tr)

43

24c
35'

43
51

35'
43
34(tr)
51

24'
43
51

35'
43
51

43

Charge
transfer

(10 cm )

9.64
9.03

18.5

23.3
23.6

25.8
26.9

27.2
25.0
26.7
27.6

20.7
19.5
20.3

5.83
5.36
5.36

5.05

( Is)

(10-" cm')

0.652

1.12

1.07
1.36

2.99
2.66

3.99
6.86
6.97
5.59

7.43
9.63

10.1

10.8
11.9
13.7

9.30

( Is)
st

(10 " cm')

9.64
9.68

19.6

24.4
25.0

28.8
29.5

31.2
31.9
33.7
33.2

28.1

29.2
30.4

16.6
17.2
19.1

14.35

12.0

30.0

43
51

51

0.646
0.623

0.015

7.68
7.92

4.66

8.32
8.54

4.68

'Reference 23.
"Reference 25.
'Reference 24.

In Table II we present the results of the present elec-
tron stripping calculation at various velocities along with
some previous results by Winter. This table illustrates
the changes of the stripping cross section with basis set
size. The composition of the basis sets are given in Table
III. The 34(tr} refers to a triple-center atomic-state cal-
culation in which a basis set was centered on the point
midway between the nuclei in addition to functions cen-
tered at the two nuclei. At each energy the results are
listed in order of accuracy such that those we believe to
be more accurate are lower in the column. The general
trend is for the more accurate results to have larger strip-
ping cross sections. For all velocities except that for
which U =6 a.u. (E, =120 keV) the two most accu-
rate cross sections are within 4% of each other. The
point at E, =120 keV shows the poorest convergence.
At this energy there is a relatively large increase of 11%

in the stripping cross section in going from 43 to 51 func-
tions. This is all due to an increase in the ionization cross
section. The sensitivity of this cross section to basis set
size is probably attributable to the fact that the peak of
the ionization curve coincides with this energy. It is pos-
sible to use an even larger basis set here in order to obtain
better convergence. However, considering the position of
this point relative to the entire curve, as shown in Fig. 1,
the improvement may not be worth the computational
effort required. This particular point lies on a very steep
part of the cross section curve and consequently a shift of
even 10% would not change the curve significantly. It
should be noted that we did not test for the effect of add-

ing more d states to the basis set. The 3d orbital on the
helium accounted for less than 2% of the total excitation
probability at any energy, therefore it is assumed that the
addition of more d functions will have little effect on the

TABLE III. Basis sets used in various Sturmian calculations.

Basis
Proton

np (m =0, 1) ns

Helium

np (m =0, 1) nd(m =0, 1,2)

24
35
43
51

1s, . . . , 6s
1s, . . . , 7s
ls, . . . , Ss
1s, ~ . . , 8s

2p
2p, 3p

2p, . . . , 4p
2p, . . . , Sp

ls, . . . , 6s
1s, . . . , 7s
1s, . . . , 12s
1s, . . ~, 12s

2p,
2p,
2p,
2p

, 6p
~ ~ y 8p

, Sp
~ ~ ) 8p

3d
3d
3d



1286 STODDEN, MONKHORST, SZALEWICZ, AND WINTER

35

30—
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Ref. 5
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Present Fit

O
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25
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0
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E, (keV)
FIG. 2. Comparison of recent experimental stripping cross sections for the p-He+ system with theoretical results at c.m. energies

up to 200 keV. The theoretical data plotted are from the fit by Cohen (Ref. 5) and from the present calculations. The experimental

data plotted are from Ref. 29, Ref. 31, and Ref. 32.

excitation cross sections. The effect of d functions on the
proton has not been explored in this calculation. Howev-
er, results from a previous investigation showed that the
d states contributed less than 1% to the electron transfer
cross section. In Fig. 1 we have plotted some of the cross
sections from Table II along with the analytic fit used by
Cohen and one set of experimental data which extends
to energies above 200 keV. In Fig. 2 we have plotted
other recent experimental results ' ' along with the
present theoretical results and Cohen's fit.

From Fig. 1 we can see that the present results lie
about 10% above the Sturmian results obtained previous-
ly using smaller basis sets. Results from the triple-center
calculations of Winter, however, agree quite well with the
present values. When we compare our points with the
analytic fit used by Cohen in reactivation calculations we
notice first that the present Sturmian cross sections are
nearly 25% larger at the peak than Cohen's fit of experi-
mental data. However, at 200 keV they drop below this
fit again and then finally converge with Cohen's cross sec-

tions at about 600 keV. As we shall see in Sec. IV, the re-
sult of this is that the overall probability of stripping a
muon from the 1s state of ap is about the same whether
we use Sturmian cross sections or Cohen's analytical fit.
It should be pointed out that for energies above about
400 keV there is no experimental data available. In order
to extend the analytic fit Cohen used the Born approxi-
mation for energies greater than 400 keV. It is well
known that the Born approximation gives cross sections
which are too large in the lower relative velocity range.
This may be why the present calculations approach
Cohen's curve from below as the energy is increased
beyond about 200 keV.

The experimental data of Angel et al. in Fig. 1 agree
very well with the present results for c.m. energies above
200 keV. In Fig. 2 we can see that the lower energy ex-
perimental results along with their error bars span a
significant range of possible cross sections at any one en-
ergy. This explains the uncertainty range of +20%
placed on Cohen's fit. It is encouraging to note that the

TABLE IV. Parameters for stripping and excitation cross sections in units of ao determined by a
least-squares fit to Eqs. (16) and (17).

Equation

(14)

(14)

(15)
(15)
(15)
(15)
(15)

Transition

1s

(stripping)
v ~4 a.u.

1s
(stripping)
U ~4 a.u.

1s ~2s
1$~2p
1s—+ 3$
1s~3p
1s~3d

Al

4.4

0.24

0.586
35.4
0.111
0.28
0.025

0.303

341.2

2.64
1.31
4.26
0.14
4.49

A3

3.88

—2.4

7.19
5.69

—0.15
8.4

—0.14

Bl

5.3

7.28

0.01
155

9.44
4.44
8.66

4.75

1 ~ 16

1.11
3.30

—0.83
2.97

—0.68
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8

~(1s) A1V
st B) B2(Az+u ')(A3+v ')

(16)

The 1s-2s and 1s-2p cross sections did not change appre-
ciably from those used by Cohen, therefore we did not
change the analytic fit. The 1s-3s, 1s-3p, and 1s-3d cross
sections were fit to the following analytic function of ve-
locity:

most recent experimental data shown (Rinn et al. }

agree very well with the present results, particularly near
the cross-section peak.

In order to use the present Sturmian cross sections
over a continuous range of velocities so as to apply them
to the reactivation calculation we have fitted the cross
sections to functions similar to those used by Cohen. The
stripping cross section was fitted to the following as a
function of velocity:

stick to the a particle after fusion and P„ is the stripping
probability per fusion. The total stripping probability P„
is a time-dependent quantity determined by'

(20)

where A,'„' are the velocity-dependent stripping rates and

I P; I are the time-dependent populations for the states

Ii I of the ap ion. The time-dependent populations are
determined by'

(i) (i)A pop Pi Adepopdt
(21}

gP;(0)=(v, . (22)

The rate of populating state i (A~&) is given by

with the initial conditions that ( P;(0) I are the initial par-
tial sticking fractions and

A1U
1.s ~nl

oex Bl B2(A2+u ')(A3+u ')
(17) /t(i) (g(i ~i)+'g(i'~i)+g(i ~i))'p

pop Au ra dex i'
i'(n, -, ) n, )

The parameters in Eqs. (16) and (17), as determined by a
least-squares fit of the calculated results, are given in

Table IV for each transition. These parameters give cross
sections in atomic units if velocity is also given in atomic
units where a velocity of 1 a.u. is equal to 2.1877X10
cm/s and a cross section of 1 a.u. is ao =2.8003 X 10
cm .

+ g A,
' 'P + g A,

' 'P
i' (n, n, ) i' (n, =n,. )

and the rate of depopulating state i is given by

A" =A,"+ (A,
' ' '+A, ' ' '+A.' ' ')

depop st Au ra dex
i' (n, , (n, )

+ g i(,' ' '+ g A,
'

(23)

(24)
i' (n, , n, , ) i' (n, , =n, )

IV. REACTIVATION CALCULATION

A, =po'U (18)

where p is the density of the medium, v the relative veloc-
ity, and o. the cross section for the process under con-
sideration. Spontaneous deexcitations in which radiation
is emitted also play an important role and so radiative
deexcitation rates are also included. All of the various
rates are used in a set of coupled differential equations
which describe the kinetics of reactivation. We will
define the reactivation coefficient as the probability that a
bound muon has been stripped by the time ap has
stopped in the medium by

R =P„(t= oo )/coo, (19)

where ~, is the probability that the muon will initially

Reactivation refers to the process whereby a muon
bound to an alpha particle ap emerging from the fusion
reaction is stripped from the nucleus during passage
through the medium (usually a mixture of Dz and T2) as a
result of collisions with the various particles in its path.
There are several dynamical processes which can occur
during this series of collisions. The collision induced pro-
cesses involved in reactivation are Auger transitions,
Stark mixing, excitation and deexcitation, charge
transfer, ionization, and slowing (stopping). For each of
these processes one can calculate a rate using

where n,. refers to the principal quantum number of state
i The .transition rates include Auger (A,«), radiative
(A,„,), collisional excitation (A,,„) and deexcitation (A,z,„),
Stark mixing (A, ;„),and stripping (A.„)rates, and, except
for A,„, all of these rates are functionals of time. The
functional dependence on the variable t results from the
dependence of the rates on velocity according to Eq. (18),
where the velocity appears explicitly and the cross sec-
tion o. is itself a function of velocity. The dependence of
velocity on time is determined by the equation

dE
dt pa, (u)u(r—), (25)

where cr, is the stopping cross section in units of area
times energy, and p is the density of the medium. We
will take the energy E to be that in the lab frame such
that v(t)=(2E/M „)'~, where M „ is the mass of a(M.

The slowing down rate is independent of the target mass
so results for a tritium target will be identical to those for
a deuterium target. Consequently the results of this cal-
culation will be independent of the ratio of D2 to Tz con-
centration in the medium.

In Sec. III we presented the results of our calculations
of the cross sections in proton-He+ collisions. In order
to use these cross sections for ajM one can simply assume
a system of muonic atomic units in which the reduced
mass of the muon-alpha system is equal to 1 muonic unit
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o„(v)=cr, (v)
me

mp
(26)

where m, and m„are reduced masses and the subscripts
e and p refer to the electron and the muon, respectively.
Taking into account the fact that the energy thresholds
for various processes in the muonic system are quite
different from those in the proton-He+ system, Cohen
has used the following scaling:

me
( )

1

, [o,(v, ) e2c—r, (u2)],(1+e) (27)

where v) =u/(1+@), u2=eu/(1+@), e=2x —1 —[(2x—1) —1]', and x is equal to the ratio of collision ener-
gy to muon threshold energy. We have used Eq. (2?) in
the present calculations, although for the energies of in-
terest Eq. (26) is adequate.

Scaled cross sections from the present Sturmian calcu-
latiOnhaVe been uSed fOrg(1s)g(1s2s)g(1s2p)g(1s3s)

, and ~( ' ). Stark mixing rates bet~~e~ the
states 3s, 3p, and 3d were not assumed to be infinite but
were calculated explicitly using the fixed field approxima-
tion of Leon and Bethe. The Stark cross sections for
n =3 do not have a large effect on the reactivation
coefficient but will be important in a calculation of the x-
ray yield. The Stark cross sections for n =2 and n =3
were fitted by the following analytical expression:

o(i ~f ) o /v b
mix (28)

Table V contains the values of the coefficients in Eq.
(28) for the various Stark transitions indicated where the
velocities and resulting cross sections will be in atomic
units. For the remaining cross sections we used the fol-
lowing relationships:

(2p~2s) (2s ~2p)/3+mix ~mix

&(3p~3s) (3s ~3p) /3+mix +mix

(3d~3s) (3s~3d)/5
~mix ~mix

(3d-~3p) 3 (3p~3d)g5
mix mix

(29)

All other cross sections and rates are identical to those
used by Cohen.

In determining the error bars to be placed on the value
of R we must first determine the error bars inherent in
each of the values which are used in the calculation of R.

TABLE V. Parameters for the Stark cross sections in atomic
units according to Eq. (28).

Transition

2$ ~2p
3$ ~3p
3$ ~3d
3p ~3d

5.5X10
2.37 X 10-'
1.67 X 10-'
1.1 X 10

1.8
1.64
2.00
1.7

(1 mu) of mass and the muonic bohr radius to 1 mu of
length (a„). This is equivalent to the following scaling:

'2

The two most important values are the stopping power
and the stripping cross section from the 1s state. The ac-
cepted error bars for stopping are +10%%uo. Based on the
convergence of the stripping cross section in Table I and
in Fig. 1 and the proximity to the latest experimental
values we have assumed error bars of +4% over the en-
tire range of energies. Recall, however, that this estima-
tion of error bars is valid for the p-He+ system and does
not take into account the error involved in using Eq. (26)
to scale the results to the p-ap system. Recently we have
estimated the error involved in such a scaling. It was
concluded that the error was significant only at velocities
less than 2 a.u. We explicitly included the effect of this
error and found that it increased R by less than 1%. The
error in the excitation cross sections calculated for transi-
tions from 1s to 2s, 2p, 3s, 3p, and 3d was found to be no
more than +5%. The other cross sections are assigned
error bars as follows: stripping (from n ) 1) +10%, exci-
tation (from n ) 1) +10%, Stark mixing' +10%, and
Auger 50%. By performing numerical tests in which
various cross sections were altered by the maximum error
(as given above) we have determined error bars for the
reactivation coefficient of +9% at 1.2 LHD and +11%at
0.05 LHD.

By considering the reactivation of the muon one ob-
tains a lower probability that a muon will be lost to the
catalytic cycle via sticking. The effective sticking factor
which results is defined as

jef—(1 R) 0 (30)

Table VI contains values of the reactivation coefficient R,
and the effective sticking fraction co,

' as well as error bars
for the present calculation and other recent calculations
all as a function of the density given in units of liquid hy-
drogen density. From Table VI we can see that the
present calculations give values for R very close to other
recent theoretical values. In fact all of the results shown
fall within the error we have given. The present results
for R tend to be slightly smaller than the other recent
work. We also indicate the approximate stopping time
for the ap projectile which has an initial velocity of 5.83
a.u. (1.28X10 cm/s). Note that at a density of 10
LHD the stopping time is already about one fourth the
lifetime of a muon (2.2X10 s). Thus densities of this
order (or smaller) are not practical for MCF.

In Fig. 3 we compare our results for co,
' with experi-

mentally measured values from two different sources.
The experimental values agree with each other within the
error bars only for densities between about 0.4 to 1.1
LHD. Above and below this range there is a serious
discrepancy which raises a question about the density
dependence of co', . This discrepancy was a part of the
motivation of the present work. The present results indi-
cate a larger effective sticking than the experimental mea-
surements for densities above 0.6 LHD. The data of
Breunlich et al. do not overlap the present results at
any density. They do, however, exhibit a similar density
dependence. The data of Jones et al. ' overlap the
present results only at densities from 0.2 to 0.6 LHD and
indicate a much stronger density dependence than the
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TABLE VI. The reactivation coeScient R and effective sticking fraction for ap with
~ ~ ~

with co =0.886%
(Ref. 37).

Source

This work

Ref. 7

Ref. 14

Ref. 6
Ref. 12'

Ref. 5

p (LHD)

2.4
1.2
0.5
0.2
0.1

0.05
0.001
0.0001
1.2
0.1

1.2
0.05
1.2
1.2
0.1

1.2
0.1

0.36+0.03
0.34+0.03
0.31+0.03
0.29+0.03
0.28+0.03
0.27+0.03
0.26+0.03
0.21%0.03

0.36
0.30

0.35+0.05
0.29+0.05

0.35
0.30
0.28

0.36+0.05
0.30+0.05

eff (y)

0.57+0.03
0.58+0.03
0.61+0.03
0.63+0.03
0.64+0.03
0.65+0.03
0.66+0.03
0.70+0.03

0.57
0.62

0.58+0.05
0.63+0.05

0.58
0.62
0.64

0.57+0.05
0.62+0.04

Stopping time (s)

2X10-"
4X 10-"
1X10-"
2X10-"
5�X1-"
09�X-"
5X10
5 X10-'

'Stark mixing cross section used was 260.0/U in muonic units.

present or other theoretical results. Also shown are the
theoretical results of Struensee and Cohen' with the
margin or error indicated (dotted lines). It is interesting
to note that the margin of error for the present results
(dashed lines) lies entirely within their margin of error,
although a slightly more pronounced density dependence
is observed.

V. X-RAY TRANSITIONS

The intensity of x-ray transitions in ap is another
quantity which can be measured experimentally and cal-
culated along with R. According to the notation used
previously ' we define, for a transition x, the quantities

y„ to be the photon intensity per sticking event, Y(x) to

1.4

1.2

1.0

+ Ref. 40

x Ref. 41

h Ref. 14

0 Present

0.8

g k,
50.6 a o ~ o

04

0.2

0.0
0.0

I I I l

0.2
I t I I

04
I

0.6 0.8 1.0 1.2 1.4

Density p(LHD)

FIG. 3. Effective sticking factor vs density: theory and experimen. The theoretic
0

oretical data are bordered above and below by lines

l fr m Ref. 14 (dashed lines) and the present calculations (dotted lines).which enclose the margin of error. They correspond to resu ts rom e .
et al. (Ref. 41).The experimental data plotted are from Breunlich et al. (Ref. 40) and from Jones e a .



1290 STODDEN, MONKHORST, SZALEWICZ, AND %'INTER 41

be the intensity per fusion, and I to be the intensity per
muon. These quantities are related to each other as fol-
lows

I„=Y(x)g=y„co,g, (31)

where y is the average number of fusions per muon. The
most useful quantity to compare with experiment is Y(x).

We will consider only certain K-series and L-series
transitions. The K series corresponds to the n ~1 transi-
tions and the L series to the n ~2 transitions. The pho-
ton intensity per fusion for the n ~n transition is given
by

Y(n'~n ) =y„. „co, ,

where y is calculated from

d'Y n' n g(i' i )p
i' (n, , =n') 1 (n, =n)

(32)

(33}

In Table VII we compare our calculated photon inten-
sities with other theoretical results and experimental data
for the Ka and La transitions. For the other transitions
in each series we compare the ratios of intensities to the a
transition in that same series. The present result for
Y(Ka) agrees exactly with the most recent theoretical re-
sult available (Rafelski et al. } at 1.2 LHD but their re-
sults indicate a stronger density dependence than do the
present results. The other theoretical results listed in the
table are 10—20% lower than the present at both high
and low density. ' ' ' The experimental values ' '" for
Y(Ka) are all lower than the present calculated value.
The present results for Y(Ep) agree well with those of
Rafelski et al. , but are generally lower than the other
theoretical results. The present results for Y(Ey) are

higher than all the other results listed in the table. The
ratios of Y(Ep) and Y(Ey) to Y(Ka) are in excellent
agreement with the experimental data of Bossy et al.
There are no experimental data available for the L-series
transitions. The present calculated intensities for the Lu
and Lp transitions agree well with those of Cohen. '

VI. DISCUSSION AND CONCLUSIONS

Having completed the calculation of R as a function of
density using results from an accurate stripping calcula-
tion we find that the values and trends in R, and conse-
quently in co,', do not differ significantly from the results
of other recent theoretical work. ' ' The primary
difference between the present and previous theoretical
results is the reduction in the margin of uncertainty
claimed. From the outset we identified the uncertainty in
the cross section for stripping from the 1s state o,',"as
the major source of uncertainty in R. We have achieved
our goal of significantly lowering the uncertainty in R by
calculating o.,',"' using a coupled-state Sturmian method
with a very large set of basis functions. The 9% uncer-
tainty in R at 1.2 LHD can be approximately broken
down as follows: 5% from the stopping cross section,
2% from the ap(ls) stripping cross section ((1% of
which is from the use of scaling to convert to muonic
cross sections}, and 2% from the uncertainty in the other
quantities involved in the multistep processes. At the
lower density of 0.05 LHD there is essentially no contri-
bution to R from the multistep processes and thus the
11% uncertainty at this density is entirely from the stop-
ping cross section (8%) and the ap(1s) stripping cross
section (3%).

Despite our lowering of the error bars on the reactiva-
tion coefficient it is still very difficult to draw any mean-

TABLE VII. Photon x-ray intensities per fusion for ap with co, =0.886%.

Source
Y(Ka) (X100)

1.2 LHD 0.1 LHD
Y(KP}/Y(Kal

1.2 LHD 0.1 LHD
Y(Ky )/Y(Ka)

1.2 LHD 0.1 LHD

Present
Ref. 7

Ref. 14
Ref. 6
Ref. 13
Ref. 42

Experiments
Ref. 3
Ref. 43
Ref. 4

0.30
0.30

0.27
0.25
0.25
0.24

1 LHD
0.049+0.04
0.21+0.05
0.19+0.05

0.35
0.38

0.32
0.30
0.30
0.32

K series
0.081
0.07

0.12
0.12
0.18

1 LHD

0.124
0.08'

0.17
0.19
0.17

0.020
0.012

0.018
0.019
0.024

1 LHD

0.020+0.013

0.040

0.035
0.038
0.048

Source
Y(La) (X100)

1.2 LHD 0.1 LHD
Y(LI3}/ Y(La }

1.2 LHD 0.1 LHD

Present
Ref. 13

'Obtained from graph.
Density of 0.05 LHD.

0.023
0.023

0.052
0.042

L series
0.17
0.13

0.18
0.17
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ingful conclusions concerning the experimental data.
One could interpret the present results as partial
confirmation of the data from 0.2 LHD to 0.6 LHD of
Jones et al. , ' even though these experiments exhibit
much more density dependence. Above 0.6 LHD all of
the experimental data shows lower effective sticking than
theory predicts. Around liquid hydrogen density the ex-
perimental data is 20—40% lower than theory predicts.
Since the two sets of experimental data disagree with
each other, there must be some errors made in at least
one of the experiments or in the interpretation of raw
data. We believe that theoretical results do not indicate
which of the experiments is more likely to be correct.

The present experimenta1 results on x-ray yields are
also in substantial disagreement with theory at around 1

I.HD. The experimental data of Bossy er a/. is about
30% lower than the present theory predicts. It is in-
teresting to note that the data from most of the x-ray ex-
periments are lower than the present theory by about the
same amount (30%) as the data from the experiments on
effective sticking are from theory at liquid hydrogen den-
sity. Because x-ray detection experiments are qualitative-
ly different from neutron detection experiments we would
not expect the systematic errors appearing in x-ray yield
data to be the same as those in the effective sticking data.
This sends a strong signal that the deviation from experi-
ment may still be coming from the theoretical side. It is
not obvious how an error in the reactivation ca1culations
could bring about similar discrepancies in both x-ray
yield and effective sticking. The process with the most
uncertainty remaining in this calculation is the stopping
cross section, which has an effect on the x-ray yield oppo-
site to that on effective sticking. Therefore, the present
investigation points to initial sticking as a possible source
of discrepancy which has the same effect on x-ray yield as
on effective sticking.

Theoretical reactivation may still be in error if there
exists an as yet unidentified aspect of the dynamics which
is not being modeled properly, such as the stopping of up
in Dz-Tz. The stopping cross section is assumed to be
equal to the stopping cross section of a proton in Hz
which is a reasonable assumption since the theoretical
stopping cross section is dependent on projectile charge
but independent of projectile or target mass. There is,
however, some evidence that there may be some surprises
in the dynamics of stopping in the condensed phase of

44

Except for any possible new insights into the stopping
cross section, as mentioned above, we believe there is lit-
tle left to be done in the calculation of R. It is doubtful
that the error in the stripping cross section can be
significantly reduced. However, a further minor reduc-
tion of the error bars is possible by using realistic
Coulomb trajectories in the calculation of 0.,',"', which
would eliminate the error caused by scaling. For a more
accurate calculation of x-ray yields it would be helpful to
calculate more accurate cross sections for the n =2 to 3
transition including the state-to-state cross sections for
specific initial and final l quantum numbers.
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