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Mathematical models of dc glow discharges sustained by electrons emitted by the cathode and ac-
celerated into the cathode fall must take into account the highly nonequilibrium nature of these fast
electrons. However, the electric field profile through the discharge is determined mainly by the dis-
tribution of ions and slow electrons. In this paper we explore three methods to account for fast,
nonequilibrium electrons: the single-beam method, the multibeam method, and particle (Monte
Carlo) simulations. Ions and cold electrons are treated using equations of change assuming col-
lisionally dominated motion (i.e., drift and difFusion), and the self-consistent electric field is deter-
mined by solving these equations simultaneously with Poisson's equation. Creation rates for ions
and slow electrons are obtained from the fast-electron models. Simulation results indicate that, al-

though the single-beam model is qualitatively correct, it is hampered by its sensitivity to assump-
tions in the numerical approach, and its tendency to predict negative voltage-current characteristics
at low pressures and high voltages, which are not evident in results from the higher-order multi-
beam model. Although an improvement over the single-beam model, comparison with experimental
optical-emission measurements reveals that the multibeam model predicts excitation profiles that
extend too far into the discharge. Accurate comparisons are possible with particle simulations,
which incorporate angular scattering of fast electrons.

I. INTRODUCTION

Direct-current (dc) cold-cathode glow discharges have
been studied for many years. ' Recently, efforts have
intensified to understand the cathode fall and negative
glow regions of dc discharges. These efforts have includ-
ed both experimental and theoretical treatments.
The most dramatic advances experimentally have come
about with the application of laser diagnostics to probe
electric field strength profiles, ion densities, species ener-

gy distributions, etc. Theoretical treatments have fo-
cused on appropriate ways to handle the highly non-
equilibrium nature of electron transport in the cathode
fall where the electric field strengths are much larger
than in other parts of the discharge. Although it has
long been recognized that some form of kinetic theory
treatment is necessary to account rigorously for the be-
havior of energetic electrons that originate in the
cathode-fall region and subsequently traverse the nega-
tive glow, it has proven difficult to make the kinetic
theory models self-consistent. Two major approaches
have been used to model dc glows. One is a self-
consistent treatment based on the moments of the
Boltzmann equation coupled with Poisson's equation.
The other is a kinetic approach, either Boltzmann, ' ' or
Monte Carlo. ' ' This approach, however, has required
the use of an assumed electric field profile. Recent work
in self-consistent kinetic models of the cathode fall have
been successful. Nonetheless, these calculations have
not been extended self-consistently through the negative
glow to the anode.

This paper describes an approach to the problem of ac-
counting for fast, highly nonequilibrium electrons that
originate in the cathode fal), as well as calculating the

self-consistent electric field profile from Poisson's equa-
tion. The basic ideas are best illustrated by reference to
Fig. l, which is a schematic of a cold-cathode dc glow
discharge. The discharge is sustained by emission of
secondary electrons from the cathode due primarily to
positive ion bombardment. The secondary electrons are
accelerated in the cathode fall to high energies and ionize
neutrals there. The electrons thus created are also ac-
celerated and an ionization cascade forms. Because at
high energies electrons tend to forward scatter, the ener-
getic electrons continue to propagate into the low-field
region of the discharge, resulting in ionization and elec-
tronic excitation throughout the discharge gap. The fast
or energetic electrons are present in relatively low con-
centrations compared to the low energy, but far more
numerous, slow or "bulk" electrons in the quasineutral
region. These electrons have energies that are typically
in the range of 0.1 —0.5 eV, and therefore cannot be re-
sponsible for the majority of inelastic collisions. They are
important for space charge and ambipolar diffusion, how-
ever, which help determine the ion density profile. The
goal of our mathematical model is to represent these pro-
cesses in a relatively simple, but physically reasonable
fashion. The key is to break the electrons up into two
groups: the fast electrons that originate as secondary
electrons at the cathode surface or are created primarily
in the ionization cascade in the cathode-fall region are
treated as one group; and the slow, bulk electrons that re-
side in the quasineutral region of the discharge are a
second group.

The first part of this paper is an exploration of two
beam approaches for modeling the hot electrons that
originate in the cathode fall: the single (or monoenerget-
ic) beam and the multibeam models. In the single-beam
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FIG. 1. Schematic of a dc discharge with typical density and
electric field pro61es. The shading intensity represents the in-

tensity of light emission in the discharge.

with distance between electrodes. Although in principle
our model formulation is capable of describing a positive
column as well as the negative glow, we consider only
cases in which electrode separation is small enough to
prevent the formation of a positive column. The
discharge is assumed to consist of four species: neutral,
ground-state argon atoms at room temperature; positive
ions; slow electrons; and fast electrons.

Additional assumptions include the following.
(l) Only electron-impact ionization and excitation from

the ground-state neutral are included as inelastic
electron-neutral collisions. To further simplify matters,
we have combined all the various excitation processes for
argon into one composite excitation process which has a
threshold energy of 12 eV. The model can be adapted to
include effects such as two-step ionization or excitation
involving the metastable states by the addition of the ap-
propriate balance equations and rates.

(2) Only one type of ionic species (Ar+) is considered.
The presence of molecular ions (e.g., Ar2+) can be includ-
ed with the appropriate conservation equations and rates.

(3) Ion and slow-electron motion is assumed to be col-
lisionally dominated (i.e., the collision frequency of
charged particles with neutrals is much larger than the
gradient of the species velocity). Hence the momentum
balance equations reduce to expressions involving only
drift and diffusion. The assumption is valid for the slow-
electron group as they exist only in the low electric field

region. Furthermore, Boltzmann equation calculations
by Lawler indicate that ions (dominated by charge ex-
change collisions) equilibrate relatively quickly in the
cathode fall.

(4) Neutral gas density and composition are uniform
throughout the discharge.

B. Fluid model

model, energetic electrons are treated as if they all had
the same energy at a given position in the
discharge. ' ' ' ' A multibeam model allows for a distri-
bution of hot electron energies, which is more realistic
since not all electrons fall across the same voltage or ex-
perience the same collisional energy losses. ' In the
latter half of the paper we report on work treating fast
electrons as individual particles, following their motion
using a Monte Carlo approach. By treating only fast
electrons as particles and slow electrons and ions as
Auids, we are able to obtain self-consistent simulations of
the entire discharge while accounting for the highly
nonequilibrium nature of hot electron motion throughout
the discharge. Experimental optical-emission measure-
ments are also shown for comparison with multibeam
and particle simulation results.

Bn+ BJ+
Bt Bx

8 V e+ (n+ —n, —nb, ) =O, —
x &p

gy Bn,

(3)

(4)

Bn+avj+ = —p+n+ —D+ax Bx

The Quid model has been used extensively to model dc
and rf glows. ' "' lt consists of conservation equa-
tions for ions and electrons (slow electrons in this case),
and Poisson's equation for a self-consistent electric field:

Bn, Bj,

II. MATHEMATICAL MODEL

A. Model assumptions

The gas is assumed to be weakly ionized and at room
temperature. The model system is a discharge between
two infinitely wide electrodes, so that quantities vary only

Equation (l) is the slow-electron conservation equation,
where n, is the slow-electron density, j, is the slow-
electron Aux, and C, is the slow-electron creation rate. j,
is expressed as the sum of drift and diffusion [Eq. (4)],
where p, is the slow-electron mobility, and D, is the
slow-electron diffusivity. Both parameters are functions
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of electron energy. However, we have taken the parame-
ters to be constant. Equations (2) and (5) are the positive
ion conservation and flux equations, respectively. The +
subscript refers to positive ions. Since ion diffusion is rel-
atively unimportant, D+ is assumed to be constant while

p+ is taken as function of E/n„, where E is the electric
field and n„is the neutral number density [see Eq. (22)].
Both C, and C+ come from. the fast-electron models (dis-
cussed in the next section}. This is essentially the only
coupling between the fast-electron models and the fluid
model. The fluid model influences the fast-electron mod-
els through Poisson's equation and the boundary condi-
tions. It is important to note that since there are two
types of electrons, C, is not equal to C+. C+ is equal to
the total ionization rate, whereas C, is zero in the
cathode fall. Furthermore, C, can be different from C+
in the negative glow because of the contribution of the
fast electrons which are lost to the slow-electron group.
The details of C+ and C, are discussed in the next sec-
tion. Equation (3) is Poisson s equation, where nb, is the
fast-electron density. We neglect the contribution of nb,
to the expression for charge density in Eq. (3} under the
assumption that it is smaller than (n+ n, ).—This as-
sumption is approximately valid in our calculations as the
ratio of nb, to (n+ n, )—is less than 0.3. Nonetheless, it
should be noted that this assumption is often not valid,
thus nb, should, in general, be retained in Eq. (3).

The three equations [Eqs. (1)—(3)] are second order in

space, so two boundary conditions are required for each
equation. We choose the following: at the cathode
(x =0 mm), j,=O, Bn+/Bx =0, and V= V„,h, and at the
anode (x =20 mm), n, =O, Bn+/Bx =0, and V=O.

C. Fast-electron models

Fast electrons are assumed to be completely forward
scattered in all collisions in both the single- and multi-
beam models. This assumption greatly simplifies the
solution of equations describing fast-electron number
density and motion, since all fast electrons move only in
the direction from cathode to anode. This makes the
equations equivalent to initial value problems, requiring
only a simple forward-matching integration scheme for
solution. The assumption of complete forward scattering
is generally justified for highly energetic electrons. In
Fig. 2 we present differential cross sections I(e,g} (e is
the electron energy and g is the scattering angle), for elas-
tic scattering in argon from Vuskovic and Kurepa. The
data indicate that about 55% of the electrons in the ener-

gy range v=60 —150 eV scatter with angles less than 30.
This fraction increases with increasing electron energy. '

[We plot a normalized version of the differential cross
sections, 2mI(e, g)sing/cr(e), as it is then simpler to esti-
mate the probability of scattering within a certain angle.
Furthermore, the data can be readily compared with the
analytic form presented in Fig. 5.] However, at low ener-
gies ( —10 eV), large-angle scattering is significant. In
these models we neglect large-angle scattering while
recognizing that the assumption is not always correct.

In the beam models, we distinguish fast electrons from
slow electrons based on their energy and where they are

g.O

&2 ~o

FIG. 2. Normalized differential cross sections for elastic
scattering in argon from Vuskovic and Kurepa (Ref. 30). We
have extrapolated their data (5'-150') to cover the entire range
of scattering angles (0 -180').

created in the discharge. The rationale for this separa-
tion is based on the difference between cathode-fall
(high-field) and negative-glow (low-field) regions. Positive
ions that traverse the cathode fall and impinge on the
cathode cause secondary electron emission from the sur-
face. These electrons are treated as fast electrons. At the
cathode, the flux of fast electrons, jb„is related to the
positive ion flux, j+, by

jb= XJ+ ~

where y is the secondary emission coefficient. Fast elec-
trons avalanche in the cathode fall, creating more posi-
tive ions and fast electrons. No slow electrons are creat-
ed here. However, once the fast electrons enter the nega-
tive glow, the creation of slow electrons is enabled. In
the two beam models we consider, rules differ somewhat
regarding creation and loss of fast and slow electrons in
the low-field region of the discharge. In the single-beam
model, ionization in the negative glow results only in the
formation of slow electrons, whereas in the multibeam
model some fast-electron creation can continue to occur.
Once the fast electrons drop below some threshold ener-

gy, they enter the slow-electron group. This threshold is
selected such that only the fast electrons are capable of
inelastic processes. In the single-beam model, the thresh-
old is set at the ionization energy. In the multibeam
model, the threshold is the excitation energy.

In the single-beam model, all fast electrons are as-
sumed to have the same velocity at any given position.
This implies that the energy distribution function is a 5
function. Thus, all that is needed to characterize fast
electrons are number density nb, and velocity ub, . Only
two equations are required to solve for these quanti-
ties. ' ' The usual approach is to use species conservation



41 SELF-CONSISTENT MODEL OF A DIRECT-CURRENT GLOW. . .

and energy (as opposed to momentum) conservation. The
single-beam model that we use is from Boeuf and Segur,

and

dJbe =(1—a)r, for sb, & E;,
„

dX

dJbe = —cled for cb, E,;,„,
dX

(7a)

(7b)

where

and

i ir ion( ebe ) be n be (8a)

d +e,niobe n be (8b)

dJbesbe . d V
=ejb, (r, e;,„+r,s,„,)

—for E„,& s;»
dX dx

and

(9a)

Equations (7a) and (7b) are the species conservation equa-
tions for fast electrons above and below the ionization
threshold c.;,„,respectively. r, is ionization rate and

o;o„(eb,) is the ionization cross section. In the single-
beam model, beam growth occurs only in the cathode
fall, hence a is 0 in the cathode fall and 1 in the negative
glow. When the energy of the fast electrons
(eb, =m, ub, /2) drops below s;,„,fast electrons are lost to
the slow group at a rate rd. This rate is based on an ap-
proximate total collision cross section cr,„(—10 " cm ).
Thus C+ is r, , whereas C, [Eq. (1)] is ar; when eb, &E;,„,
and is ard when c.b, &c;,„.The form for rd is based on
the idea that below the ionization energy, electrons drop
from the fast group into the slow group through
momentum-transfer collisions. This is clearly a crude ap-
proximation, but in the framework of the single-beam
model, the ad hoc nature of this assumption is probably
inevitable.

The corresponding fast-electron energy-conservation
equations are

j b, (x ) = g Jb, (x, c.k )b,s . (12b)

Setting bc equal to 1 eV is convenient since the ioniza-
tion threshold (16 eV) and excitation threshold (12 eV)
are then exact multiples of Ac.

Since all fast electrons are assumed forward directed,
the distance they travel from x; to x, +Ax; is bx;. The
energy change that fast electrons undergo is dependent
on the change in potential energy be V;, and the possibili-
ty of inelastic collisions. The fraction of fast electrons in
a bin at energy ck that make an inelastic collision after
traveling a distance Ax, is given by

b Jbe(x, , E„)=Jbe(x, ,e„)[ I —exp[ —hx, /k, o(s„)]j, (13)

from the cathode to obtain jb, and c.b, . The boundary
conditions at the cathode are jb, = —yj+ [Eq. (6)] and
c.b, =1 eV.

In the multibeam model, the assumption that all fast
electrons have the same velocity at any position is re-
laxed. However, all fast electrons are still assumed to be
purely forward directed. The method that we use is an
adaptation of the model which is described in detail by
Carman and Maitland. This technique is comparable to
a Monte Carlo simulation with completely forward scat-
tered fast electrons. Comparisons made by Carman and
Maitland to the Monte Carlo simulation of a helium
cathode fall by Tran, Marode, and Johnson support this
assertion. We have made similar comparisons (Sec. V),
the results of which demonstrate that the two approaches
are indeed closely related. In Appendix A we discuss the
relationship of the multibeam model to the Boltzmann
equation with the assumption of full forward scattering.

In this model, the fast-electron flux energy distribution
Jb, (x, e) is tracked from the cathode to the anode. The
fast electron flux is given by

jb, (x)= J Jb, (x, E)dE .
0

Jb, (x, E) is discretized over energy space in b, e intervals.
Thus the integral in Eq. (12a) is replaced with a sum,

dJbe Cbe d P
=ejb,

d
(rd Ebe+ree,„,)—for Eb, s;»

dX dx

where

(9b) where the inelastic mean free path A,;„(s&) is given by

1
A,;„(sb)=[~..(&k)+o- (&k)]n.

(14)

e ~ext(Ebe )~be nnbe (10)

and

—(1 a)a;,„(sb,)n„s—b, for eb, & s;,
„

dobe d V
sexi(gabe ) n Eexi gabe —Sion '

dX dx

(1 la)

(11b)

r, is the total excitation rate and o,„,(Eb, ) is the total ex-
citation cross section. Substituting Eq. (7) into Eq. (9) al-
lows us to eliminate Jbe sInce Jbe ~be be'

dobe dy

(1Sa)

The fraction that does make a collision is split into an
ionization part, b,Jb, ;,„(x;,Ek ), and an excitation part,
b,Jb, ,„,(x, , ek ), in the ratio o;,„:cr,x, Since sl.ow electrons
are not created in the cathode fall, the fraction of fast
electrons that are created, b Jb, „,„(x,, Ek), is equal to
EJb, ;,„(x;,ek). The excitation fraction is transferred to
the bin at (x, +Ax„c.k —ccxt+AeV, ). Ionization is more
complicated because the progeny (or ejected) electron can
be created at any energy p, ranging from 0 to
(ck —E;,„)/2.o;,„(8)is related to the ionization cross sec-
tion distribution S(e,p) by

k ton
o';,„(sk) = f S(sk,p )dp .

0

Equations (7) and (11) are integrated over a discrete grid For the purposes of the discrete model, the integral in Eq.
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(15a) is replaced with a sum,

pmax

o;,„(Ek)=g S(Ek P, )bP
p. =1

where p,„=int ~k ~ion
(15b)

hp is chosen to be equal to bc, i.e., hp=bc=l eV. In
Eq. (15b) the minimum energy of the progeny electron is
set at 1 and not 0 eV, so as to avoid a nonzero flux bin at
0 eV. The density of fast electrons in the 0-eV bin will be
infinite if Jb, (x,0) is not zero. Hence the lowest energy at
which a fast electron is capable of an ionizing collision in

I

this model is 18 eV. Similarly, only fast electrons with
energies of 13 eV or greater can excite neutral molecules.

The distribution of the new fast-electron flux is
based on S(c,„,p~ ) for 1 ~

PJ
~ int[(sk —E;,„)/2]. The

contribution of b,Jb, „,„(x;,c,k ) to a bin at (x;
+ bx, ,p, +be V; ) is b Jb, „,„(x;,Ek )[S(ek,pj )/o;, „(ek)].
Correspondingly, the contribution of AJb, ;,„(x;,Ek )

to the bin at (x;+Ax;, Ek
—E;,„—p, +b,eV, ) is

bJb, ;,„(x;,ek)[S(ek,p/)/o;»(ek)]. Ax; is chosen such
that b, eV, is an exact multiple of b,e. Because e;,„(16
eV), E,„,(12 eV), bp (1 eV), and b, eV; are exact multiples
of b e (1 eV), the following expression can be used to cal-
culate the flux distribution of the fast electrons at any
point in the cathode fall:

Jb, (x, +b,x;, e/, +b.e V, ) =Jb, (x, , ek ) AJ—b, (x, , e/, )+b Jb, ,„,(x;, e/, +s,„,)

S(2ek+a;»+s„,sk )
6Jb, ;,„(x;,2c„+s;,„+. e„)

0 +ion(2sk +ei»+ sn

pj=

S(eb+e;,„+pj,p/ )
AJb, ;,„(x;,E„+e;,„+p,) (16)

In Eq. (16), the second term on the right is the fraction
that is lost from the energy bin. The third and fourth
terms are the fraction of electrons that enter the bin after
an excitation and ionization collision, respectively. The
last term accounts for the electrons that are created at
the bin energy.

The situation in the negative glow, however, is more
complicated. First, the fast-electron flux in the bins with
e& less than or equal to e,„,(sk ~ 12 eV) are lost to the
slow group at a collisional rate corresponding to o,

„

( —10 ' crn ). The fraction of the flux lost in a dis-
tance b,x, in this manner b,Jb, ,„(x,, sk ), is also given by
Eq. (13), with A,,„replacing /(,;„,where /(, ,„=1/o,„n„.
Second, progeny electrons that are created with energies
less than or equal to e,„,(p, ~ 12 eV) are put in the slow-
electron group. Thus fast-electron creation can continue
to occur in the negative glow, whereas in the single-beam
model all ionization in the negative glow results in slow-
electron formation. Third, the fraction of the fast elec-
trons that have resultant energies less than or equal to
c,„,after an inelastic collision also enter the slow group.
In Appendix 8 we present the details of calculating the
creation rates C, and C+.

Some care is required in keeping track of the fast-
electron flux and the various creation rates, otherwise
problems with charge conservation can occur. The ap-
propriate boundary condition at the cathode is
Jb, (0, 1)= —yj+ and Jb, (x, k) =0 for k%1.

Fig. 3. The initial guess for the electric field and the
fast-electron flux at the cathode is usually obtained from
a previous solution, or from a suitably contrived repre-
sentation of some experimental data. In the latter case,
the potential drop across the discharge V„approximate
cathode-fall thickness d„and current density j, are re-

START

E field, fast electron flux at cathode

FAST ELECTRON
NCOEL

Generation rates for ions and slow electrons

FLUID

MODB

E field, fast electron flux at cathode

D. Numerical simulation

The numerical simulation consists of the fast-electron
model (either single-beam or multibeam) combined with
the fluid model. The solution technique is an iterative
procedure. The flowchart for this scheme is shown in FICx. 3. Flowchart of solution technique.



SELF-CONSISTENT MODEL OF A DIRECT-CURRENT GLOW. . . 1117

quired. The following equations can then be used for a
linearly decreasing field E, in the cathode fall and zero
field in the rest of the region:

2V,
F. = — 1— for O~x ~d

c dc
c (17}

and

ir
~be, cathode

As discussed in the previous section, the creation rates
of ions and slow electrons are calculated in the fast-
electron models. These rates are used as inputs to the
fluid model. The solution of the governing equations in
the fluid model with these creation rates gives rise to a
new electric field profile and ion flux at the cathode. The
new information is used in the fast-electron models to re-
calculate the creation rates. This procedure is repeated
until convergence is obtained. Typically, the difference
between the solution at convergence and the previous
solution from either beam model is less than 0.1%.

In the simulation of fast electrons, it is necessary to
distinguish between the negative-glow and cathode-fall
regions. We have used a cutoff based on the potential to
separate the two regions. We found it convenient to use
V =0 (i.e., V (0 in the cathode fall and V ~ 0 in the nega-
tive glow) in our simulations. The results of our examina-
tion of the sensitivity of the solutions to the cutoff are
presented below. Other candidates for the cutoff can be
based on the electric field, ' or space-charge density.

The fluid model was solved using the Galerkin finite-
element method. The resulting system of equations was
integrated through time until steady state was achieved.
The spatial grid was nonuniform, with the highest density
of nodes in the cathode fall and at the negative-
glow-cathode-fall boundary.

(15) and the result is shown. The elastic cross section is
from a fit to the data in Hayashi.

Differential cross sections are required for the particle
simulations described in the next section. Due to the rel-
ative scarcity of data, we use an analytic expression based
on its look-alike, screened Coulomb scattering,

f(E,x)=
4m[1+csin (g/2)]ln(1+v)

(19)

2 ln(1+ e)
ln(1+ e )

(20)

decreases monotonically with energy. In the isotropic
limit (a~0 eV), this ratio is 1, but it drops to 0.63 at
c=10 eV and to 0.41 at c.=100 eV. This is an important
consideration because cr (e) and not o(e} is kept con-
stant in Boltzmann calculations that treat anisotropic
scattering.

Furthermore, it should be noted that Eq. (19) does not
contain the complex structure of the differential cross
sections in Ar at very low energies. ' Nonetheless, this
choice of f(e,y) is convenient since the scattering angle

y can be easily determined with a uniformly distributed
random number R, (0 & R, & 1),

where f(e,y) =I(e,y)/o (e ) (Fig. 5). By choosing such a
formulation, we keep the total cross section constant
while varying the nature of angular scattering. This ex-
pression captures the main features of electron-neutral
scattering: it is approximately isotropic [f(e,y)=1/4n. ]
at low energies and becomes increasingly anisotropic as
the energy increases. It is of interest to note that the ra-
tio of the momentum cross section o (s), to the total
cross section o (s), which is given by

o (e) =I 2n(1 —cosy)(sing)f(e, y)dy
cr(e) o

E. Cross sections and transport parameters

The cross sections for argon are shown in Fig. 4. The
composite excitation cross section is from Eggarter.
The ionization cross-section distribution is from Peterson
and Allen. This distribution was integrated as in Eq. g.O

1.0

0.1

0.01

C4

E
10.0

I

C)

O
C3

(/)

O
..I

0.10
I

1.00

tot.

els.

ion . '.

ext.
I

1 0.00 1 00.00 1 000.00

ELECTRON ENERGY (eV)

FIG. 4. Cross sections {total, elastic, ionization, composite
excitation) for electron-neutral collisions in argon.

FIG. 5. Normalized differential cross sections used in parti-
cle simulations.
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8;=J 2mf(e, y')sing'dy' . (21)
0

Data in Massey and Burhop ' suggest that inelastic
scattering is approximately similar to elastic scattering of
an electron with energy equivalent to the energy of an
electron after the inelastic collision (e.g., the progeny
electron from an ionizing collision involving a 100-eV
electron will scatter much more anisotropically if it is
ejected with an energy of 42 eV as opposed to 1 eV). We
thus use Eq. (19) for all collisions, with e being the elec-
tron energy after the collision.

The electron transport parameters at 1 torr are as fol-
lows: D, =2X10 cm s ' and p, =2X10 cm V 's
The ion diffusivity at 1 torr that we used is an artificially
high value of 400 cm s '. This high value helped reduce
wiggles, if any, in the ion density profile at the cathode-
fall-negative-glow boundary. It did not have any other
noticeable impact on the solutions, since the contribution
of diffusion to the overall ion transport is minimal. The
ion mobility is in the form of a fit suggested by Frost:

p+ =iM+o(1+a ~E/n„~ ) (22)

where a is 7.36X10' cm V ', and p+o at 1 torr is
1420cm V 's

The value of y was set at 0.033 in the single-bean mod-
el and 0.07 in the multibeam model.

F. Particle simulations

where hs is the distance the mth particle travels in ht,
and A, (e ) is the total mean free path [1/o„,(e)n„,
a„,(e} is from Fig. 4]. This imposes constraints on b t, as

should not change significantly in each time step, and
4s /A. (e ) should not be much larger than 0.1. A col-
lision takes place if a uniformly distributed random num-
ber on the interval [0,1] is less than q . If a collision
does take place, more random numbers are used to deter-
mine the nature of the collision, the energy of the pro-
geny electron (for an ionization collision), and the new
direction(s}. The procedure for this is described in detail
by Boeuf and Marode. '

%e consider three different scattering assumptions:
isotropic scattering, anisotropic scattering, and full for-
ward scattering. In isotropic scattering the differential
cross section I(e,y) is constant over all g, whereas we use

Various Monte Carlo methods have been used to simu-
late the electron avalanche in the cathode region of dc
discharges. ' ' ' Most of these utilize the null-collision
method, ' ' which is accurate and computationally
efficient. The technique that we use is based on particle
tracking methods that are used in particle simulations. '

Despite being computationally more intensive than the
null-collision method, this technique can be readily incor-
porated into dynamic simulations of plasmas.

In this technique, the positions and velocities of parti-
cles are calculated every time step ht. The collision prob-
ability q is given by

—5sm
qm p ~( )

Eq. (19) for all collisions in the anisotropic scattering
case. As noted in the previous section, the electron ener-

gy immediately after the collision is used in calculating
the scattering angle. The full forward scattering case
provides a comparison to the multibeam model.

Particles are injected into the discharge from the
cathode with an energy of 1 eV and zero transverse veloc-
ity at a rate proportional to the secondary electron emis-
sion flux [Eq. (6)]. The electrodes are assumed to be per-
fectly absorbing.

Once the particles enter the negative glow, only fast
electrons are tracked. As in the multibeam model, parti-
cles that are on the anode side of the cutoff with energies
less than c.,„,are transferred to the slow-electron group.
This is done at every time step in the particle simulation.
In this manner we avoid the enormous cost of tracking
the large number of particles that would accumulate in
the negative glow. The particles are weighted to the grid
using standard particle-in-cell techniques. ' Relevant
quantities such as ion and slow-electron creation rates are
obtained by averaging over many time steps after the
simulation reaches steady state. We use the method de-
scribed in Sec. II D to obtain self-consistent results (i.e.,
the creation rates are fed back into the Quid model to re-
calculate the electric field and boundary conditions, and
the process is repeated until convergence is obtained). It
should be noted that due to the stochastic nature of the
particle simulation, convergence and charge conservation
issues are more critical than in the beam models.

We have checked our particle simulations by calculat-
ing swarm parameters for constant F. /n„. Our results
are in reasonable agreement with those of Sakai, Ta-
gashira, and Sakamoto.

III. SINGLE-BEAM MODEL RESULTS

The first set of results (Fig. 6) is for the single-beam
model. They are similar to those obtained by other
researchers who used the single-beam model. ' The plot
of the species densities [Fig. 6(a)] together with electric
field and potential profiles [Fig. 6(b)] indicate that the
sheath edge is about 2.2 mm from the cathode. The ion
density in the cathode fall is almost constant. This gives
rise to an electric field that drops approximately linearly
from about 1500 V/cm to a small value at the sheath
edge, and remains small beyond this point. The voltage
at this point is also about 0 V, which indicates that our
assumption about the location of the sheath edge in the
numerical simulation (Sec. II D) is consistent. Both elec-
tron and ion densities rise rapidly beyond this point and
become very nearly equal in magnitude.

The ionization rate peaks at the sheath edge, while the
excitation rate peaks farther into the low-field region
[Fig. 6(c)]. The difference in the shapes of these profiles is
due to the differences between the ionization and excita-
tion cross sections (Fig. 4). While both cross sections
vary as s 'inc at high energies, o,„,(e) peaks sooner
and more sharply than o;,„(E).Thus in the context of the
single-bean model, it is possible to find cases in which in-
elastic rates increase as beam energy decreases (this situa-
tion is discussed in the next section).
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under these conditions, a substantial fraction of electrons
emitted from the cathode have not undergone any inelas-

tic collisions by the time they reach the sheath edge.
Figure 10 shows the results from the multibeam model.

It is the equivalent of Fig. 6. The inelastic rates extend
much farther into the discharge [Fig. 10(c)] than in the
single-beam case [Fig. 6(c)]. Correspondingly, the species
density profiles [Fig. 10(a}]are more symmetric, and the
ion fiux to the anode is larger [Fig. 10(d)]. This is the
direct result of not having averaged away the high-energy
tail as in the single-beam model.

The field reversal (at 10.22 mm) is again just slightly to
the anode side of the maximum in species densities (at
10.14 mm). The presence of field reversals has been
demonstrated in measurements and single-beam model
predictions by Gottscho et al. (in Ar/Nz discharges).
Their results indicate that field reversals can occur on ei-
ther side of the maximum in species densities. It should
be noted that our current description of the slow-electron
transport with constant parameters is not adequate to ac-
curately predict the location of field reversals. From Eq.
(4), a field reversal on the cathode side of the species den-

sity maximum would imply that j, is negative (i.e., direct-
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FIG. 11. Results at a constant power density of 0.05 W/cm:
(a) ion density profiles from the multibeam model; (b) excitation
rate profiles from the multibeam model; (c) experimental
optical-emission (419.832 nm; 1s4-3p& in Paschen notation)
profiles.

ed towards the cathode) in the region between the field

reversal and the species density maximum. Since j, is

zero in the cathode fall, a negative j, requires that

dj, /dx be negative in some region. This can only happen
if there is some form of loss mechanism for slow electrons
[Eq. (1), with Bn, IBt =0 for steady state], which we have
not included. A more accurate treatment of the slow-
electron transport would require a generalization of Eq.
(4) with energy-dependent transport parameters and an
energy balance for the slow electrons.

In Fig. 11 we present the predictions of the multibeam
model at constant power and a comparison to experimen-
tal measurements. The results indicate that the species
density profiles [Fig. 11(a)]become more asymmetric, and
the inelastic rates [Fig. 11(b}]become more peaked at the
cathode sheath edge as the pressure increases. The trend
in the excitation rate is consistent with our emission mea-
surements [Fig. 11(c)] and other emission measurements
in similar systems. However, the model predictions of
the excitation rate extend much farther into the
discharge than the emission measurements. This is a
direct consequence of the assumption of full forward
scattering in the multibeam model. The fast electrons
penetrate far into the discharge because they do not
scatter off axis. Nonetheless, the multibeam model is a
qualitatively accurate representation of the discharge
over a wide range of conditions.

V. PARTICLE SIMULATIONS

A. Swarm simulation of fast electrons

In this section we discuss results from Monte Carlo
simulations of fast electrons that originate at the cathode
and progeny electrons that result from ionizing collisions
in the sheath. The use of a Monte Carlo simulation for
fast electrons allows us to examine the effects of various
scattering assumptions: isotropic, anisotropic, and pure
forward scattering on the discharge structure. The re-
sults presented in Figs. 12 and 13 use the electric field

profile and secondary electron flux at the cathode from
the multibeam calculations at 0.6 torr and 275 V. Hence
these results are not self-consistent, unlike the results in
the previous sections. Nonetheless, they are useful in ex-
amining the importance of angular scattering of fast elec-
trons in collisions with neutrals. Preliminary self-
consistent hybrid particle-fluid calculations are discussed
in the next section.

In Fig. 12 we present a snapshot of the energy and po-
sition of the particles at one instant in time. Only ap-
proximately 1000 particles from each simulation are
shown. Note that in the low-field region () 3 mm) only
particles with energy greater than c,,„,are tracked. The
particles that enter this region of phase space (x & 3 mm,
c(c,,„,) are shifted into the slow-electron group at each
time step (there are a few particles visible in this region in
Fig. 12 because the snapshot was taken before the parti-
cles were shifted). With isotropic scattering [Fig. 12(a)],
fast electrons are highly concentrated around the plasma
sheath edge. These electrons penetrate a little farther
into the discharge with anisotropic scattering [Fig. 12(b)],
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whereas they are almost evenly distributed throughout
the discharge with forward scattering [Fig. 12(c)]. The
reason for this is clear: angular scattering causes fast
electrons to spend a significantly greater amount of time
near the cathode.

In Fig. 13 the inelastic rates corresponding to these
cases [Figs. 13(a)—13(c)] are plotted together with results
from the multibeam model [Fig. 13(d)], and emission
measurements [Fig. 13(e)] under the same conditions.
Figures 13(a) and 13(b) indicate that inelastic rate profiles
are strongly peaked at the cathode sheath edge with an-
gular scattering (anisotropic scattering causes the profiles
to extend farther into the discharge than isotropic
scattering). These profiles are similar to those obtained
by Den Hartog, Doughty, and Lawler and Moratz.
The major difference between the two cases is that the
rates are almost a factor of 3 higher with isotropic
scattering. This is because fast electrons are more local-
ized near the cathode with isotropic scattering. Boeuf
and Marode' observed little difference in their results
(He discharge: 1 torr, 150 V, 1.5 cm electrode gap) when
they substituted anisotropic with isotropic scattering for
elastic collisions. However, they used isotropic scattering
for excitation collisions and an ad hoc anisotropic scatter-
ing scheme for ionization collisions. In this scheme they
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from isotropic to anisotropic scattering (Sec. IIE). Den
Hartog, Doughty, and Lawler used anisotropic scatter-
ing for elastic collisions, isotropic scattering for excita-
tion collisions, and either isotropic or the above aniso-
tropic scheme for ionization collisions. Their results (He
discharge: 3.5 torr, 0.62 cm electrode gap) indicate that
the inelastic rates agree fairly well at the lowest voltage
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B. Self-consistent hybrid particle-fiuid simulation

In Fig. 14 we present preliminary results from a self-
consistent simulation of the discharge with a particle rep-
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sumption of isotropic ionization collisions results in in-
elastic rates almost a factor of 2 greater than for aniso-
tropic scattering. eTh reason for the difference between
the various predictions is most probab y g fb bl the de ree of an-
isotropy app ie o1 d t the various collision phenomena in-
corporated in the simulations. Nonetheless, the impor-
tance of anisotropic scattering is apparent in these sys-
tems.

The inelastic rates with pure forward scattering L ig.
13(c)] and from the multibeam model [Fig. 13(d) are

'fi tl different from the cases with angular scatter-signi can y i e
Fi s. 13(c)in . It is reassuring to note that the profiles in igs. cing. is

be ex ected,an d 13(d) are essentially the same. This is to be exp
23since the methods are similar.

The similarity between the optical-emission measure-
ment [Fig. 13(e)] and the anisotropic case indicates that
angular scattering of fast electrons is important.

Vresentation of fast electrons. The conditions are 275
and 0.6 torr, and y is 0.3. Comparison to the multibeam
results (Fig. 10) indicates that species density profiles
[Fig. 14(a)] are more asymmetric. This is a direct conse-
quence of inelastic rates [Fig. 14(c)] being highly peaked
at the cathode sheath edge (-2.6 mm). Furthermore,
the predicted excitation rate is in agreement with the
optical-emission measurement ig.
beam models, we observe a field reversal slightly to the
anode side of the maximum in species densities.

It is interesting to note that results from the sing e-
beam model (Fig. 6) are fairly similar to results from this
h b 'd simulation. This agreement is fortuitious, arisingy ri sim
from a cancellation of errors in the approximations ui
into the single-beam model. In some sense, the monoen-
ergetic assumption reduces the impact of the high-energy
tail present in the multibeam model that penetrates deep
into the discharge.

VI. CONCLUSION

The single or monoenergetic beam model, while pro-
ducing apparently correct results, displays some
discrepancies when compared to t e g
beam approach. The multibeam model, which is essen-
tially a Boltzmann solution with the assumption of full
forward scattering for fast electrons, is an improvement
over the single-beam model. Nonetheless, comparisons
wit experimen a

'
h

'
tal o„tical-emission measurements reveal

that the multibeam model predicts excitation profiles that

simulations of fast electrons indicate that the nature o
fast-electron angular scattering is important for accurate
model predictions. Finally, our results from the hybrid
particle-Auid technique which include the effects of angu-
lar scattering demonstrate that it is possible to obtain
self-consistent simulations of a dc discharge in w ic
nonequilibrium fast-electron transport is included.
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sal occurs at 6.68 mm and the species density maximum is a
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The assumption of full forward scattering implies that
the Boltzmann equation for a dc discharge between two
infinitely wide parallel electrodes can be written as

Bf'(x, u)
v

Bx
eZ(x) af*(x, u) af*(x, u)

m, Bv i3t coll

(Al)

where f'(x, u) is the electron velocity distribution func-
tion, and v is the velocity in the x direction. Equation
(Al) can be rewritten with (x, E) as independent variab es,
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/3[f (x, s)+2e/m, ] /3[f (x,e)+2E/m, ]
e—E(x )

ax ac

(A2)
collat

where f*(x,u)du =f(x, e)d E, and e =m, u /2. The col-
lision integral, [Bf( x, E)/Bt]„&t,contains only contribu-
tions from excitation and ionization. Elastic scattering is
not included because of the negligible energy transfer in-
volved. Thus the collision integral can be expressed as
follows:

= —n [„o;,(„e)+o,„,( e)](2e/m, )'~ f(x, e)+n„o,„,(e'}(2e'/m, )'~ f(x, e')
coll

+f" n„S(f,e)(2e/m, )'~ f(x, e)de+ f 'n„S(e',p)(2e'/m, )' f(x, e')dp,
2K+6.

, „

(A3)

where e' is the energy before collision (e'= a+e,„,for excitation, and e'= a+E;,„+pfor ionization). Hence, substituting

Jb, (x, e) for (2e/m, )' f(x, e), the Boltzmann equation can be written as follows:

BJb, (x, e) BJb, (x, e)
eE(x)— = n„[—cr;,„(e)+o,„,(e)]Jb, (x, e)+n„o,„,(e+e,„,)Jb, (x, e+e,„,)

+ f n„S(2e+s;,„+Z,e)Jb, (x,2s+e;,„+'E}d'E

+ f n S„(e+e;,„+p,p)Jb, (x,e+e;,„+p)dp .
0

Using the appropriate finite-difference approximations for the derivatives in Eq. (A4),

BJb, (x,e) Jb, (x;+Ax, , 8k+be) Jb, (x;,e—k+6 s)
Bx Ax;

and

BJb, (x, E) Jb, (x„ek+be)—Jb, (x;,ek }

E

and if bx; is chosen such that eE(x; )bx, =be—V; =he, we obtain the next equation:

Jb, (x;+Ax, , ek+beV) =Jb, (x;,ek ) bx;n„[cr;—,„(Ek)+o,„,(ek )]Jb,(x;,E/, )

+hx; n „o,„,(ek +e,„,)Jb, (x;, ek +e,„,)

(A4)

(A5a)

(A5b)

+hx, n„gS(2sk +e;,„+E„,ek )Jb, (x„2ek+e;,„+e„)b e
c =0

n

'k
+kx; n„gS( e k +e; „+pj,p/ )Jb (x;,ek +e; „+p/ )6p

p =0
J

(A6)

Note that we have replaced the integrals in Eq. (A4) with summations in the above equation. For small values of
bx;/k;„(ek ), EJb, (x, , sk ) in Eq. (13) can be approximated by

Ax; Jb, (x, , Ek)
b Jb, (x„sk) = =Ex;n„[o;,„(ek)+o,„,(Ek )]Jb,(x;, sk ),

A,;„(ek)
(A7a)

or

and

~Jbe, ion(Xi r Ek ) ~Xi ngOjofi(Sk }Jbe(Xi~ ek ) (A7b)

b Jb, ,„,(x, , ek ) = Ex, n„o,„,(Ek )Jb, (x, , ek ) . (A7c)

Substitution of the above equations into Eq. (A6) and setting bp =he= 1 eV results in the multibeam equation [Eq.
(16)].

Thus the multibeam approach of Carman and Maitland is the same as solving the Boltzmann equation with the as-

sumption of full forward scattering provided than hx, /A. ;„(ek) is sufficiently small. This ratio is less than 0.1 in all our
simulations.
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APPENDIX B: ION AND SLOW-ELECTRON
CREATION RATES FROM THE MULTIBKAM MODEL

Since slow electrons are not created in the cathode fall, C, (x, ) in Eq. (2) is zero. C+ (x, ) in Eq. (3) is given by

C+(x;)b,x;= g bjb, „„(x;,ek) .
Ek =18

C, (x; ) in the negative glow is given by the following expression:

12 24 ~(ek p, )
C

e( xi)~xi rf ~~be, en(xi~ek )+ y ~Jbe, ext(xi ~ek )+ rf y ~Jbe, ion(xi~ek )

(Bl)

41 40 k z S(ek pi) 29

+ X ~Jbe ion(Xi~ek )+ X ~ be, ion(X! ~ek ) y + X ~ be, ion(Xi ~ek ) '

p =1 ion k ek =1S
(B2)

The first term in Eq. (B2) corresponds to the electrons that are transferred to the slow group at the collision rate (dis-
cussed in Sec. II C). The second term represents the electrons that enter the slow group after an excitation collision.
The third and fourth terms account for the progeny electrons that have energies less than or equal to c,„,. The last two
terms describe the electrons that enter the slow group because they have insufBcient energy to remain in the fast group
after an ionization collision.
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