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Universal critical adsorption profile from optical experiments
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The analysis of optical data for critical adsorption from a fluid (or fluid mixture) onto a wall or in-
terface is discussed theoretically with emphasis on elucidating the universal, scaled adsorption
profile P (z/g), where g( T) is the correlation length and z is the distance from the interface. A novel
strategy, which embodies theoretically well-established features, is applied to recent reflectivity and
ellipsometry experiments on binary mixtures against glass and vapor substrates. Overall, the data
indicate relatively strong surface fields and clearly reveal crossover from a power-law regime,
P(x)=Po/x~, as x~0, to P(x)=P„e, as x~~, occurring around x =1.4 with P /Po —0.85.
The relative merits of reflectivity and ellipsometry techniques are assessed (the latter currently prov-
ing more definitive) and various experimental issues are identified which must be resolved before
more details of the adsorption profile could be extracted from further observations.

I. INTRODUCTION

The phenomenon of critical adsorption occurs when,
say, a vapor-liquid, binary liquid mixture, ferromagnet,
or other system in the single-phase region is brought to
its bulk critical point in the presence of an external wall
or other distinct physical interface. In particular, it has
often been studied experimentally in binary liquid mix-
tures in contact with solid substrates and with a vapor in-
terface. Reflectivity and ellipsometry experiments have
been reported and will be discussed explicitly below. If
one of the components of such an A +B mixture is pref-
erentially attracted to the substrate, it will become par-
tially adsorbed, the composition of the mixture being per-
turbed over a distance from the substrate of order of the
bulk correlation length, g( T). To describe the
phenomenon in more detail, the order parameter at a dis-
tance z from a planar wall, say m (z), is conveniently tak-
en as the deviation of the local volume fraction p(z) of
the component which is preferentially adsorbed, say B,
from its bulk value gati(00 ) infinitely far from the wall,
that is,

A. Scaling hypothesis

For distances z exceeding molecular dimensions, Fisher
and de Gennes' proposed that the critical adsorption
profile should, asymptotically close to the bulk critical
point, follow the scaling law

m (z) =mot~P(z/g), (1.3)

as the reduced temperature deviation from criticality,

T~ T„one expects the profile to be described in terms of
a universal scaling function, as proposed by Fisher and de
Gennes in 1978.' According to standard scaling argu-
ments, the universal profile should vary algebraically, as
an inverse power, near the surface but become exponen-
tially decaying at large distances. Our aim here is to ex-
tract more concrete information about the scaling profile
from experimental studies of critical adsorption in a sys-
tematic way with a minimum of theoretical assumptions.
Comparisons between different systems can then be used
to test the hypothesis of universality and the scaling func-
tions can be compared with theoretical calculations.

m (z) =
gati (z) tptt ( ~ ) . — t =(T —T, )/T, , (1.4)

q A(z)=UApA(z)/[UApA(z)+UBpB(z, ] (1.2)

where p„(z) and pic(z) are the actual local number densi-
ties of species A and B in the near-critical mixture.

The functional form of m (z, T) specifies the critical ad-
sorption composition proftle. Near criticality, the corre-
lation length is the controlling length scale: thus, as

We will generally consider the critical point as being ap-
proached as a function only of the temperature T so that
y„( ~ ) and gati( Ov ) take their critical values g„, and

Note that in practice, the volume fractions are
somewhat nominal, being defined in terms of number
densities p~ =—N~/V=1/v~ and p&=N&/V=1/v~ of
pure A and pure B observed at ambient pressure and
some convenient reference temperature. One then has

vanishes. As usual, the exponent l3 describes the behav-
ior of the coexistence curve below T, . The shape of the
adsorption profile is described by the scaling function
P(x), which is expected to be universal. The amplitude
mo sets the magnitude of the physical adsorption. For a
nontrivial profile at criticality (t =0), one must have

(A) P(x)=Pox ~ as x~0, (1.5)

where v describes the divergence of the correlation
length: see below. It proves convenient to normalize the
scaling function and remove any arbitrariness in mo by
setting Po =1. Away from criticality, on the other hand,
the decay must be controlled by the correlation length
and one expects'
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(8) P(x)=P„e " as x~~, (1.6)

provided long-ranged surface-bulk forces may be neglect-
ed. Note that the ratio P /Po should be universal.

Little more can be said generally about the scaling
function, although mean-field theory, which should apply
for dimensions d )4, predicts P (x)= 1/sinhx with
p=v= —,

' so that P„/Pc=2. In addition, Bariev has
performed exact calculations of P(x) for the semi-infinite
two-dimensional square lattice Ising model, where p= —,

'

and v=1; his results show that P /Po-—1.245 14. As re-
gards the experimentally most relevant situation, howev-
er, experience suggests that scaling functions in d =3 di-
mensions differ significantly from those in d =2 or d =4.

In order to analyze the nature of the profile in d = 3 di-
mensions on the basis of experimental data, we will first
assume that the bulk correlation length g(T) at critical
composition, is known by direct observation and is well
represented in the temperature regime in question by

g(T)=g t (1.7)

Likewise, we propose to accept the well-established
theoretical exponent estimates,

v =0.632+0.001 and P=0.328+0.004,

which yield P/v=0. 519+0.007. Ideally, g( T), and
thence go, should be measured by bulk critical scattering
experiments; strictly, this yields the second moment
correlation length g, (T) which is not identical to that
entering in the exponential decay law (1.6) Uia (1.3).
However, for three-dimensional systems the difference
between g, and g is quite inconsequential at experimental
levels of precision. In practice, also, the deviations from
(1.7) over the range of interest are unimportant.

For the explicit binary liquid mixtures which we ana-
lyze below, the correlation length amplitudes have been
determined not by bulk scattering measurements, but by
analysis of turbidity experiments on approach to criticali-
ty from above T„or by measurements of the amplitude
of the surface tension as it vanishes on approaching T,
from below. This leaves go open to somewhat greater un-
certainty than desirable: see details below. Finally, then,
the right-hand side of (1.3) may be regarded as known ex-
cept for the amplitude mo and the precise form of the
scaling function P (x ).

To obtain a tractable scheme of analyzing the experi-
mental data, we postulate acceptable forms for P(x) con-
taining one or more parameters. Various such explicit
models for the scaling function P(x) are listed below in
Sec. I D; one simple but fully adequate example is

x, so the algebraic region is large. That is a specific
feature we may hope to resolve on the basis of experi-
ments. The universal ratio mentioned above takes the
value P /Po =c . Plots of this profile for various
choices of c appear in Fig. 1.

B. Reflectivity and ellipsometry
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We have examined critical adsorption data for three
different binary mixtures obtained from reflectivity and
ellipsometry experiments. The reflectivity observations
were made by Schlossman, Wu, and Franck (SWF) on
the binary mixture of nitromethane-carbon disulfide
(CH3NO2+ CS2) against a glass substrate. The ellip-
sometry data were made available to us by Schmidt and
Moldover for the mixture isopropanol-
perfluoromethylcyclohexan (i-C3H7OH+ C7F,4), and by
Schmidt for the mixture methylcyclohexane-
perfluoromethylcyclohexane (C7Ht4+ C7F,4) against their
respective vapor-liquid interfaces.

The reflectivity R is simply the ratio of the intensities
of light incident on and reflected by the glass-liquid inter-
face at a given angle of incidence 0&. In the mixture stud-
ied, the index of refraction of the nitromethane, which is
preferentially adsorbed, is less than the index of refrac-
tion of the glass. Thus, the reflectivity increases as the
amount of nitromethane adsorbed increases. According
to elementary optics, the reflectivity measures the devia-
tion of the index of refraction in the mixture from that of
the substrate. Far from the wall, the index of refraction
approaches its bulk value for the binary mixture of criti-

1+cx
e X (1.9)

This function varies algebraically as x ~ (Po —= 1) for
small x and exponentially as e " for large x, in accord
with the scaling predictions laid out above. Evidently,
the crossover from algebraic to exponential decay is
tuned by the parameter c, which we expect to be of order
unity. Note that for small c, the crossover occurs at large

FIG. 1. Plots of the model scaling function (c) [see (1.9) and
11.14)] for the critical adsorption profile for three choices of the
parameter c. Note the break in the x scale from logarithmic to
linear at x =1 (corresponding to z =g'), indicated by a vertical
line. Evidently, c controls the location and nature of the cross-
over from power-law behavior for small x (dotted linear asymp-
tote on the log-log plot) to exponential decay for large x (dashed
linear asymptotes on the semi-log plot). Our analysis indicates
that the smaller values, 0. 1 ~c ~ 1, give the best fits to the
reflectivity and ellipsometry data: see the text.
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cal composition and given temperature. Since adsorption
occurs only within several correlation lengths of the sur-
face, which is generally much less than the wavelength of
incident light, most of the contribution to the total
reflectivity arises from the bulk. This large "back-
ground" value, say Rb, must be allowed for in analyzing
the measured reflectivity R to extract the reflectivity in-
crement AR actually attributable to the critical adsorp-
tion. Thus, as we shaH see in Sec. II C, observations of
AR are highly sensitive to uncertainties in the measured
or estimated value of the bulk index of refraction.

One must also recall that a reflectivity experiment ac-
tually measures the deviation of the dielectric constant
(or refractive index) from its bulk value; one may assume
that the composition profile is linearly proportional to
the dielectric constant profile, or in other words, that the
Lorentz-Lorenz relation is valid. However, we will
sidestep this issue to some degree by working primarily
with the dielectric constant profiles. Some explicit
profiles for the mixture of S%'F deduced from our fits are
drawn in Fig. 2.

Ellipsometry experiments, on the other hand, measure
the ratio of the complex Fresnel reflection amplitudes r,
and r for s- and p-polarized light, respectively. (We re-
call that s-polarized light is linearly polarized with the
electric field perpendicular to the plane of incidence,
while p-polarized light is also linearly polarized, but with
the magnetic field perpendicular to the plane of in-
cidence). The ratio can be expressed as

r /r, =e' tan1(, (1.10)
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FICx. 2. Variation of the dielectric constant profile for ni-
tromethane preferentially adsorbed on a glass wall (occupying
z ~0) from a near critical mixture with carbon disulfide. The
plots derive from a representation using the scaling function
form (c) [Eq. (1.9)] with c =0. 1 which is reasonably consistent
with the reflectivity data over the range t =10 to 10 '. Note
that at least one layer of nitromethane is predicted to be ad-
sorbed against the glass.

where the magnitude is written as tang for convenience.
The coefficient of ellipticity, p, is defined as the ratio of

the minor and major axes of the ellipse of polarization. If
light is incident at the Brewster angle 0& =0~, then
A=~/2 by definition, and

pit—= Im(r jr, ) .

This is the quantity actually measured by Schmidt and
Moldover. ' In the case of a slab profile, i.e., an ideal
sharp step from the index of refraction of the substrate to
that of the bulk fluid, p~ vanishes. Hence, the experi-
ment directly measures the deviation from a sharp step.
Evidently, one advantage of ellipsometry over reflectivity
is that it is insensitive to the index of refraction of the
bulk fluid, the observed response depending wholly on
the adsorption profile and the structure of the substrate-
liquid interface. As regards critical adsorption, however,
the situation is not quite so simple since, as mentioned,
one is interested in relatively large scales of order g(T),
while the ellipticity is sensitive also to the behavior of the
profile on molecular scales; fortunately, the correspond-
ing background proves less important than in the case of
reflectivity.

C. Strategy for analyzing experimental data

Experiments on critical adsorption have also been per-
formed using the techniques of fluorescence, ' and of gra-
vimetry and volumetry, "' in addition to reflectivity '
and ellipsometry. ' ' ' The main difficulty with ex-
tracting profile information from these experiments is
that most techniques measure only some integral over the
profile but do not otherwise provide spatial resolution. In
the case of volumetric and gravimetric techniques, where
the spatial resolution is determined by the size of the
probe, this is unavoidable. It is difficult to envision how
small enough probes could be fashioned to measure de-
tails of the profile. A qualitative exception is the elegant
technique developed by Beysens and Leibler, ' which uses
fluorescence by an evanescent wave to measure the ad-
sorption. By varying the incident angle one can vary the
distance probed by the evanescent wave. Thus, one can
directly observe the fluorescence increase closer to the
wall. In order to relate the fluorescence to the profile
quantitatively, however, one must integrate Maxwell's
equations over the profile. Thus, the quantitative analysis
for such an experiment is basically no simpler than it is
for optical experiments. '

Optical experiments such as reflectivity and ellip-
sometry also measure integrals of the solutions of
Maxwell's equations over the profile. Thus in order to
gain information about the profile, one is forced to postu-
late some profile and integrate Maxwell's equations nu-
merically to compare the predicted reflectivity or ellipti-
city with the measured data. Some authors have used the
Born approximation to deconvolute data more directly
but it turns out that this is inadequate for both
reflectivity and ellipsometry, as we discuss in more detail
in Secs. II and III. The strategy adopted here is to con-
sider various model profiles predicted by a scaling func-
tion P(x) with no free parameters. Then, as explained,
the physical profile m (z) is completely specified up to an
overall amplitude factor mo: see (1.3). For each data
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point taken at a measured temperature (and angle 8 when
this is varied}, the experimentally observed refiectivity or
ellipticity is fitted by adjusting only mo. This results in
an effective amplitude function, mo(t). If the model were
indeed correct, or su%ciently close to reality, mo would
be independent of t (and of 8). In practice, one might
hope for constancy within the experimental noise and er-
ror bars. Any systematic temperature dependence in
mo(t) indicates an unsatisfactory choice of P(x), or pos-
sibly, deviations from scaling behavior, or, more likely
than the failure of scaling, some problem with the various
adjustments to the data, such as the background subtrac-
tion. If, however, one trusts scaling and can control the
data corrections, the variation of mo(t) yields definite
quantitative information on the shape of the profile, as we
will demonstrate. '

The "goodness of fit" for each profile may be measured
by the fractional deviation of rno(t) over the temperature
range covered by the experiment. For SWF this is
10 ~t ~10 i.e., two decades close to T, . For the el-
lipticity rneasurernents ' one has 10 & t ( 10 ' . The
fitted parameter mo clearly contains absolute information
since it directly measures a physical quantity, namely, the
local dielectric constant or volume fraction. To compare
different profiles quantitatively, however, it may be con-
venient to rescale mo(t} so that its reduced value is unity
at a convenient reference temperature.

The model scaling profiles we have considered are list-
ed in Sec. ID. For simplicity we sometimes adopt the
approximation P/v= —,

' (in place of P/v=0. 519; see
above). We found, for the SWF data, that this made at
most 3% to 6% differences in the value of mo for a given
form of profile; this proved unimportant relative to the
noise levels and residual trends with t: see Sec. II.

p( )
1+CX

e X (1.14)

This model, reproduced again here for completeness,
meets both conditions A and B, as do the subsequent
models. However, if m (z; T) is to be monotonic in T at
fixed z, one should have c (v/P.

(d) Hyperbolic sine form:
—P/v

VP (x) = —sinh —x
V

(1.15)

This elegant form was originally proposed by Peliti and
Leibler, with P/v= —,', on an ad hoc basis. It implies
P„/Po=(2v/P)~ =2.01. Monotonicity in T at fixed z
is ensured.

(e) Exponential Pade form:—
' P/v1+c(1—e ")Px= e

1 —e
(1.16)

eter m (z) at fixed z, say near the wall, eventually de-
creases as T~T, and vanishes at T=T, . Such a de-
crease of m (z) as T~ T„even though the integral

f 0"m(z)dz diverges like 1/t ~=1/t, seems quite un-

physical. Indeed, not only does it contradict mean-field
theory, but for models like the nearest-neighbor fer-
romagnetic Ising model, it also violates the rigorous GKS
inequalities. ' [In principle, however, sufficiently strong
corrections to scaling might restore the expected mono-
tonic increase of m (z) at fixed z as T~ T, +; on the oth-
er hand, requiring the scaling form to imply rnonotonici-
ty imposes the condition —d logP (x)/d logx )P/v,
which probably should be respected. ]

(c) Power 1aw e-xpon—ential form:
P/v

D. Model scaling pro6les

It proves instructive to explore the theoretically crud-
est profile shapes if for no other reason than to see if the
experiments can actually discriminate against them&

Thus we have examined the following models.
(a) Slab form:

1 for x(2
0 for x)2 . (1.12)

This of course, violates both conditions A and B above,
(1.5) and (1.6). The cutoff at x =2 yields a first moment
of unity, as does the next profile.

(b} Pure exponential form:

P(x)=e (1.13)

as used by SWF at one stage of their analysis. This
satisfies condition B but violates the critical point decay
law condition A (unless f1=0 which describes Ising-like
criticality only for d =1 with T, =O) so that the ratio
P„/Po, defined after (1.6), diverges.

The violation of condition A has a particular, unrealis-
tic physical consequence worth emphasizing.
Specifically, if P(x) remains bounded as x~0, the scal-
ing form (1.3) predicts that the value of the order param-

m (z)=P e +P'„e "+P'„'e "+ (1.17)

with P /Po=(1+c)~ . It seems likely that, as mean-
field theory and Bariev's work indicate, the scaling func-
tion for large x should have such an expansion rather
than one involving inverse powers of x times an exponen-
tial, as implied by (1.14). '

In the case of an experiment measuring adsorption
against a wall, the dielectric constant profile e(z) can be
constructed from m (z) with the aid of (i) the dielectric
constant e (T) of the bulk mixture far from the wall, (ii)
a scale factor, say eo, for deviations from the bulk, (iii) a
cutoff value e& corresponding to the pure component 8,
and (iv} the dielectric constant, say e, of the wall materi-
al or phase y: see Fig. 2. In the situation e&(e, which
corresponds to the experiments of SWF, we may thus
take

e~ for z &0
e(z)= '

max[e& , e eom(z)) '—for z )0 . (1.18)

This form, and its extensions found by adding further in-
tegral powers of e in the numerator and denominator
of the prefactor, gives added flexibility over the hyperbol-
ic sine profile (d), and, in preference to (c), gives a decay-
law generalizing condition B as
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Of course, the Lorentz-Lorenz factor eo might well be ab-
sorbed into the value of mo for the purposes of fitting.

Now, as mentioned, a reflectivity measurement is not
sensitive to the precise variation of e(z) near the wall,
especially if, as in SWF s experiments, the dielectric con-
stant ez, corresponding then to glass, does not differ
greatly from e or t &. Thus the sharp discontinuity in
e(z) at z =0 implied by (1.18) is adequate for that situa-
tion. On the other hand, the ellipsometry experiments
used to study adsorption on a vapor interface ' are sensi-
tive to details of the liquid-vapor interface which, furth-
ermore, must have structure on the vapor side controlled
by the finite, but non-negligible correlation length, say
g ( T), of the vapor (or y) phase. Appropriate models for
the dielectric constant profile right through the interface
in this case must, therefore, be constructed with more at-
tention to the details close to the interface. This issue is
addressed in Sec. III B.

E. Summary of conclusions

The method of analysis sketched in Sec. ID above
proves quite sensitive. Using the reflectivity data of SWF
for nitromethane-carbon disulfide, we are first able to see
that the slab profile, (a) above, and the pure exponential
profile (b) provide distinctly worse representations of the
experiments than do profiles with the expected power-law
behavior for small scaled variable x. Indeed, by varying
the parameter in the power law —exponential form (c) and
comparing also with the model profiles (d) and (e), one
finds that if, for a given t, the power-law region extends
to larger values of z before the exponential behavior takes
over, the goodness of fit is improved. Values of the ratio
P„ /Po in the range 0.2 to 1.0 are suggested. However,
to the extent that the analysis has been carried, we always
find significant, systematic, residual deviations of mo(t)
from constancy. As explained below, we believe these are
associated with uncertainties in the determination of T,
and with an inability, using existing data, to establish
e (T) and thence the background reflectivity Rb, with
sufficient precision. In default, at present, of a way of
determining the background with greater confidence and
less ambiguity, it is not worthwhile to pursue the more
elaborate forms of profile (e), etc. , in an effort to reduce
or, possibly, to eliminate the systematic deviations. More
extensive and precise experimental data should, however,
enable one to resolve the nature of the profile to a
significantly higher degree.

Despite the current limitations, one finds that all the
power-law profiles attain saturation in the sense that
e(z) —= ep holds over a region of about 15 A near the wall:
see Fig. 2. That suggests that in the real system the wall
is essentially covered with a layer of pure B (—:ni-
tromethane) of thickness one or more monolayers. This
is consistent with a strong short-ranged interaction be-
tween the adsorbed component, nitromethane, and the
glass, acting at the glass substrate. The interaction is, in
actuality, believed to be the result of hydrogen bonding,
which is indeed strong (of the order of k~ T per bond) rel-
ative to van der Waals or dipole-dipole interactions.

Now the fuller scaling theory for short-ranged wall in-

teractions entails a surface field H „measured, say, in en-

ergy units per molecule. The experimental data thus in-
dicate that h

&

=H
&

/k& T, is of order unity or larger.
However, the reflectivity data per se cannot give an
unambiguous estimate of the on-wall composition since
replacing z by z —z, (for z) 0) in (1.18) changes the
profile drastically near the wall but will have no
significant effect on the reflectivity provided z, (&A,

where A, (=6328 A) is the wavelength of incident light.
By the same token, one cannot hope to determine H,
with significant accuracy.

The scaling theory for general h
&

actually replaces the
form (1.3) by

m(z)=mot~P(zip, h, lt '), (1.19)

where the surface exponent 6, is close to 0.5. (From the
estimate Pi=0. 79+0.01 for Ising-like systems and the
hyperscaling relation Pi =2v —i5, i, one obtains
b, , =0.474+0.01.) If critical adsorption is observed at
all, one should have h, &0. Then, since b, is positive,
hi /t diverges as t~0 and so the strong surface field-
limit, with scaling function P(x) =P(x; ~ ), should apply
close enough to T, . Since h

&
seems to be of order unity,

this scenario would seem to be fully applicable for the
nitromethane-carbon disulfide mixture on a glass wall in
SWF's experiments.

The ellipsometry data of Schmidt and Moldover on
the vapor-liquid interface of isop�ropano-
lperfluor�omethylcycloh�e prove difficult to analyze
conclusively; however, our analysis of these data and
those for methylcyclohexane-perfluoromethylcyclo-
hexane also clearly discriminates against the slab and
pure exponential profiles, (a) and (b) in Sec. ID. Furth-
ermore, there is a good evidence of algebraic decay in the
profile close to criticality, crossing over to exponential
decay at values of z/g roughly in the range 1.2 to 1.7. In
the case of nitromethane-carbon disulfide against glass,
on the other hand, we could only conclude that the cross-
over lay in the wide range 1.0 to 20. This might, perhaps,
be interpreted as suggesting a more extended algebraic
region which would, then, violate expectations of univer-
sality. However, the data are certainly consistent with
the universality of P(x ) across all three systems.

Although the significance of various systematic errors
and data corrections discussed below must not be under-
rated, a possible source of nonuniversality in P(x) might
lie in the dependence of the profile on the surface field
HI. If h, —:H& /k& T, were small for the vapor interface,
which is not a priori implausible, it may be that the tem-
perature regime probed by the experiments (roughly
5X10 (t (0.05) is not sufficiently close to T, for
h i It to become large enough to justify the use of (1.3)
with P(x)=P(x; ~). Indeed, the vapor interfaces may
lie in a crossover region between weak and strong surface
fields. Such a situation has been discussed quantitatively
by Nakanishi and Fisher for the shift in critical temper-
ature of a fluid confined between parallel plates. Further
weight is lent to such a rationalization if one inquires into
the origin of the surface interactions. The adsorbed com-
ponent B (:—perfluoromethylcyclohexane) has an index of
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refraction which lies between that of the vapor and of
methylcyclohexane. According to the theory of disper-
sion forces, this is the preferred configuration if the
controlling interactions are of van der Waals character.
Although the short-ranged part of the van der Waals in-
teraction and an effective 0& are hard to estimate, it
seems likely to be significantly weaker than the hydrogen
bonding operative at the liquid-glass interface. Further
experimentation and analysis, however, are really needed
to establish whether the results truly differ between the
two systems and to demonstrate that small h

&
is then the

cause of this difference.
The ellipsometry data indicate values of the universal

ratio P /Po in the range 0.75 to 0.95 for profile (c) but
somewhat large, 0.9 to 1.1, for the profile (e) in Sec. I D;
the lower values overlap the wider span of 0.2 to 1.0 sug-
gested by the reflectivity data. As a combined estimate
based on all three sets of data, we have adopted
P /Pa=0. 85. It may be remarked that this estimate
does not lie between the values predicted for d =2 and
for d)4, namely P„/Po=1. 245 and P /Pa=2. Al-
though there is no a priori reason why P /Po must be
monotonic as a function of dimensionality, many critical
parameters are found to be so; hence our result is,
perhaps, unsettling. One should notice, however, that fits
based on generalizations of the exponential Pade profile
(e) involving more than one parameter, might well yield
still higher values of P„ /Po; we have not employed such
more elaborate model profiles here because they are not
warranted by the presently available data. One may be
optimistic, however, that future experiments, which pay
attention to various sensitive experimental issues that our
analysis has revealed (see Sec. IV), will be able to resolve
the behavior of the adsorption profile in more definitive
detail.

F. Organization and caveats

The rest of this paper is divided into three parts. Sec-
tion II reviews the reflectivity experiment and presents
the detailed results of our analysis of the SWF data. We
show explicitly that the Born approximation is inade-
quate for calculating the reflectivity as, indeed, has been
argued by Beaglehole. In addition to the theoretical
conclusions summarized above, our analysis pinpoints
several experimental problems which must be resolved
before more detailed profile information can be extracted
from reflectivity data of the sort currently available. Sec-
tion III is devoted to ellipsometry. The experiments '

are briefly reviewed; then the specific model dielectric
constant profiles, which encompass the vapor phase y,
are discussed. As explained, these incorporate the
universal scaled profiles of (1.3) and Sec. ID, but are
more elaborate since they must represent a smooth tran-
sition through the interface into the vapor, which is as-
sumed to be described by a hyperbolic tangent or Fisk-
Widom profile. Various ways of matching a critical ad-
sorption profile onto the vapor profile have been studied
and the most useful are described. The validity of the
Born approximation is examined. The results of the ellip-
sometry analysis are summarized, and experiments are

suggested which would yield additional information.
Finally, the two experimental techniques are compared

in Sec. IV, and their shortcomings and associated efFects
on our analysis are discussed. Other concerns are also
mentioned, in particular, the effect of van der Waals
forces and critical opalescence. The former are irrelevant
to bulk criticality and also, in a renormalization group
sense, to critical adsorption. However, as emphasized
by Dietrich and Schack, van der Waals interactions do
give rise to z tails in the profiles, which we do not take
into account. In principle, this might be worth allowing
for; however, we present semiquantitative arguments in-
dicating that the effects are unlikely to be significant for
the experiments of the sort analyzed here. (See also the
Appendix). It should also be mentioned, in this connec-
tion, that Dietrich and Schack have presented a de-
tailed discussion of the analysis of reflectivity data for sit-
uations where a power-law adsorption profile is anticipat-
ed, as, in our case, at T=T, . They find that neutrons
and hard x rays are much preferable to light. Their
analysis, insofar as it applies only at T = T„may be re-
garded as complementary to ours, which focuses on the
approach to criticality.

The second concern regarding critical opalescence
poses a more difticult problem. An essential assumption
of our analysis (and of all previous discussions) is that the
local index of refraction varies only in the direction per-
pendicular to the substrate, so that one may integrate
Maxwell's equations only along the normal to the sub-
strate. However, diverging critical composition fluctua-
tions necessarily lead to fluctuating nonuniformity paral-
lel to the plane of the interface. This issue has been dis-
cussed recently by Bedeaux, Blokhuis, and Schmidt.
Although the quantitative importance of the effect has
not yet been fully elucidated, these authors conclude that
the contribution to the ellipticity of a critical interface
due to transverse fluctuations probably becomes unim-
portant close to the critical point. The implication of
these effects for'critical adsorption (entailing a noncritical
interface or wall) remains an open question. Neverthe-
less, it is plausible that they do result in some renormal-
ization of the scaled dielectric constant profile (which is
what the experiments really "see") relative to the mean
composition profile.

II. RKFLKCTIVITY EXPERIMENTS

A. Some experimental details

In their experiment, Schlossman, Wu, and Franck
reflected a HeNe laser beam with A, =6328 A from the in-
terface between an optical glass prism and the binary
liquid inixture. Nitromethane (8) and carbon disulfide
( A ) were prepared in proportions within 1% of the criti-
cal composition, $„,=0.601. The glass prism consti-
tutes the bottom wall of the cell containing the fluids, and
was subject to chemical cleaning designed to leave hy-
droxyl (OH) groups on the surface: this wall preferential-
ly attracted the polar nitrornethane molecules. '

The incoming light was set at a fixed angle of incidence
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go = 1.8+0.7 A (2.1)

The uncertainty, though undesirably large, does not play
a significant role in our study of the data; it amounts, in
effect, to a translation of the logarithmic temperature
scale which is small relative to the full region explored.
The refiectivity seems fairly insensitive to a change in go.

0
Purely for convenience, we have adopted g'0=2. 0 A.

In calculating the dielectric constant profile from the
scaled profile according to (1.18), the values

EII( T = T, ) = l. 8526 and ez =2.2955, (2.2)

were adopted. ' For the scale factor E'o which, as men-
tioned, can for most purposes be absorbed into the value
of mo, we adopted the SWF value so=0.77. The deter-
mination of the bulk dielectric constant e (T) is a more
subtle and important issue which we discuss in some de-
tail in Sec. II C.

B. Reliability of the Born approximation

As discussed in Sec. I, the reflectivity may be calculat-
ed, for a given dielectric profile, by integrating Maxwell's
equations numerically, following the theory developed by
Born and Wolf. Alternatively, the reflectivity may be
calculated using the Born approximation, which results if
one neglects the effect of the profile on the incoming
wave. The reflectivity is then simply proportional to the
Fourier transform of the dielectric profile which is, of
course, linear in the composition profile m (z). However,
the use of a cutoff e& in the dielectric profile in (1.18) des-
troys a fully linear relation between the reflectivity and
the scaled profile, even within the Born approximation.
Note that if the reflectivity were completely linear in
m (z), the calculation of mo(t) from the refiectivity data
would then involve merely division or normalization.
Since this condition does not hold, even within the Born

8, =77.6, close to the angle of total internal reflection,
which, close to T„is 0, =77.85 . An apparent advantage
of choosing an angle near 8, is that the reflected intensity
is highest there; but, on the other hand, the length scale
probed increases as 0, approaches more closely towards
49, . The reflectivity at such high angles is therefore less
sensitive to the shape of the profile near the wall, and de-
pends mostly on the tail of the profile, which is always ex-
ponential. We believe that better results can probably be
obtained at smaller angles. More generally, it would be
advantageous to measure the reflectivity at a number of
different angles in order to gain a better hold on the actu-
al spatial variation.

The temperature was controlled to within +1 mK and
experiments were conducted both by heating and cooling
the mixture. The critical point was determined to be
T, =336.551 K. However, drifts in T, of order 1 mK
were observed and comparable gradients may have been
present across the sample cell.

The correlation length amplitude, go [see (1.7)], which
is essential to our analysis, can be estimated from turbidi-
ty measurements. A supplementary experiment and
analysis by Wu yielded
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FICi. 3. Plots of mo(t) for the hyperbolic sine profile (d) with
v=0. 631 and P= —,

' v, illustrating the differences between the full

optical theory and the Born approximation in matching the
reAectivity data of SWF.

approximation with a cutoff, an iterative procedure for
finding mo(t) was always adopted. We used the Van
Wijngaarden —Dekker —Brent method of rootfinding.
The calculations are sufficiently compact that little com-
putation time is spent on iteration.

Test calculations by Franck for the pure exponential
profile, (b) in Sec. ID, showed that the Born approxima-
tion results could deviate by up to 30% from the results
of the more precise optical theory based on the integra-
tion of Maxwell's equations. Note that if the deviation
between the two results were by a constant or slowly
varying factor it would not seriously affect an analysis of
the profile shape (and its approximate magnitude). On
the other hand, we have found, we have found, by expli-
cit calculation, that the temperature dependence of the
effective amplitude function mo(t) for the Born approxi-
mation differs significantly from the results of the precise
theory for all of the model profiles studied. This is evi-
dent from Fig. 3, where we have plotted mo(t) for the hy-
perbolic sine profile (d) in Sec. I D, using both methods.
The full optical theory yields an appreciably smaller vari-
ation in mo than the Born approximation: this is an en-
couraging feature in principle, but is subject to caution
since other factors also affect mo(t). However, all the
other profiles show similarly qualitative changes. Be-
cause of the significant differences between the Born ap-
proximation and the full theory, the latter was used in all
of the fits described below and shown in the figures.

The optical theory of Born and Wolf is readily pro-
grammed and quickly executed. If the dielectric constant
varies in the z direction, then, according to the optical
theory, the electromagnetic fields at z =zf, say, can be
obtained from the fields at z =z; by a linear transforma-
tion, represented by a 2 X 2 matrix. The coefficients of
this matrix are solutions of Maxwell s equations, which
we obtain by integrating two coupled first-order
differential equations numerically. We found the
Bulirsch-Stoer method of integration to be both reliable
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and efficient for all the profiles listed in Sec. I 0 except
for the slab profile, which can be solved analytically.
Many authors ' ' have used a slightly different ap-
proach to calculate the reflectivity (or ellipticity) from
Maxwell's equations: the profile is divided into many thin
slabs parallel to the interface; the dielectric constant
within each slab is approximated by a constant, and the
solutions to the differential equations are then obtained
by a sequence of 2 X 2 matrix multiplications, rather than
by direct numerical integration. This approach is
equivalent to using Euler's method of integration with a
fixed integration step size (i.e., the size of the slabs),
which leads to uncontrolled errors in the integration.
The Bulirsch-Stoer method, on the other hand, computes
for various integration step sizes and extrapolates to zero
step length. While the numerical differences between the
two approaches are probably insignificant for slowly
varying profiles, it seems preferable, especially close to
the critical point, to use the more accurate Bulirsch-Stoer
method, which involves less computational time and no
more programming effort that the Euler method.

C. The bulk refractive index

As discussed in Sec. I, the local dielectric constant e(z),
probed in a reflectivity experiment, can be decomposed
into a background term e determined by the refractive
index of the bulk fluid, and a piece proportional to the
profile function m (z). One may attempt to estimate the
bulk, or background contribution to the refractive index
by examining the reflectivity data far from T„' SWF ex-
amined the range 1.3X10 '&t &5.2X10 . In this re-
gime, there should be only a small contribution from the
adsorption profile, so the reflectivity should essentially
measure the bulk index of refraction. If one assumes first
that there is no contribution from the profile in this re-
gime, one may calculate the bulk index of refraction
Qe„ for each reflectivity-temperature data point in this
range. Then, as proposed by SWF, one may fit Qe„ to
the theoretically anticipated form

Qe„(t)=Qe, +Dt+D t' (2.3)

where the specific heat exponent a is reasonably taken as
0.11 (Fisher and Chen conclude a=0. 104+0.003 Uia

hyperscaling. ) The form (2.3) can then be used to extra-
polate Qe (T) closer to the critical point for use in
(1.18).

We refined this initial fit to the background by calcu-
lating Qe ( T) iteratively until self-consistency was
achieved. A form of the profile must be assumed; for
this, it was judged adequate to employ the exponential
profile (b) in Sec I D. The initial background fit was used
in fitting the profile to the data in the range
10 &t &10, near T, . Then, adopting a representa-
tive value of mo, we extrapolated the profile to the regime
away from T, used for the initial background fit. On that
basis, the background was recalculated, and the process
repeated to find a self-consistent estimate of Qe . In
fact, the effects of this refinement were found to be small:
the coefficient mo(t) (for the exponential profile) changes
by less than 3% over the entire range 10 & t & 10
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FICx. 4. The deviation of the bulk index of refraction ~e
from a linear fit, D:—0 in (2.3), vs reduced temperature t. The
data points derive from the reflectivity-temperature data of
SWF. The solid and dashed curves represent the deviations of
the fits (ii) with D —=0, and (iii) with both D and D free, from
the linear fit. Naturally, (iii) provides the best fit.

On the other hand, it was found that the extrapolation
close to the critical point cannot be done with satisfacto-
ry accuracy because the last two terms in (2.3) contribute
in a significantly different way for t & 10 or 10, but
are practically indistinguishable further from T„where
the background is fitted. To address this issue, three
cases of (2.3} were considered: (i) with D —=0, (ii) with
D—:0, and (iii) with both D and D as adjustable parame-
ters. All three forms fit the data away from T, within the
experimental noise, as seen in Fig. 4. However, the third
form (iii) does provide a closer fit even though one wor-
ries that one might only be fitting a fluctuation in the
dataI

For these three almost equally good fits, it was found
that the fitted amplitude mo(t) was highly sensitive to the
background, both as regards the assumed form used for
fitting Qe, and as regards the fitted values of the pa-
rameters Qe„D, and D . For example, Fig. 5 displays
mo(t) for the power-law —exponential profile (c) in Sec.
ID with c =0.1, using the three fits (i)—(iii). Not only
are the amplitudes significantly different, but the sys-
tematic trends with t are quite distinct. [The curves
shown in Fig. 5 have been rescaled to ease comparison of
the goodness of fit. For this purpose, it is convenient to
rescale mo(t) by an overall factor of 1/mz, with

mtt =mo(t„) so that the reduced value at a reference
temperature ttt, usually chosen as 7.94 X 10, is unity. ]

The sensitivity to a change in the numerical parame-
ters for a given form is even more disconcerting: in Fig.
6, mo(t } is plotted for our fit of QE„ to a linear varia-
tion, and SWF's independent fit to a straight line, which
is slightly different. Explicitly, if we accept a~=2. 304 in
place of (2.2) (Ref. 31) we find
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The origin of this difference is not known', numerically it
is very small, but as demonstrated, it makes a significant
difference in the analysis. Except for Figs. 5 and 6 where
the different backgrounds are compared, all of our fits
have used the linear form (i) but with parameters

Qe, =1.481256, D= —0.267 18 (D =0), (2.6)

based on (2.2). '

It is evident that it would be valuable to have an in-
dependent, direct way of measuring the bulk refractive
index through the temperature range T(10 which
does not rely on fitting outside this regime and extrapo-
lating inwards. Ideally this could be done in the same
sample cell as the reAectivity is being measured. Such a
procedure was used by Schmidt and Moldover in their el-
lipsometry experiments. '

0.6
10' 3xf0 10

I I I I I I I

3x 10 10
D. Nature of scaling profile

Qe, = 1.483 96, D = —0.2599 (D =0), (2.4)

while SWF quote

Qe, = 1.4841, D = —0.2617 (D—:0) . (2.5)

The difference between these two fits amounts essentially
to a constant displacement

hQe„=b+e, =0.00014 .

FICx. 5. Plots of mo(t) (rescaled to unity at t~ =-1.77X10 ')
for the power-law —exponential profile (c) with c =0.1, for the
three background refractive index fits, (i), (ii), and (iii); see text.
The rescaling factors are mz =0.98, 1.03, and 0.94 for (i)—(iii),
respectively. (The Lorentz-Lorenz factor eo has been absorbed
into mo; see Ref. 22.)

Despite the difficulties in estimating the background,
described above, our analysis of the data over nearly two
decades, t =10 to 10, close to T„reveals clear evi-
dence of a power-law regime in the profile. To establish
this, first consider the simple slab profile, (a) in Sec. ID.
In this case, the reflectivity can be calculated analytical-
ly. The resulting effective amplitude function mo(t) is
strongly temperature dependent, varying by a factor of
roughly 4 over the temperature range of the experiment:
see Fig. 7. By contrast, the other profiles listed in Sec.
I D yield effective amplitude functions which vary by less
than 30% over the same temperature range. We con-
clude that the data clearly discriminate against the slab
profile.
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FIG. 6. Plot of mo(t) (rescaled) calculated from SWF's data
for the power-law —exponential profile (c) with c =0.1, for two
background refractive index fits: (A) the linear-fit form (2.4) and
(B) SWF's linear fit (2.5). (The rescaling factors are mR =0.95
and 1.07, respectively. )
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FIG. 7. Analysis of SWF's reAectivity data: rescaled mo(t)

for (a) the slab profile, (b) the pure exponential profile, and (c)
the power-law —exponential profile (c) with c =0.1. The frac-
tional variation in mo is smallest for the power-law —exponential
profile. [The rescaling factors are m„=0.097 for (a) with refer-
ence temperature tz =5.94X10 ', and m~ =1.55 and 1.15 for
(b) and (c), respectively, with tR =7.94 X 10 '.]
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Next consider the pure exponential profile (b) in Sec.
ID. This can be tested by comparing corresponding fits
with fits of (c)—(e), which embody a power-law tail. Fig-
ure 7 shows a plot of mo(t) comparing (b) with the
power-law —exponential form (c) with c =O. l. Although
the influence of the background estimates must be borne
in mind, the latter yields an overall variation in mo(t)
which is smaller by a factor of roughly 1.5. Direct plots
of the dielectric constant profiles following from (c) with
c =0.1 are shown in Fig. 2 for various values of t. Note
that a fixed value m o

= 1.0 has been chosen which
represents all the data moderately well. See also Fig. 1

for a portrayal of the corresponding scaling function
P(x).

By varying c in the form (c) in Sec. I D and by compar-
ing with the sinh profile (d) and the exponential-Pade
profile (e), one finds that the goodness of fit is improved
if, for a given t, the power-law region extends to larger
values of z. In particular, the hyperbolic sine profile (d)
resembles a pure exponential too closely and is not
favored. However, because of the significant systematic
deviations from constancy in mo(t) observed in all cases
(see, e.g. , Fig. 7), it is difficult to ciraw very firm con-
clusions from the data although we can conclude, for ex-
ample, that the goodness of fit is better for form (c) with
values of c in the range 0.05~c &1, than for larger
values.

By the same token, various scaling functions which ex-
hibit similar crossover from power-law to exponential de-
cay yield comparably good fits. In particular, we find
that the forms (c) with c =0. 1 and (e) with c = —0.75
yield nearly identical fits. Thus, in the range
10 '&I; &10 ', the difference between the effective am-
plitude functions varies only from 0.098 to 0.12. Such
difference are negligible in comparison with the overall
deviation from constancy (roughly 20%) for these
profiles: see Fig. 7. Although they yield comparable fits,
the different scaling functions do differ in form, so one
cannot determine much more about the optimal profile
beyond the existence of a clear power-law regime. It ap-
pears likely, however, on the basis of the reflectivity data,
that the universal amplitude ratio P /Po, controlling the
relative strengths of the exponential and power-law
pieces, lies in the range 0.2 to 1.0. Furthermore, the op-
timal profiles all saturate, indicating that for t 10, a
layer of pure nitromethane of thickness z0=16—19 A is
adsorbed on the glass wall, as one anticipates.

Finally, one must consider the effect of uncertainties in
the measured critical temperature T, . If we allow shifts
in T, of a few millikelvin, which may not be outside the
actual experimental uncertainties, we find that the sys-
tematic downward curvature associated with even the
best profiles can be substantially reduced. Indeed, as
shown in Fig. 8, an imposed shift of 6T, = —2 mK yields
an effective amplitude function which is constant within
the experimental scatter. Thus, it appears that the sys-
tematic deviation from constancy in mo may stem to
some degree from inaccuracies in T, as well as from im-
precision in the determination of the bulk index of refrac-
tion. Improvements in both these experimental aspects
should be possible in the future, so it is reasonable to
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FIG. 8. Plots of the rescaled mo(t) calculated from SWF's
data for the power-law —exponential profile (c) with c =0.1, for
(i) no T, shift (open circles), and (ii) a T, shift of —2 mK
(crosses). The second shift is on the borderline of the uncertain-
ties that may be allowed by the experimental observations. [The
rescaling factors are m„=1.154 and 1.157 for (a) and (b), re-
spectively, with ts =7.94X10 .]

hope that more definitive conclusions about the scaling
profile can be reached.

III. ELLIPSOMETRY

A. Experiment

Ellipsometry data taken by Schmidt and Moldover
on isopropanol-perfiuoromethylcyclohexane (i-P
+pFMCH) and by Schmidt on methylcyclohexane-
perfluoromethylcyclohexane (MCH+ pFMCH) against
their vapor-liquid interfaces have been analyzed by a stra-
tegy similar to that described above. In both experi-
ments, the mixtures were prepared at several composi-
tions, but the analysis presented here concerns only the
samples at critical composition. The sample cell was
designed so that light could enter via two optical paths.
The index of refraction of each sample was measured
along one optical path while, at the same time, the
coefBcient of ellipticity was measured by reflecting light
from the vapor-liquid interface along the other path. The
critical temperature was determined from the index of re-
fraction data below the transition, to an accuracy of 10
mK. However, relative changes in T can be observed to a
precision of a few millikelvin.

The ellipsometry observations were made using light
from a He Ne laser (of wavelength 6328 A) at the Brew-
ster angle 8, =0~ which depends on the local dielectric
constant of the vapor and liquid, and thus varies with
temperature. The ellipsometer was adjusted to the
Brewseter angle at each temperature.

Most of the data on the i-P+pFMCH mixture were
taken at a steady cooling rate of 0.03 K/h or slower.
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For the i-P+pFMCH mixture, Schmidt and Moldover
obtained harp from measurements of the density di6'erence
and the capillary length, ' and via (3.1) then concluded

go—- 1.9 A (3.2)

Recently, the capi11ary rise data were reanalyzed by
Schmidt, who concluded that a more reliable estimate
would be go=2. 6 A. For the MCH+pFMCH mixture,
similar experiments yielded an estimated correlation
length amplitude of

go —-2. 79 A (3.3)
The uncertainties in (3.2) and (3.3) are difficult to assess.
The universal ratio (3.1) is remarkably difficult to ascer-
tain with precision; experimental estimates range from
0.3 to 0.5, implying an uncertainty of at least 25% in
(3.1). The surface tension amplitude estimates are also
subject to significant uncertainty. Unfortunately, our
analysis of the ellipticity data proves to be fairly sensitive
to the value of go, as demonstrated in Sec. III C below.

In calculating the dielectric constant profile, we accept-
ed the values
Eg( T, ) = 1.558 and e„(T, ) = 1.6440

T, =361.992 K (3.4)
for the i-P+ pFMCH mixture and

e&( T, ) = 1.608 and e„(T, ) = 1.7766,

T, =318.29O K (3.5)

for the MCH+pFMCH mixture, as given by Schmidt
and Moldover. ' Recently, Schmidt has revised the esti-
mates of the critical temperatures for these samples; see
Ref. 8 for more details. In both cases, we take
@~=1.0000 for the vapor phase.

We also need to know the correlation length g in the
vapor phase. For i-P+pFMCH, Schmidt and Moldover
studied ellipticity data at the liquid-vapor interface of
pure pFMCH and of the mixture well above T, . By
fitting to an assumed tanh profile (see below) they con-
cluded that

/~=6 A

described both situations. Schmidt subsequently
discovered that the value quoted above is incorrect by a
factor of 2. He has since recalculated g'~ for the two

(3.6)

Schmidt's data on the MCH+pFMCH mixture, on the
other hand, were taken at equilibrium, which is clear1y
preferable since noticeable hysteresis was observed in the
first system. The sample was equilibrated for 10 to 12 h
at each temperature and around 30 measurements were
then taken over a half-hour period. The data points
shown in the figures below represent averages of these re-
peated observations.

The correlation length amplitude go [see (1.7)] was es-
timated from measurements of the surface tension ampli-
tude cro A. ccording to hyperuniversality, go and cro form
a universal ratio which has been estimated on the basis
of experiments to be

oo(go) /kti T, =0.386 .

P(x) =tanh —,'x . (3.10)

As an improvement over this, Fisk and Widom pro-
posed the following form.

(y) Fisk Widom form:-
&2tanh —,'x

P(x) =
(3—tanh —'x )'

2

(3.11)

on phenomenological grounds primarily applicable in the

pure fluids using the Fisk-Widom profile, and concludes
that a better estimate would be g =3.3 A. This re-
vision does not afFect our analysis, for reasons explained
in Sec. IIIC. For MCH+pFMCH, Schmidt obtained
vapor-liquid ellipticity data for pure MCH and for pure
pFMCH. We have fitted these data both with the tanh
profile and with the Fisk-Widom profile (see below). This
led to values in the range

g~ = 1.6—2.4 A (3.7)

for both components over a range of temperatures. For
the present analysis, it suSces, in view of other uncertain-
ties (see below), to adopt /~=2. 0 A.

B. Model profiles

The overall strategy used to analyze the ellipsometry
data for critical adsorption is the same as for the
reflectivity data. In particular, trial profiles are assumed
to be known, apart from an amplitude factor mp ~ The
model profiles used for the ellipsometry experiments
must, however, be more complicated because the adsorp-
tion occurs against the vapor-liquid interface, rather than
against a glass substrate. It is no longer reasonable to
model the yP interface by a sharp cutoff; as in Fig. 1. In-
stead, model profiles for the vapor side of the interface
should be matched on to the scaled adsorption profiles
(a) —(e) listed in Sec. I D.

As before, we work directly with the dielectric con-
stant rather than the composition. (Within the liquid
phases we may assume the validity of the Lorentz-Lorenz
relation, but we again absorb the scale factor, E'p into
the value of mo. ) Consider the dielectric profile of the
vapor-liquid interface when the critical adsorption is
neglected: we will suppose it can be written as

&„i(z)= 2(ei+e—r) + —,'(ei —e )P[(z —zo)/g ], (3.8)

where e& is a nominal value for the dielectric constant of
the liquid, e& is the dielectric constant of the vapor, zp
specifies the location of the interface, and e is the corre-
lation length in the vapor. We have considered four
models for the function P(x), which specifies the nature
of the (noncritical) vapor-liquid interface profile. The
first is a simple step analogous to the model used in Sec.
II and depicted in Fig. 2, where the glass was treated as
structureless; specifically, we take the following.

(w) Sharp interface form:
P(x) =+1 for x ~~0, (3.9)

with e& = e& and zp =0. Note that other forms of sharp
profile might well be considered. More realistic is the fol-
lowing form predicted by mean-field theory.

(x) Tanh form:
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critical region (which, of course, is not actually the situa-
tion here). Finally, for use purely on the vapor side of the
interface, we consider the following form.

(z) Exponential tail form:
P(x)= —1+e —ixly(1 e

—)~I) for x &0 (3.12)

C. Dependence of ellipticity on the pro6le parameters

Our primary aim, of course, is to determine the degree
to which the various scaled critical adsorption profiles
(a) —(e) in Sec. I D can represent the ellipticity data. Be-
cause of the complications resulting from the presence of
vapor, however, we proceed, first, to study the changes in
the ellipticity versus temperature plots produced by sys-
tematically varying some of the ancillary parameters we
have been led to introduce. In particular, we need to un-
derstand the degree to which the choice of profile, (w) —(z)
in Sec. III B, for the vapor side of the interface affects the
calculated ellipticity pit( T). According, we have assumed
various plausible adsorption profiles, held them fixed, and
computed pir(T) for the profiles (w) —(z). Part A of Fig.

This diverges as x~0, which is unphysical; however,
when this profile is matched to the critical adsorption
profiles (a) —(e) of Sec. ID, the matching points satisfy
x * & 0, so that the overall profile is well behaved.

The aim now is to match the vapor-liquid interfacial
profiles to the critical adsorption profiles in order to ob-
tain an overall model profile e(z). For the critical adsorp-
tion profile we adopt

e tr(z) =e„rorno—t~P(zip &), (3.13)

[as before; see (1.18) and (1.3)] where e„ is the bulk
dielectric constant of the binary Quid mixture. Several
matching schemes were tried; not all prove successful for
the various critical adsorption profiles. Three methods
found most useful are specified by the following.

(i} Exponential match To m. atch the exponential ad-
sorption profile (b) in Sec. I D to the vapor-liquid profiles
(x) or (y) we treat ex and zri in (3.8) as parameters and
match (3.13) smoothly, in value and slope, at z =0.

(ii} Strong Power law -expo—nential match. This method
is applicable with the adsorption profiles (c)—(e) in Sec.
I D when mo is not too small. The nominal liquid value
ex in (3.8) is equated to e&, as in (w), which is physically
reasonable when the adsorption layer is suSciently thick
that it resembles pure liquid 8. Then (3.8) and (3.13) are
smoothly matched, in value and in slope, to (x), (y) or (z)
at some point z =z* found by adjusting zo.

(iii). 8'eak power-law —exponential match If, in u. sing
the profiles (c)—(e) in Sec. ID, the amplitude mo is too
small to yield a solution in (ii), we set ex equal to e (in
place of et3). This is plausible when the adsorbed layer is
thin, since the liquid near the interface resembles the bulk
liquid mixture more closely than the pure phase B. Then
zo is adjusted, as in (ii), to achieve a smooth join at some
point z =z*.

A comparison of the vapor profiles (w) —(z) when
matched onto the same power-law —exponential liquid
profile (c) in Sec. I D is shown in Fig. 9. As might be ex-
pected, the results do not differ drastically in numerical
terms.

8

e(z)

).2—

Fi,sk—
W'Ldom

J~

~ (x) tanh

0 I i I

-20 -10

~ (z) exp.

I I I I I I 1 I i I I I

0 10 20
z(A)

FIG. 9. Model dielectric constant profiles for the vapor-
liquid mixture interface illustrating the matching of four vapor-
side profiles (w}-(z) [see Eqs. (3.8)—(3.11)] onto a fixed critical
adsorption profile, namely, the power-law-exponential scaled
form (c) with c =0.7, mo =0 29, go=2. .79 A and t = 10 ". Note
that the scaled profile alone would diverge negatively at z =0.
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FIG. 10. (A) Calculated ellipticity coe%cients for the four
overall vapor-liquid profiles illustrated in Fig. 9. The different
vapor-side profiles evidently lead to distinct but essentially
temperature-independent vertical shifts. (B) Ellipticity
coe%cients calculated using the step profile (w) for the vapor
side of the interface and the critical adsorption profile (c) with

O

c =0.7 and go
=2.79 A for the sequence of amplitudes

mo =0.25 (solid curve), 0.27, 0.29, and 0.32 (dotted curve).

10 shows the results obtained for the power
Iaw —exponential profile (c) in Sec. I D with c =0.7 when
combined using the matching procedure (iii) with the
four vapor-side profiles (w) —(z) in Sec. III B. The overall
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profiles are just those illustrated in Fig. 9. Evidently, the
choice of vapor profile has a marked effect on the values
of ps(T), amounting to about 10% of the maximum
value of ps (which occurs here, as in the real data,
around t =10 —10 ), but to 50% or more of the lower
values (found near t =10 '). Fortunately, however, the
differences between the various vapor profiles are almost
exactly representable by temperature-independent shifts
in pz. This is physically reasonable since the vapor-
liquid interface is far from criticality so that the vapor
side of the profile should change very little over the tem-
perature range of interest (t ~0. 1). However, since we
cannot really distinguish on theoretical grounds between
the profiles (x), (y), and (z) or other reasonable choices,
even if we agree to rule out (w), we must recognize that in
essence the ellipticity data are, as regards determination
of the critical adsorption contribution, uncertain up to an
additive constant, say Ap, of magnitude possibly as large
as 0.001. (We find that other matching procedures lead
to similar shifts. )

Consider, next, the correlation length amplitude go
which, as explained, is subject to significant numerical
uncertainties. Changing the assignment of go should be
roughly equivalent to multiplying the reduced tempera-
ture by a constant factor, provided one allows for a corn-
plementary change in the value of the amplitude mo.
Thus on a plot of p~(T) versus logt, a variation in go
should mainly give rise to a horizontal translation of the
graph. This surmise is confirmed by explicit test calcula-
tions. Thus we must, in effect, also regard the data plots
of pz versus logt as subject to shifts parallel to the tem-
perature axis of up to, perhaps, a fifth or so of a decade.

Finally, we inquire into the nature of the changes in-
duced in pz(T) by altering the amplitude mo. Because
the critical adsorption profile changes dramatically as
g( T) varies, this cannot amount to a temperature-
independent shift. Rather, as illustrated in part (B) of
Fig. 10, one finds that for temperatures below the max-
imum in pz, i.e., for t (t,„=3 X 10, the differences in

p~ are proportional to the changes in mo, while for
higher temperatures this linearity is rapidly lost. Physi-
cally, one understands the fact that pz increases more
slowly than mo for t &t,„by noting that as t increases
the critical adsorption profile weakens and contributes
progressively less to the ellipticity relative to the steep,
unchanging vapor side of the overall profile. Indeed, far
above T, the ellipticity approaches a constant, controlled
by the vapor-liquid profile, which is independent of mo.
The plots in Fig. 10(B) have been calculated using, again,
profile (c) in Sec. ID with c =0.7 and the sharp-step
vapor-side profile (w) in Sec. III B. Quite similar results
follow when matching to profiles (x), (y), or (z) of Sec.
III B.

One concludes that in fitting calculated pz versus logt
plots to the experimental data one can compensate for
changes in mo below t,„by vertical shifts, correspond-
ing to modifying the vapor-side profiles, whereas aboUet,„, varying mo changes the slope and, thus, the overall
shape of the plots. The location of t,„can be varied, for
a fixed critical adsorption profile, by horizontal shifts cor-

responding to changes in the value of go. Using these in-
sights into the nature of the fitting problem, we turn now
to studying the degree to which the data can be used to
discriminate between the different critical adsorption
profiles.

D. Optimal scaling profiles

I I 1 I II|I I t I I I III I I I I I Ill
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FIG. 11. Various fits to the critical adsorption ellipticity data
of Schmidt (Ref. 8) for the MCH+pFMCH mixture: (a) slab
profile (solid curve); (b) pure exponential profile with sharp
vapor-side profile (w) (dashed curve); (b') exponential profile
with shifts (dot-dash curve), (c) power-law —exponential profile
(c) with c =0.7 matched to the tanh profile (x) (dotted curve).
See the text for further quantitative details.

We will analyze first the data of Schmidt for
MCH+pFMCH which, as mentioned, were taken under
equilibrium conditions. We inquire initially whether the
experiment can discriminate clearly against the slab and
pure exponential scaled profiles (a) and (b) in Sec. I D. In
fact, as shown by the solid curve in Fig. 11, the slab
profile with mo=0. 35 provides a fairly good fit to the
data further from T„specifically for t ~5X10 . The
plot in Fig. 11 has been computed with the sharp profile
(w) in Sec. III B and then shifted upwards by
Ap=5X10 " to achieve the fit. This shift is well within
the expected range discussed in the previous section.
Closer to T, the ellipticity predicted by the slab profile
decreases sharply, and changes sign at t =7 X 10
Indeed, the slab model predicts an infinite number of sign
changes in p~ as t~0. No such behavior is seen experi-
mentally and, clearly, the data for t ~ 5 X 10 discrim-
inate strongly against the slab profile (a).

The pure exponential profile (b) in Sec. I D was tested
using matching procedure (i) and vapor-liquid interfacial
profiles (w) —(z) in Sec. III B. If the value of mo=0. 6 is
adopted, the exponential profile fits the data fairly well
for t ~ 9 X 10, but decreases too sharply, although not
as sharply as the slab profile, for smaller t. The fit for the
exponential profile (b) shown by the dashed curve in Fig.
11 is for a match to the sharp vapor-liquid profile (w); no
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further vertical shift proves helpful. Note that the ex-
ponential profile actually fits well over a smaller tempera-
ture range than does the slab profile. However, the range
of the fit can be extended down to t ~ 3 X 10, as shown
by the dot-dashed curve (b') in Fig. 11, by adjusting the
correlation length amplitude from g'0 =2.79 A to
go=1.8 A (thus shifting the plot horizontally, as ex-
plained above). The required 35% change in go implies a
70%%uo change in the amplitude ratio (3.1), but this is larger
than seems reasonable, even considering the large uncer-
tainties discussed previously. A vertical shift of
Ap~ = 5 X 10 and the value mo =0.65 were used for the
(b') plot shown in Fig. 11.

Now consider the power-law —exponential profile (c) in
Sec. I D. As discussed in Sec. III B, two different match-
ing procedures (ii) and (iii), are applicable. If the assigned
amplitude mo is too small, the matching equations used
in (ii) have no solution. We find that the minimum value
of mo for which a solution exists (ma=0. 41) yields ellip-
ticities spanning the range 0.0036 ~pz ~ 0.009 over the
interval 10 + t ~ 10, the experimental data vary only
from 0.003 to 0.006 over the same interval. While the
agreement is reasonable near t =10, the calculated
value rise to a maximum which is roughly 50% higher
than found in the data. As is to be expected, increasing
mo only serves to exacerbate this disagreement. To de-
crease mo and still obtain a satisfactory overall model
profile, we adopted procedure (iii). Then, the value
mo -—0.29 yields the optimal fit, allowing for a vertical
shift as before. The size of the power-law region can be
studied by varying the parameter c. We find that the best
fits are provided by 0.6~c ~0.8, which correspond to
values of the universal ratio P /Po of roughly 0.8 to 0.9.

We also find that a match to the tanh vapor-side
profile, (z) in Sec. III 8, provides the best vertical shift.
The resulting fit, shown by the dotted curve in Fig. 11,
was computed with c =0.7. Note that the data point
closest to T, lies anomalously high. We presume that
this represents an experimental artifact which may be
neglected in fitting; however, no very cogent reasons can
be adduced for this conclusion.

The power-law-exponential profile clearly constitutes
a great improvement over the slab and pure exponential
profiles. However, an even better fit can be obtained by
allowing for changes in T, . Figure 12(A) depicts a fit ob-
tained with a value of T, increased by hT, =3 mK above
the value quoted in (3.5). The upper part of the figure
contains the corresponding effective amplitude plot
mo(t), and, in addition, plots appropriate to b, T, =0 and
AT, =5 mK. The shift of 3 mK is within the expected
experimental uncertainty and provides the best fit, as is
evident from the degree of constancy of mo(t) over two
decades, from t = 10 to t = 10 (barring the anoma-
lous point closest to T, ). Indeed, Schmidt's recently re-
vised estimate of T„which is higher by 5 mK, agrees
well with the results of our analysis. For larger values of
t, mo begins to increase, but the overall variation in mo(t)
over the range 10 (t &0. 1 is only 7%, and, as men-
tioned, the data for t ~ 10 are less sensitive to the criti-
cal adsorption profile.
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FIG. 12. (A) Fit of the data for MCH+pFMCH to the ad-
sorption profile (c) with c =0.7 and a critical point shift hT, =3
mK above the quoted value T, =31S.290 K; (B) plots of the am-
plitude function mo(t) for fits to the same profile but with T,
shifts of 0, 3 mK, and 5 mK; see the text for discussion.
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FIG. 13. Fit of the data for MCH+pFMCH to the critical
adsorption profiles (d) (solid); (e) with c = —0. 15 and /~=3. 3 A
(dashed); and (e') with c =0.25 and g'0=2. 79 A (dotted): see the
text for discussion.

To test whether the data could distinguish between
different profiles which all display crossover from power-
law to exponential decay, we also examined the hyperbol-
ic sine (d) and exponential-Fade (e) profiles in Sec. ID.
The results are shown in Fig. 13. The hyperbolic sine
profile matched to the tanh vapor-side profile (x) in Sec.
III B with procedure (iii), with mo =0.25, provides an ex-
cellent fit for t ~4X10, but yields ellipticities that are
definitely too low at smaller t. A 14% decrease in go was
employed for this fit.

The exponential —Fade profile provides a nearly satis-
factory fit over the entire temperature range, as seen in
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Figs. 13(e) and 13(e'). A characteristic feature of this
profile is the very gradual slope in pz as t decreases belowt,„relative to the slope of p~ above the maximum. This
feature appears to be only weakly dependent on the value
of the parameter c. In contrast, the other profiles
13(a)—13(d) (and the data), decrease more sharply, like
the solid line in Fig. 13. It transpires that the
exponential —Pade profile provides a reasonable fit over a
wide range of the parameter c. If go is fixed at its estimat-
ed value, 2.79 A, the choice c =0.25 provides a good fit:
see (e') in Fig. 13. [In this fit, profile (e) was matched to
the tanh profile (x) using procedure (iii), with
m0=0. 275.] However, the choices c = —0. 15, $0=3.3 A
[shown in Fig. 13 for (e) matched to (x) with procedure
(iii) and ma=0. 26] and values of c and go between these
also prove satisfactory. Hence we can conclude only that
the exponential —Pade profile predicts values of the
universal ratio P /Pp in the range 0.9—1.1. The power-
law —exponential profile predicts P /P p

=0.85+0.07,
which is quite consistent with the lower range. Because
the former profile provides a better overall fit to the
data and yields a smaller uncertainty in P /Pp, we place
somewhat more confidence in its predictions. Neverthe-
less, as explained, the exponential —Fade profile is more
satisfactory theoretically and a larger value of P„/Pp
would deviate less from the plausible monoticity with
dimensionality discussed at the end of Sec. I E.

Finally, we may compare our predictions for the Brew-
ster angle 8ii( T) to those actually measured in the experi-
ment. As mentioned in Sec. III A, the ellipsometer was
automatically adjusted to Oz at each temperature. In our
approach, we first calculate 8& by setting Re(r /r, )=0
(for a given profile), and then calculate P~ =Im(r Ir, ).
Thus, a comparison of theoretical and experimental re-
sults for 8'(T) provides an independent check of our
analysis. The Brewster angles were measured by
Schmidt for the MCH+pFMCH mixture with an exper-
imental precision within 0.01 but were accurate only up
to a uniform uncertainty of 0.3 or more. Figure 14
displays a comparison of 8ii(T) calculated from fits to
P~(T) for our various model profiles, with the observed
data. The experimental values have all been shifted by

0.008 I l t I i l I l I I 1 l I

1.05X10 radians, or 0.06, but this is well within the
anticipated experimental accuracy limits. The power-
law —exponential and exponential —Pade profiles, (c) and
(e) in Sec. I D, provide the best agreement, as they do for
the coefficient of ellipticity. The close agreement between
the predicted and measured Brewster angles is an en-
couraging confirmation of the reliability of our analysis.

Consider, now, the data of Schmidt and Moldover on
i-P+pFMCH displayed in Fig. 15. As in the case of the
MCH+pFMCH mixture, the slab and pure exponential
critical adsorption profiles unambiguously fail to provide
adequate fits close to critical temperature. However, the
power-law —exponential profile also proves less than satis-
factory. The ellipticity calculated for the profile (c) in
Sec. I D with c =0.7 and mp =0.33 is represented by the
solid curve in Fig. 15. The fit is good for t ~ 5 X 10 but
the calculated value is too large by roughly 5X10
below that temperature. (A vertical shift of Ap=0. 0016
was employed here. We remark, however, that for the
parameters best approximating the i-P+pFMCH mix-
ture, the diA'erences entailed in using vapor profiles
(w) —(z) in Sec. III 8 are numerically greater than for the
MCH+ pFMCH mixture although qualitatively quite
similar. Specifically, we may regard the ellipticity data as
uncertain up to an additive constant of

~
b,p~

~ 0.002.)
One possible reason for the fitting discrepancy near T,

is that the system may not have been sufficiently close to
equilibrium; this issue will be discussed further in Sec. IV.
However, the situation can be improved if $0=2.7 A is
used instead of (3.2) and if the critical temperature is
shifted by 6T, = —10 mK: the diamonds and the dashed
curve in Fig. 15 show such a fit using the power-
law —exponential profile with c =0.7 and m p

=0.28,
matched to (z) in Sec. III 8 with procedure (iii). As men-
tioned in Sec. III A after Eq. (3.2), a recent reanalysis of
the capillary rise data has led Schmidt to conclude that a
better estimate of $0 would be 2.6 A rather than 1.9A.
The new estimate is in excellent accord with our con-

0
elusion that go=2. 7 A would yield a better fit. However,
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FICx. 14. Plots of the Brewster angle Oz(T) from Schmidt's
experiment and as calculated from the fits shown in Figs. 11—13
for adsorption profiles (b) —(e). The power-law —exponential (c)
and exponential-Pade (e) profiles provide the best agreement
with the data: see the text.

FIG. 15. Fits to the ellipticity observations of Schmidt and
Moldover (Ref. 7) on i-P+pFMCH. Crosses represent the data
plotted with the reported T, =361.992 K; correspondingly, the
solid curve depicts a fit of profile (c) with c =0.7. The diamonds
represent the data with a shift of AT, = —10 mK, while the
dashed curve, labeled (c'), represents the same scaled profile but
with the T, shift and a change in g'o. see the text.
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the critical temperature shift used here is larger than the
experimental uncertainties reasonably allow. Despite
this, it is reassuring that both the i-P+ pFMCH data and
the MCH+pFMCH data prefer the same value of the
free parameter, namely, c =0.7: this suggests that the el-
lipticity data are providing significant information about
the universal scaled critical adsorption profile beyond the
undoubted presence of a strong power-law contribution;
in particular, as discussed above, one may conclude, ten-
tatively, that P /P~ =0.85+0.20.

IV. EVALUATION OF
REFLECTIVITY AND ELLIPSOMETRY

A. Remarks and suggestions for future experiments

We have shown in Secs. II D and III C that several as-
pects of the scaled critical adsorption profile P(x) in
(1.3), such as the crossover region and the universal ratio
P„/P~, can be deduced with appreciably more
confidence from the ellipticity data ' than from the
reflectivity data. The reason lies partly in the intrinsic
strengths and limitations of the two techniques. Ellip-
sometry is the more sensitive method. If I measures the
thickness of the adsorbed layer and A, is the wavelength of
incident light, then pz is of order l /X while the
reflectivity increment due to the adsorption profile AR is
of order (I/A, ) . Similarly, if 5e represents the deviation
from a sharp step of magnitude he, then p~ is of order
5e/he and hR is of order (5e/b, e) . Another important
advantage of ellipsometry over reflectivity was mentioned
in Sec. I; the measured reflectivity depends strongly on a
"background" piece R b with attendant uncertainties.
This contribution arises from the dielectric mismatch
e~

—e between the substrate and the bulk fluid. (Strictly
speaking, the contributions to R from the background
and the critical adsorption profile are not additive; this
further complicates the problem of unraveling the ad-
sorption profile. ) Ellipsometry, on the other hand, is not
handicapped by the presence of a background of this sort.

Although these considerations indicate that ellip-
sometry is the superior technique, it possesses a
significant drawback: in a sense it is too sensitive. Thus,
the calculations described in Sec. III C demonstrate that
pz is particularly sensitive to the details of the vapor-side
profile. This feature is undesirable for our purposes,
since the shape of this aspect of the profile is not known
and cannot really be determined in an independent
manner. On the other hand, the reflectivity is far less
sensitive to the substrate details. One should therefore
regard ellipsometry and reflectivity as complementary
techniques, which, if used appropriately on the same
binary mixture against a vapor or solid interface, could
together yield substantial reliable information about the
scaling profile.

Several improvements need to be made in the experi-
ments, however, before more conclusive results can be
obtained. First, and most important in connection with
reflectivity, in order to know the background behavior,
the bulk index of refraction should be measured as a
function of temperature simultaneously with the

reflectivity. (This was done by Schmidt and Moldover in
their ellipsometry experiments. ) Second, as mentioned in
Sec. II A, the reflectivity data of SWF were taken at only
one incident angle 0, very close to the angle of total inter-
nal reflection in the glass. At smaller incident angles,
smaller length scales are probed, so it should be easier to
resolve the behavior of the profile in the important re-
gion. Test calculations by Xiao-lun Wu for various
model profiles indicate that an experiment using smaller
angles should be able to resolve reliably the hyperbolic
sine profile (d) from the exponential form (b). Optimisti-
cally, one might also distinguish among the forms (c), (d),
and (e) in Sec. ID. Another advantage to be gained is
that each reflectivity-temperature data set for a different
angle would share the same background and hence yield
further constraints on fitting of the bulk index of refrac-
tion. Thus, an approach which might prove feasible is to
treat the bulk refractive index as a parameter to be ad-
justed at each fixed temperature T, to minimize the
spread in the fit of m z( T, 8) to the data at various angles.

The ellipsometry data were also taken at a single angle,
namely the Brewster angle 0, =Os(T). The advantage of
using Os(T) seems to be mainly conceptual, since the
coefficient of ellipticity then has the simple form (1.11).
On the other hand, the practical advantages of using a
fixed incident angle in place of Os(T) are substantial.
Thus, experimental use of a fixed angle would eliminate
uncertainties incurred in readjusting the angle at each
temperature. Likewise, it would reduce uncertainty in
and simplify the interpretation of the data. In our calcu-
lations, 0~ must first be calculated for each T; this esti-
mate is then used to calculate the desired p~. Clearly, the
calculations would be simpler and more reliable if a single
angle were supplied at the start. It should be mentioned,
however, that this advantage is mainly technical since p
proves to be fairly insensitive to 0, near the Brewster an-
gle. Nevertheless, there would be a significant advantage
to using a series of fixed angles, as suggested for the
reflectivity experiments. Such additional data would pro-
vide a useful cross-check of the analysis and help discrim-
inate more reliably between different model profiles. An
alternative way to probe different length scales would be
to use different wavelengths of incident light.

A further useful improvement in both the reflectivity
and ellipsometry experiments would be a more accurate,
independent determination of T, . As seen in Secs. II D
and III D, a shift of only one or two millikelvin makes a
significant diff'erence in the shape of m~(t). Since the re-
duced temperatures are quite small, this is not too
surprising. It implies, however, that not only the deter-
mination T„but also the temperature stability, tempera-
ture gradients across the sample cell, and T, drifts,
should be controlled to within, a millikelvin if the ob-
served data are to be theoretically useful.

As mentioned in Sec. III A, the data of Schmidt were
taken at equilibrium. Schmidt and Moldover, on the
other hand, used finite cooling rates: according to their
Fig. 6, data were taken at the two rates, 30 mK/h and 5
mK/h. Slower cooling yielded ellipticity coe%cients
lower by roughly Ap= 3 X 10 . It was not clear whether
hp was also temperature dependent. If so, the finite cool-
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B. Additional concerns

In our analysis we have neglected two effects which are
potentially relevant, namely, van der Waals forces and
critical opalescence: both were discussed briefly in Sec.
IF. Here we consider the possible effects of long-range
forces on our analysis in a little more detail. van der
Waals forces, which are inevitably present in liquids, give
rise to a z power-law tail in the adsorption profile,
which, at sufficiently large z, must dominate the exponen-
tial tail which our analysis entails. In order to estimate
the significance of van der Waals forces, we may compare
the power-law tail directly due to such forces to the ex-
ponential adsorption tail arising from the short-range in-
teractions. Specifically, we may suppose the profile due
to van der Waals interactions will have the form

5m(z)= W/z as z —+~, (4.1)

where we neglect retardation effects (since they only
reduce the magnitude of the van der Waals interactions).
The amplitude 8' should be proportional to the usual
Hamaker constant W. If we equate (4.1) to the scaled ad-
sorption profile (1.3) in the region of large x =z/g, using
(1.6), we obtain the equation

(4.2)

with C proportional to W'/moP . If x =xx ) 1 is the
solution of this equation, the van der Waals induced
profile dominates the exponential profile only for
zx )x ~ g. To estimate W we argue that for slowly vary-
ing external potentials U (r ), one has

5m (r) =yU(r)/ks T, (4.3)

where g ~ g= C+ /t ~ is the appropriate reduced suscepti-
bility. With the aid of hyperscaling relations, C can be
related to go and the critical amplitude B of the coex-
istence curve; the magnitude of U(r) follows from the
intermolecular van der Waals forces. More detailed ar-
guments are presented in the Appendix; using calcula-
tions of Kayser for wetting of a glass substrate in the
nitromethane-carbon disulfide mixture and the typical
values mo—- 1 and P =0.85, we have estimated C for
that mixture as about 0.12. One then finds that the cross-
over point x ~ varies almost linearly with logt from about
10.8 to 13.8 as t ranges from 0.01 to 10 . This is an en-

ing rate could have a strong effect on the analysis. Since
data taken at the two cooling rates differ significantly, it
is clearly preferable to use equilibrium conditions.

Our analysis of the ellipsometry data also revealed a
sensitive dependence on the value of the correlation
length amplitude go. A more reliable determination of
this quantity, perhaps based on turbidity or scattering
measurements taken on the same sample, would be
worthwhile in reducing the uncertainty of the analysis.

Finally, we remark that the differences in the
reflectivity (or coefficient of ellipticity, by the same token)
predicted by different profiles become more pronounced
near the critical point; the current data extend down to
t = 10, which is remarkably good experimentally, but
closer still would be even more desirablef

couraging result since it indicates that z~ is much larger
than g, well justifying the neglect of van der Waals forces.
Even if C were ten times larger, x x would still exceed 7
to t &0.01. Consequently, we suspect that the neglect of
van der Waals forces is also justified in the i-P+pFMCH
and MCH+ pFMCH mixtures. Other long-range forces,
such as those arising from an electric double layer, have
also been proposed for insulating binary liquid mixtures
in contact with glass, ' but we have not attempted to
estimate their possible inhuence.

C. Concluding remark

In conclusion, we have shown how optical data for
critical adsorption from binary liquid mixtures onto a
solid wall or vapor interface can be analyzed in a sys-
tematic way to check the basic scaling theories and to
elucidate the form of the universal scaling function P(x).
Existing reflectivity and ellipsometry experiments
confirm several important features of P(x) and provide
some more detailed quantitative information about the
nature of the scaling function. Although the precision
and reliability of our present estimates are somwhat lim-
ited, future experiments which take appropriate precau-
tions, some emphasized by our analysis, should be able to
provide a reasonably accurate view of the scaling func-
tion and, consequently, to pose a welcome challenge to
theory.
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APPENDIX: EFFECT OF van der WAALS
FORCES ON THE ADSORPTION PROFILE

We present here the calculation sketched in Sec. IV B
which aims at estimating the effects of van der Waals in-
teractions. The full response to a position-dependent
external potential is complicated and nonlocal. The ap-
proximation of replacing the nonlocal resonse by a local
response leads directly to (4.2). We first present argu-
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Z =Tr (, ) t exp[( —&0[p(r)]
—f U(r)p(r)dr)/ke T]], (A 1)

where U(r) denotes the external potential energy. For
van der Waals forces, this assumes the form

U(r)= W" /z (A2)

where z measures the distance from the wall bounding
the system; the Hamiltonian &0 contains all the interac-
tions which give rise to the critical adsorption profile
(1.3). The response to U(r) is measured by the deviation
of the local mean mass density (p(r) ); to first order, one
has just

ments to justify this approximation, and then proceed to
estimate the quantities y and U(r) in (4.3) which are
needed to obtain the crucial constant C in (4.2).

In order to calculate the response of a semi-infinite sys-
tem to an external potential, consider the partition func-
tion. For consistency, we will adopt units of mass density

p throughout; then one has

where the value quoted follows from a recent reassess-
ment by Liu and Fisher of amplitude ratios for the
three-dimensional Ising model. Consequently, we obtain

C+ =0.239 go g /cm (A9)

(It transpires that the correlation length amplitude go
cancels out. )

In order to estimate W*, we appeal to a calculation by
Kayser for nitromethane-carbon disulfide in contact
with glass. Kayser estimated the force per unit area F(d)
due to van der Waals interactions on a wetting layer of
the nitromethane-rich phase of thickness d, separating
the carbon disulfide-rich phase from a glass substrate.
His results for J(t,d)=F(d)d /bpg, where bp is the
mass density difFerence between the two phases following
from (A7), and g is the acceleration due to gravity, are
listed in Table IV of his paper. As an upper bound, we
have taken the value J = 5 X 10 ' crn .

If one models the situation by pairwise additive van der
Waals forces, W" in (A2) is found to be given by

5p(r) = —Pf U(r')[(p(r)p(r') )0
W'= Jg . (A 10)

5p(r) = —y/3U(r) . (A4)

By comparing this to (4.1) when U(r) is given by (A2), we
find that the desired profile amplitude in (4.1) is

W= —yW*/k~T, . (A5)

In order to estimate this, we must determine the suscepti-
bility y and the strength W* of the van der Waals poten-
tial.

Consider, first, the susceptibility. Asymptotically close
to the critical point, one has

(A6)

The amplitude C+ can be estimated from the coexistence
curve amplitude and correlation length amplitude via
universal and hyperuniversal amplitude ratios. The coex-
istence curve of nitromethane-carbon disulfide was mea-
sured by Gopal, et aI. and later reanalyzed by Greer,
in terms of the volume fraction of carbon disulfide.
Kayser converted Greer's results into units of mass den-
sity, and obtained for the mass density difterence between
the two phases below T„with hp =Bz ~

t
~

~,

B =0.278 g/cm (A7)

—(p(r) )0(p(r') )0]dr', (A3)

where the notation ( )o denotes thermal averages taken
with respect to &o. If U(r) is slowly varying on the scale
of the bulk correlation length g, it can be factored out of
the integral. Moreover, if the variation of the correlation
functions owing to the presence of the wall is neglected,
the remaining integral becomes the reduced bulk suscep-
tibility y implied by &o. The response thus simplifies to

W= —t ~C+Jg/k~ T, , (A 1 1)

where C+ is given in (A9).
The last step is to compare the van der Waals incre-

ment 5p(z) to the critical adsorption profile obtained
from fits to the data in Sec. II. According to (1.18), (1.3),
and (1.6), the dielectric constant profile for large z is

b,e(z)=t~m P„e (A12)

For the purposes of this calculation, we adopt the typical
fitted values mp = 1.0 and P =0.85.

The dielectric constant profile can be converted into a
volume fraction profile using the Lorentz-Lorenz factor
E'p —0.68. The volume fraction profile can be convert-
ed, in turn, into a number density profile using the
definition of volume fraction given below (1.1) in Sec. I.
Finally, the number density profile can be converted to a
mass density profile by multiplying by B /B, where B is
given in (A7) while B is the amplitude of the number den-
sity curve. The final result is

5p(z)=c P„B t~e (A13)

where c =0.90 embodies the conversion from dielectric
P

constant to mass density.
Our aim now is to estimate x „=z„/g, at which point

the induced van der Waals increment matches the ex-
ponential adsorption profile. If we equate (A13) to (4.1)
with W specified by (Al 1), we obtain the equation

(It may be noted, however, that Kayser's calculation of J
was based on DLP theory and so implicitly includes
many-body forces. )

Substituting (A6) and (A10) into (A5) gives, for the am-
plitude of the van der Waals induced profile,

Now the relevant hyperuniversal amplitude ratio is
x'e =Ctf'; (A14)

C /Bpgo Qx =3.09+0.08, —— (AS)
with solution x„, as already quoted in (4.2). However,
we have the explicit expression
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(A15)
c+Jg Q,+B,Jg

c P„B k~T, (o cpP„kttT,
where (A9) has been used. This estimate of C may be em-
ployed in (A14) to solve for xx. Note that xx depends

only logarithmically on C, so it is not necessary to esti-
mate C very accurately. Since x ~ turns out to- be quite
large, the approximations embodied in (A4) prove well
justified.
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