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Amplitude noise reduction in atomic and semiconductor lasers
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The quantum noise properties of atomic and semiconductor lasers are compared. The intensity

fluctuation spectrum of the output field is calculated for the case of regularly, i.e., sub-Poissonian,

pumped lasers. The erat'ects of spontaneous emission on the output amplitude fluctuations may be

suppressed in regularly pumped atomic lasers by requiring the lifetime of the lower lasing level to be

short in comparison with that of the upper laser level. The output amplitude fluctuations then tend

to zero at the laser frequency. In regularly pumped semiconductor lasers, net stimulated emission

of photons dominates over spontaneous emission because of the combination of pumping and rapid
intraband thermalization due to Coulomb scattering.

I. INTRODUCTION

Recent experiments have demonstrated that the inten-
sity noise level of a semiconductor laser may be reduced
below the shot-noise limit by suppressing the pump
noise. ' Conventional laser theory predicts that the pho-
ton statistics of a laser well above threshold will tend to a
Poissonian. The intensity fluctuation spectrum of the
output field of such a laser has a flat noise level at the
shot-noise limit. There are three intrinsic noise sources
which contribute to the noise in the laser output. These
are pump noise, spontaneous emission noise, and vacuum
fluctuations entering the cavity through the mirror. In
order to produce a quieter laser output, it is necessary to
reduce one or more of these noise sources. A number of
theoretical papers have analyzed the effect of reduced
pump fluctuations on both the photon statistics of the
light inside the laser cavity and the intensity fluctuations
of the light emerging from the cavity. Golubev and Soko-
lov, Walls, Haake, and Collett, and Benkert et al. all
consider modifications of the Scully-Lamb theory of the
laser appropriate to regular pump excitation. Yamamoto
and co-workers have applied the semiconductor laser
theory of Haug to treat a semiconductor laser with regu-
lar pump excitation. Marte and co-workers have con-
sidered pumping lasers with squeezed light with reduced
amplitude fluctuations. Haake, Tan, and Walls have nu-
merically simulated a sequence of regular pump cycles
using a master equation derived from Haken's treatment
of the laser. All these analyses have shown that regular,
i.e., sub-Poissonian, pump excitation will result in sub-
Poissonian photon statistics and a reduction of the inten-
sity fluctuations below the shot-noise limit. Similar re-
sults have been obtained for the internal field of a micro-
maser with regular pump excitation. ' The aim of this
paper is to elucidate the similarities and differences in the
quantum noise properties of atomic and semiconductor
lasers with regular pumping. We present calculations of
the intracavity photon statistics and output intensity fluc-
tuation spectrum well above threshold.

For atomic systems our treatment is based on the

quantum theory of Lax and Louisell, and modifications
thereof, which describe the so-called four level las-er (only
three levels appear explicitly in the model; the fourth lev-
el to which the pump is coupled decays so rapidly that
effectively pumping takes place to the upper lasing level).
Yamamoto and co-workers have given a thorough dis-
cussion of the quantum noise properties of regularly
pumped semiconductor lasers from threshold to well
above. We concentrate on the photon statistics and out-
put intensity fluctuation spectra well above threshold. By
comparison of the results for the atomic and semiconduc-
tor lasers, it is possible to understand when and why the
suppression of pump noise leads to reduced amplitude
fluctuations in the output. For atomic systems, the rela-
tive decay rates of the lasing levels is of central impor-
tance here, while in semiconductors the quite different
physical mechanism of intraband Coulomb scattering
plays a similarly important role.

In Sec. II we discuss intensity fluctuations of an atomic
laser inside and outside the laser cavity. The results are
compared with those for a semiconductor laser in Sec.
III. A summary of our results is presented in Sec. IV.
The Appendix includes a discussion of the effects of spon-
taneous emission between the lasing levels.

II. INTENSITY FLUCTUATIONS
OF AN ATOMIC LASER

A. The model of Lax and Louisell

D =R2 —I 2D —2IInD+(I
&

—I, )N, + Gz —G, , (2.1)

We use the three-level laser model discussed by Lax
and Louisell (LL)." The level scheme is shown in Fig. 1,
and the lasing transition is between the upper levels 2 and
1. In atomic or solid-state lasers, elastic collisions may
produce a large phase damping rate for this transition.
LL showed that when the polarization decay is the larg-
est rate, the polarization may be adiabatically eliminated.
The resultant quantum Langevin equations are then, in
the notation of LL
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Above threshold, the atomic inversion is clamped at the
value

Do= (2.10)

R The intracavity photon number is (R 2
)R,„)

bio
= ii (R 2 /R ig 1 ) (2.1 1)

FIG. 1. The atomic laser level scheme. Lasing occurs be-
tween levels 2 and 1, which decay spontaneously at rates I & and
I „respectively. The upper level is pumped at a rate R&.

where the characteristic photon number n, is

Ir r
n, = +

2p2 H
' I. I

1
I 2

and the threshold pumping rate

(2.12)

rr,
th

yrr,
2p

(2.13)

N, = —I,N, +HnD+G, ,

n = —yn+HnD+G

(2.2)

(2.3)

is very weakly dependent on I, since phase damping I
pQ

dominates the polarization decay rate, i.e., I =
—,
'

( I,
+ I 2)+ I „=I „. The atomic populations satisfy

2D „=Hn(N, +N2)+yn+HNz,

2D22 =R2+ [I z+ (Hn + 1)]N2+ HnN&,

2D» =H(n+ 1)N +(2I', +Hn )N, ,

2Di2=2Dzi = —Hn(Ni+N2) —HN2,

2D 2 =2D& = —Hn (Nl +N2 )
—IIN2,

2D, =2D, =Hn(N, +N )+IIN

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

B. Steady-state operating conditions above threshold

where N, (i =1,2) is the population of level i which de-
cays at rate I;, with G; the corresponding noise operator.
The inversion D =»2 —N, increases at a rate R2, by vir-
tue of the pumping to the upper laser level 2. The photon
number n decays at rate y due to the cavity output cou-
pling, but is fed at a rate HnD by the net stimulated emis-
sion. Here H=2p I is a coupling constant, where p is
the atomic dipole matrix element and I=

—,'(I, + I 2)+ I i, is the polarization decay rate with I „„
the contribution due to phase damping collisions. The
model is slightly simplified with respect to that presented
in LL. Only pumping of the upper level is considered
and inelastic collisional excitation between the lasing lev-
els is ignored. We also at this stage ignore any spontane-
ous emission between the lasing levels on the assumption
that this is a small fraction of the total decay rate I 2, of
the upper level. (The effects of spontaneous emission be-
tween the lasing levels is discussed in the Appendix. )

Spontaneous emission into the laser mode is also ignored
as it is small in the region of interest well above thresh-
old.

The diffusion coefficients of the noise operators in
(2.1) and (2.3), defined by the notation
(G, (t)GJ(t')) =2D,"5(t—t'), are given by

=y =y
N&o no, »20 no+I ) I, (2.14)

From Eq. (2.11) we note that well above threshold
R2 ))R,&, no ))n„and Eq. (2.14) shows that in the same
limit the inversion is small compared with the level popu-
lations.

C. Linearized analysis of quantum fluctuations

In Eqs. (2.1) to (2.3) we set D =Do+AD, N, =N, o
+6», , and n = n o+ An and linearize about the steady-
state operating point, to find

AD = —I ~bD —2H(Dohn+nobD)

+(I,—I )AN, +G —G, ,

hN, =H(Dobn+nobD) —I,bNi+G, ,

An = ybn+H(Down—+nobD)+G

(2.15)

(2.16)

(2.17)

[ybn+HnobD+G, ],1

1

(2.18)hN] =

I2
I ~+Hno 1+ r,

We now calculate the steady-state variance in intracavity
photon number, since as Golubev and Sokolov, and
Haake and co-workers have shown, knowledge of the
photon mean number (no) and variance are sufficient to
determine the output intensity fluctuation spectrum of
the laser well above threshold. In this regime, where the
stimulated transition rate is large, we may adiabatically
eliminate the atomic fluctuations by setting
bD =EN, =0 in Eqs. (2.15) and (2.16), respectively, giv-
ing

The operating states are found by dropping the noise
terms in Eqs. (2.1) to (2.3) and setting the time derivatives
equal to zero. These are denoted by a subscript zero.

I q I2
X —y 1+ bn+G —— Gr 2 I 1

1

(2.19)
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Substituting these results into Eq. (2.17) one finds, for
np ))n„

ynp/n,6= =y (no))n, ),1+n0/n,
(2.27)

bn = y—bn+G(t),
where

(2.20)

np
(2.28)

G(t)=G (t)+ r,1+ r,

I2
G, (t}— G, (t)

1

(2.21)

We define & G (t)G(t') &
=

& GG &6(t —t'), then using Eqs.
(2.4) to (2.9) we find the steady-state variance in photon
number is given

&GG&

2y

=—'np+0
1 I2

R2+I 2 N20+ N10
I2

2y 1+ r,
(2.22)

The first term on the right-hand side is due to vacuum
fluctuations transmitted by the output coupling mirror.
The other contributions are from pumping (R z) and
spontaneous emission. We expect that well above thresh-
old the intracavity photon statistics are Poissonian so
that cr ~no Usin. g the operating conditions (2.11) and
(2.14) we find

I2
Rz=y 1+ (no+n, ),r, (2.23)

I2 I2
I 2 N20+ N, = R2,r, r, (2.24)

giving well above threshold np ))n, :

o =
—,'no+ ,'no+0(n, )—

=no+0(n, ) . (2.25)

2 5=yno 1+
5 +Qi

(2.26}

where & a, b &
=

& ab &
—

& a & & b &, I,„, is the output inten-

sity operator, and

The photon statistics do indeed become Poissonian.
Pumping and spontaneous emission together contributing
—,'np to the variance o. . When I,= I 2 the pumping term
[proportional to R2 in (2.22)] and the spontaneous emis-
sion each produce —,'np. However, when I 1))I 2 the
lower lasing level decays rapidly and stimulated absorp-
tion is minimized, pumping noise dominates the spon-
taneous emission, contributing the same amount as vacu-
um fluctuations ( —,'no) to the photon noise.

It has been shown that well above threshold the inten-
sity fluctuation spectrum & oI & is given by

&u'&„=f dre' '&I „,(t+r},I „,(t) &

Well above threshold Q~O and the spectrum becomes
flat (shot noise) &oI & ~yno. This is the expected re-
sult. We have thus checked that our simple analysis
yields the correct results for the noise well above thresh-
old.

D. Reduced pump fluctuations

I2
I ~ N20+ N10

1

r 2I"
2

2y 1+
1

(2.29)

where the two terms arise from vacuum fluctuations and
spontaneous emission, respectively. Using the operating
conditions (2.23) and (2.24) we find, well above threshold
np)) n„

o =np 12

I2
2 1+

1

+O(n, ) . (2.30)

This result is in agreement with that of Golubev and
Sokolov on the basis of an extension of the Scully-Lamb
laser model to treat regular excitation, and numerical
simulations of a regularly pumped laser.

Note that for I 1=I 2, equal spontaneous decay rates,

2 3o. ~—,np, (2.31)

We now show how the output intensity fluctuations
may be reduced by reducing the pump fluctuations, and
how spontaneous emission affects the reduction possible.
One might naively hope that setting the pump-noise term
R2 to zero in the diffusion coefficients would model a per-
fectly quiet pump. However, such a procedure must be
consistent with the laws of quantum mechanics, in partic-
ular equal time commutation relations between atom and
field operators must be preserved under time evolution.
LL have shown this to be true for the full model includ-
ing pump noise. Remarkably, their argument is indepen-
dent of the pumping noise since it only appears in diago-
nal diffusion coefficients which do not effect the evolution
of commutators. Hence we may indeed set R2=0 in
these coefFicients and maintain quantum-mechanical con-
sistency. Of course, it is necessary to keep R2 in the drift
term since this determines the laser operating conditions.
That the resulting theory does indeed correspond to a
laser with an antibunched pump is confirmed by the
agreement of our results with other analytic and numeri-
cal results.

The calculation of the variance in photon number goes
through as before except that we set R2=0 in Eq. (2.22),
as this arises from the difl'usion coefficient D2~ of (2.5).
We find
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while for I,»1 2

o. ~—no.2
2

(2.32)

case I &=I 2 such complete cancellation is not possible.
The spectra are illustrated in Fig. 2.

The limiting value given by (2.32) for the intracavity pho-
ton number is due to the vacuum fluctuations, transmit-
ted by the output coupling mirror. However, even for a
perfectly quiet pump this may only be approached if the
lower lasing level decays much more rapidly than the
upper level, since then the effects of spontaneous emission
are reduced. In this way spontaneous emission limits the
intracavity photon noise reduction.

The output intensity fluctuations are given by Eq.
(2.26) with

(2.33)

so the minimum intensity noise at zero frequency is

—,'yno, r& = r~(6I ) O~yno(1+2Q)~ '0 & & (2.34)
1 2

The output intensity fluctuations are reduced by 50%
below shot-noise level (3-dB squeezing) for equal decay
rates, but may be reduced to almost zero (perfect squeez-
ing) in the limit I, ))I z. Almost perfect noise reduction
is possible in principle extracavity as the output field con-
sists of a superposition of the vacuum field reflected from
the cavity output port, and the transmitted laser field. In
the limit I &» I z the noise amplitudes of these com-
ponents at co =0 are equal (corresponding to the laser fre-
quency) but oppositely phased so that they cancel. In the

III. INTENSITY FI.UCTUATIONS: ATOMIC
VERSUS SEMICONDUCTOR LASER

A. Semiconductor laser

N, =P —n(E„E„,) —R, —+F,(t),
n = yn+—n(E„E„,)+F(t—),

(3.1)

(3.2)

The standard quantum theory of semiconductor lasers
is based on the work of Haug and Haug and Haken. Re-
cently this has been extended to include the details of
many-body Coulomb effects by Haug and Koch. '

Yamamoto and co-workers have discussed the effects of
reduced pump noise both theoretically and experimental-
ly in some detail. For comparison with our discussion of
atomic lasers, we give a parallel analysis of the semicon-
ductor laser.

Since intraband Coulomb effects occur on a very fast
timescale, the interband polarization may be adiabatically
eliminated. Then assuming that Coulomb scattering does
not change the number of carriers in a band, the total
number of electrons in the conduction band N, =gunk,
is locally equal to the number of holes in the valence
band. Laser action occurs due to electronic transitions
between the conduction and valence band when the medi-
um gain equals the cavity losses. The laser is described
by two equations for the macroscopic variables N, and
the photon number n, where

1.0

0.8

0.6

0.4

0.2

0.0
0

FI~. 2. Intensity fluctation spectrum for (a) I I
= I 2 (b) I I ))I ~. The shot-noise level is unity and frequency is measured in units

of the cavity bandwidth.
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where following conventional notation P is the pump
rate, R, is the spontaneous emission rate, and E„(E„)
is the stiinulated emission (absorption) rate between the
conduction and valence bands. Photons are lost from the
laser at rate y and F,(t), F(t) are noise forces which have
the nonzero correlations:

(F,(t)F, (t')) =(P+R,„+E„(n+I)+E„n )5(t —t'),
(3.3)

above threshold by setting 6%, =0. This is valid if the
stimulated emission rate is large enough. In general since
the photon lifetime is so short for semiconductor lasers
such an adiabatic elimination is not valid above threshold
in the usual operation regimes, and precludes for example
relaxation oscillations. Here we proceed with the elim-
ination to compare with our results for the atomic laser.
Quantitative numerical results for the more general case
are given in Ref. 3, and these tend towards our results
well above threshold. Thus

(F(t)F(t')) =(yn+E„(n+ I)+E„n )6(t —t'), (3.4)

(F(t)F,(t ))=(F,(t)F(t ))
0=AN, = —An(E, , E,,)—

—no(AE, „,
—AE„)—AR, +F, , (3.1 1)

with

= —(E„(n+1)+E„n)5(t —t'), (3.5)
Ari = —yAn+An(E, , E,, )—

+ n o ( AE„AE„)—+F . (3.12)
2/k k

cU ~ klk2 (( ~ )2+ 2
)

klc kiu
klk2 klk2 ~k)k2

(3.6)

and E„, given by a similar expression with C and V inter-
changed. Here gk k is the optical matrix element be-

] 2

tween states k&c with wave vector k& in the conduction
band c, and k~U in the valence band U, yk k is the damp-

1 2

ing rate between k, c and k2U and ck k =ok, —ck „ is the
1 2 1 2

frequency between k&c and k2U. 0, is the laser frequency.
The characteristic Fermi factor nk, (1 n„„,) —indicates

1 2"

that an electronic transition only occurs between k, e and
k2v if the former is occupied and the latter vacant. In the
atomic laser where only one electron is active, there is no
such restriction on transitions since we know any other
state (apart from the core) is unoccupied and the Pauli
exclusion principle is not manifest.

The spontaneous emission rate also contains the Fermi
transition factor

EO Eo (3.9)

where subscript or superscript zero indicates steady-state
mean value. Combining (3.8) and (3.9) one finds

P =yno+R, (3.10)

We now linearize Eqs. (3.1) and (3.2) about the steady
states, and following Yamamoto and co-workers we ada-
batically eliminate the electron number fluctuations well

R,p
2~ & lgk k l PLnk, (1 —~k, ),

kl, k2

where pL is the density of states for the light field. In
common with our analysis of the atomic laser our interest
is in operation well above threshold, so in (3.1) and (3.2)
we have ignored the term E„representing spontaneous
emission into the laser mode relative to the stimulated
term nE„, and the spontaneous emission into modes oth-
er than the lasing one R, .

The operation conditions for the laser are

P =no(E, , E,, )+R, —

Now the stimulated emission rate is much larger than the
spontaneous decay rate so one may ignore hR, with
respect to no(AE„—bE„) well above threshold. Note
that for an atomic laser the efFect of upper-level spontane-
ous emission is only negligible when I, )&I 2, i.e., the
lower level decays rapidly. This is discussed in detail in
Sec. III B.

We find

Ari = —yAn+F, (t)+F(t) .

The steady-state variance in photon number is

(3.13)

cr = = 2lno+ — (P+R, ),(FF), 1
(3.14)

2y ' 2y

where we define F(t) =F,(t)+F(t), (F(t)F(t') )
=(FF)5(t t'), and use Eq—s. (3.3) to (3.5). Using the
operating condition (3.10) for P in (3.14), we find

2R,.
no+-,' no+

y
=no+ (3.15)

It is evident from Eq. (3.10) written in the form
0R,

no= P
0R,,

(P &R,', ), (3.16)

o. =no+0
0R,.

=no,
y

(3.17)

i.e., Poissonian number fluctuations. Correspondingly,
from (2.26), the intensity spectrum is flat (shot noise).
These results are in agreement with the detailed numeri-
cal calculations of Yamamoto and co-workers.

As was also established by Yamamoto and co-
workers, setting P=0 in the noise correlations (3.3) per-
tains to a perfectly quiet pump. That this is quantum
mechanically consistent follows from an analysis similar
to that discussed in II D. One then finds from (3.14) with
P=O

that R p/y plays the role of a characteristic photon num-
ber, and well above threshold P &R, is it negligible
compared with no Thus in (3.1.5)
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0. =—np+ =—np .
2r

(3.18)

The intensity fluctuation spectrum is given by (2.26) with
2Q = —1. Thus at zero frequency (6I ) 0=0 corre-
sponding to perfect squeezing of output amplitude fluc-
tuations. These results are similar to the atomic laser
when the lower lasing level decays rapidly compared to
the upper level I,» I z.

B. Discussion

Why are the intensity fluctuation properties of a semi-
conductor laser similar to an atomic system whose spon-
taneous decay rates satisfy I

&
» I 2, rather than I i

=I 2,
say, when pump Auctuations are suppressed? From the
operating conditions for the atomic laser, one sees that in
general, the net rate of stimulated transitions is equal to
the total spontaneous decay from the lower level, i.e.,

I )N)p=Hnpap (3.19)

Well above threshold the atoms are saturated in the sense
that N j p N2p ~ The relative amounts of spontaneous
emission from the upper level I pN2p and lower level
I &N, p, then depend on the ratio I 2/I, only. Using
(3.19) we observe that the net rate of stimulated transi-
tions from the upper level is only large compared to the
spontaneous emission I pN2p if I,» I ~. Thai is to say,
in this limit, there is a high probability that pump excita-
tion of the upper level produces a laser photon which ex-
its the cavity, rather than a spontaneous photon.

A complementary view of this is also useful. The ratio
of stimulated absorption to spontaneous decay from the
lower level is

Hn pN)p

I,N, p

Rq

R,h

r,1+
I2

(3.20)

which for a given pumping rate, is minimized in the limit
I,» I 2. Thus conditional on a stimulated emission
event occurring rapid spontaneous emission from the
lower level reduces the probability of absorption, so that
the quantum may exit the cavity. Also in the limit, one
may argue heuristically that if the pumping is regular (or
antibunched) one may expect the efficient conversion into
laser photons to be regular, and that this be reflected in
the output noise properties after the boundary condition
at the output mirror has been accounted for.

For a semiconductor, the lasing transition occurs over
some range of k values determined by the medium gain
versus cavity loss. Since the photon momentum is negli-
gible, selection rules indicate that the electronic momen-
tum should be conserved in an optical transition. In
practice, carrier concentration and doping modify this
selection rule so that a range of k values are involved. Of
course, a transition may only occur if the Pauli exclusion
principle allows it.

A stimulated transition occurs when an electron in the
conduction band combines with a hole in the valence

band, leaving a hole in the conduction band, and produc-
ing a laser photon. Now suppose that such an event has
occurred. If the hole and electron remained in the states
they occupied immediately after the event, the Pauli prin-
ciple would not affect the probability for stimulated ab-
sorption (the possibility of laser action would be strongly
affected by this). However, strong Coulomb interactions
scatter electrons and holes to rapidly produce quasi-
Fermi distributions with the bands. The probabilities
that an electron and hole occupy the states that were oc-
cupied immediately after the event are thus reduced from
unity to the appropriate Fermi factors. ' The probability
of stimulated absorption which depends upon the prod-
uct of such Fermi factors is thus reduced by the Pauli ex-
clusion principle which comes into play because of the
Coulomb scattering.

IV. SUMMARY

In this paper we have considered the basic physical
mechanisms behind intensity noise reduction in the out-
put from atomic and semiconductor lasers pumped by a
regular or antibunched source. We summarize our re-
sults as follows. In general, for atomic lasers spontaneous
emission from the lasing levels limits the noise reduction
achievable. When I,=I z the noise is 50% (3 dB) below
the shot noise level at the laser frequency, for a perfectly
quiet pump. In the limit I

&
» I 2 100%o noise reduction,

or perfect amplitude squeezing is possible in the output at
the laser frequency since spontaneous emission and pump
fluctuations give negligible contributions, and complete
destructive interference between the transmitted and
reflected vacuum fluctuations removes their contribution
(at the laser frequency). These results are consistent with
other analytical and numerical models of regularly
pumped atomic lasers. ' ' ' ' For the semiconductor
laser, we obtained agreement with the results of
Yamamoto and co-workers by a simple analytical treat-
ment which paralleled out theory for the atomic laser.
This showed almost perfect amplitude noise reduction to
be possible with a noiseless pump.

To understand the physics behind these noise reduc-
tions we consider first the operation of an ideal source of
antibunched light. We require that for each of the regu-
larly spaced pump excitations, photons are produced into
the cavity mode with unit efficiency. The field emerging
from the output mirror having finite mean amplitude but
zero noise amplitude at the cavity oscillation frequency
(assuming the vacuum-noise contributions cancel due to
destructive interference).

To approach unit efficiency in an atomic laser, one
needs to circumvent spontaneous emission from the
upper level and reduce stimulated absorption. These con-
ditions are both achieved if the lower level decays much
faster than the upper level I,» I,. This is just the usual
design criterion for an efficient laser. Intuitively one may
argue that once a stimulated event occurs, the rapid
lower-level decay prevents absorption and allows the
photon to exit the cavity. In semiconductors the absorp-
tion is suppressed by the strong intraband Coulomb
scattering which brings the Pauli exclusion principle into
play.
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U.S. Office of Naval Research. lq 2G(r)=G, (t) —G, (t)+ 1 — G, (t),p r 1

1

(A7)

To investigate how W, &&0 changes our earlier results,
we now concentrate on the extreme (worst) case
8', 2

= I z, where level 2 decays only to level 1. For lasing
to occur under such conditions requires I z ( I

1 [see
(A3)]. The noise G(t) reduces to

APPENDIX: ATOMIC LASER
WITH SPONTANEOUS DECAY

BETWEEN THE LASING LEVELS

In our discussion of the atomic laser, we have ignored
spontaneous decay between the lasing levels. The as-
sumption being that it is a small fraction of the total de-
cay rate of the upper lasing level. Here we consider ex-
plicitly the role of spontaneous decay between lasing lev-
els on the output intensity fluctuations.

Following the notation of LL, let W1z represent the
spontaneous decay rate from level 2 to 1. Thus since r,
is the total decay rate of the upper level I z

—W, z
represents the emission rate to ground. The theoretical
analysis proceeds as in Sec. II. We find that the mean
photon number above threshold is given by

and the variance in photon number

(GG ) r2 R~
0 =

—,'no+ 1—
2y ' r1 2y

I2 I2+ N2() + N10
2y 1

(AS)

where (G(t)G(t') ) = (GG )5(t —t'). Then using the
operating conditions

r, r, r, r,
I 2 N~o+ Nio = 1 — Rh+ 1+ R2,r1 rl t rl rl

(A9)

R2
no=n,

R,h

where

(A 1) R2 =R,h+
/no

1

n, =
W1z

2p 1—

Xr1rz
R,h= ~(r, —W„)

(A2)

(A3)

g es or no))n,

o. =
—,'no+ —,'no 1+

2I2
2

I1
121—
r,

+O(n, ), (A 10)

bn = ybn+G(—t),
where

(I,—W, ~)G~(t) —I 2G, (t)
G(r)=G (r)+

1+ 2 12

(A4)

(A5)

may be compared with Eq. (2.21).
Note that since we have spontaneous emission W1z

present, the noise forces G&(t) and Gz(t) are not precisely
the same as in Sec. II. The inclusion modifies their
diffusion coefficients of (2.6) and (2.7) by

2D11 ~2D11+ W12N~,

2D12 2D12 —W1qN~,

2D21 21 W12N2

(A6)

are the characteristic photon number and threshold
pumping rate, respectively. Proceeding with a linearized
analysis of the quantum fluctuations we drive, analogous
to Eq. (2.20), for no )&n„

0 =2n 0

2

1+
+O(n, ) .

rq1—
r,

(A 1 1)

where the first factor is due to vacuum fluctuations and
the remainder is due to pumping and spontaneous emis-
sion. Equation (A10) should be compared with (2.25).
Poissonian photon statistics o. =no are not produced
well above threshold as spontaneous emission between
lasing levels produces an excess component. However,
when I 2 ((I, the excess contribution is minimized.
Note that this inequality also reduces the laser threshold
pumping rate.

Now we consider the photon statistics when the pump
is perfectly antibunched. Following the discussion of Sec.
II we set R2 =0 in Eq. (AS) and using the operating con-
ditions (A9) we find (no»n, ):
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From (All) it is clear that provided 1 z/I', 5V2 —1

=0.4, subpoissonian photon statistics are still achievable,
and correspondingly, from (2.26) output intensity fluctua-
tions below shot-noise level are possible. Indeed provided
I 2/I, «0.4, we may still approach perfect squeezing of
the output intensity fluctuation component resonant with
the laser frequency. This is the same conclusion we
found when spontaneous emission between laser levels
was ignored and all decay went to the ground level. Note

also that when I 2 « I &, the operating conditions, thresh-
old pump rate, characteristic photon number, etc. are rel-
atively independent of the proportion of upper-level
spontaneous emission into the lower losing level.

We conclude that provided I 2 « I,, significant reduc-
tion of output intensity fluctuations are achievable ir-
respective of spontaneous emission between the lasing
levels. These results have been confirmed by a numerical
model. '
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