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Photodetachment cross sections of negative ions:
The range of validity of the Wigner threshold law
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The threshold behavior of the photodetachment cross section of negative ions as a function of
photon frequency is usually described by the Wigner law. However, there is little theoretical gui-
dance about the range or accuracy of the Wigner law. This paper reports the results of a model cal-
culation using the zero-core-contribution (ZCC) approximation. Theoretical expressions for the
leading correction to the Wigner law are developed, giving the range of validity of the Wigner law

and the expected accuracy. The results, derived within the ZCC approximation, are relevant to ex-
traction of electron affinities from experimental photodetachment data.

INTRODUCTION

Photodetachment of H makes an important contribu-
tion to the opacity of the solar atmosphere in the in-
frared, as first realized by Wildt. ' In the terrestrial atmo-
sphere, photodetachment of anions affects the conductivi-
ty of the ionosphere, which, in turn, influences radio com-
munications.

Photodetachment is possible if the photon energy fico

exceeds the electron amenity E, the binding energy of the
electron to the neutral. Conservation of energy gives

ficu=E+A' k /2m (2)

where Ak is the linear momentum of the free electron.
The behavior of cross sections just above threshold
(where k =0) has been a subject of experimental and
theoretical interest for decades.

Threshold behavior has the greatest practical interest
in the determination of electron affinities. Electron
affinities can be extracted from experimental measure-
ments of the photodetachment cross section as a function
of photon energy. Superficially, it might appear that only
the data closest to threshold is useful. However, since the
cross section approaches zero slowly in the vicinity of
threshold, the data taken closest to threshold has the
worst signal-to-noise ratio. The proper procedure is to
extrapolate to threshold, thereby making use of all the
data. It is therefore important to know the correct func-
tional form for use in the extrapolation process.

In 1948, Wigner derived general expressions for the
behavior of cross sections near threshold for various pro-
cesses. An expression was derived for the asymptotic be-
havior of the photodetachment cross section just above
threshold. The threshold behavior is determined by the

In photodetachment, electromagnetic radiation is in-
cident upon a negative ion, producing a free electron and
a neutral. The photodetachment process can be written
symbolically as

Acu+X ~X+e

o-~ Wk" +' (4)

where Ak is the linear momentum of the outgoing elec-
tron and 3 is a normalization constant. The Wigner law
has often been used to fit photodetachment data.

The Wigner law is a threshold law: It holds "near"
threshold. There is little theoretical guidance about how
close to threshold one has to be. The law is said to
"hold" if the deviation between the law and reality is less
than some arbitrary fraction. In other words, there is no
theoretical guideline for either the range or the accuracy
of the Wigner law. Presumably, the Wigner law is the
first term in the expansion of the (unknown) exact solu-
tion, expressed in increasing powers of k. As the energy
increases above threshold, the Wigner law begins to fail,
because the unknown second term is an appreciable frac-
tion of the first term. Hereinafter, we refer to the first

long-range behavior of the potential. This can be justified
intuitively, because a near-threshold electron reaches the
large-r region with a very low velocity, and consequently
spends a great deal of time at large r. This effect becomes
more pronounced as threshold is approached; hence the
long-range behavior of the potential becomes increasingly
important as threshold is approached.

After photodetachment, the receding electron and the
neutral are treated using a standard approach: The two-
body three-dimensional problem is reduced to a one-body
one-dimensional problem. As part of the reduction pro-
cess, the electron mass is replaced by the reduced mass p,
and the physical potential V(r) is replaced by an eff'ective
potential V,s(r), which is the sum of V(r) and the centri-
fugal barrier term viz. ,

V,tt(r) = V(r)+l(l +1)fi /2pr

where A'l is the angular momentum of the outgoing elec-
tron. The premise of the Wigner photodetachment law is
that the interaction between the departing electron and
the neutral falls off faster than r for large r. Therefore
at large r the dominant term in V,z is the centrifugal bar-
rier term. The resulting Wigner threshold law is
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term, expressed in Eq. (4), as the "Wigner term" and the
second term as the "leading correction. "

This paper reports the results of a model calculation
using the zero-core-contribution (hereinafter ZCC) ap-
proximation of Stehman, Woo, and co-workers, a well-
established approximation which yields analytical expres-
sions for photodetachment cross sections for a model
atom of given core radius and electron affinity. By deal-
ing with an analytically soluble problem, insights may be
gained which are relevant to the full-fledged theoretical
problem. By taking the near-threshold limit, expressions
are obtained for the Wigner term and the leading correc-
tion. The correction term has not been obtained before.
The range and accuracy are assessed, relative to the ZCC
approximation, of the Wigner term and of the Wigner
term with the leading correction. The inclusion of the
leading correction results in an improved threshold law
with improved range and accuracy (within the ZCC ap-
proximation). Finally, comparison is made with other
theoretical results. The leading correction term obtained
here is roughly the same size as the polarization term de-
rived by O' Malley.

THEORY

oxygen, and (less well) iodine. The ZCC model was first
developed for application to atomic anions, then extend-
ed" to the molecular anions O2 and S2 . An extended
version of the ZCC model was applied to multichannel
photodetachment of atomic species by Clodius, Stehman,
and Woo, ' and to photodetachment of the polyatomic
system NO2 by the same authors. ' The NO2 system
has been studied recently by Lineberger and co-workers'
using ultraviolet laser photoelectron spectrometry; they
reinterpret the drift-tube experimental data of Woo
et al. '

The ZCC approximation can be specialized to photode-
tachment from an s, p, or d orbital: L =0, 1, or 2. These
cases include most atomic cases of practical interest.

Photodetachment from an s orbital

The final state is a p wave. The total cross section o. is

cr =(8~/3)a(meek/A')R, ,

where

R~, =Noexp( yro)[k—(k +y ) ]

X I[k (2 —yro) —y rok]coskro

ZCC approximation
+[y(y +3k )+k ro(y +k )]sinkro) (6)

The ZCC approximation of Stehman and Woo is
based on the following assumptions: (1) The many-
electron wave functions of the initial and final states can
be factored into wave functions of a single outer electron
and of a frozen core of radius ro (2) the wave function of
the core is unchanged during the photodetachment pro-
cess, (3) the core makes no contribution to the photode-
tachment process, and (4) the potential vanishes outside
the core. Bethe and Longmire used this approach in
1950 to calculate the photodisintegration of the deuteron,
and a decade later Ohmura and Ohmura used it to calcu-
late the photodetachment cross section of H . (The H
system has been the subject of a more sophisticated treat-
ment by Broad and Reinhardt ). These assumptions sim-
plify the calculation by reducing the calculation of the
matrix:lement to a one-dimensional problem.

The ZCC approximation is a semiempirical approach,
with three input parameters: The electron afBnity E, tak-
en from experiment, the core radius ro, taken from a
Hartree-Fock calculation, and the orbital angular
momentum L of the initial orbital. Superficially, it might
appear that the electron aSnity is best obtained from a
large-scale computer calculation. However, calculation
of electron amenities is dificult, even for the best routines
on supercomputers. ' Often, even the sign cannot be
determined reliably. Consequently, the most reliable pro-
cedure is to take E from experiment.

The calculation can be performed in closed form, yield-
ing an analytical expression for the photodetachment
cross section as a function of photon energy. The model
fits the experimental cross sections quite well for several
atomic anions: Hydrogen and the alkali metals, carbon,

The normalization factor No is

No =2y exp(2yro),

and y is

y =(2mE)' /R .

The spatial extent of the initial wave function is roughly
1/y. For E = 1 eV, y =0.5123 A

For small k, o approaches

o.~( 8m /3) a(mt' /A' y)[A3(k/y) + A&(k/y) ], (9)

where

33=2(2+2x+x +x /3) (10)

and

A ~
= —4(2+ 2x +x +x /3)

X(4+4x+2x +2x /3+x /6+x /120),

where x, the natural scaling parameter, is

x =yro (12)

The theory should be applicable for core radii smaller
than the spatial extent of the initial wave function 1/y;
i.e., yro (1. The 23k term in Eq. (9) is the Wigner term
and the 35k term is the leading correction.
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Photodetachment from a p orbital cr = ( Sir a /9 ) ( in cok /A ) ( R, +2R dp ), (13)

The final state can be either an s wave or a d wave.
The cross section o. is

where R, and Rz are the matrix elements for outgoing s
and d wave, respectively. R, and Rd are given by the
following expressions:

N, exp( yr—o )
R, = I[k (1+yro)+ky (3 +yr o)]c oskr~ +[k y ro+y (2+yr o)] is nkr 0)yk(r +k )

and

Rd~ = N& e—xp( yro—)I [k(3y ro)+k (6y +y ro)+k (ro+yro)]cos(kro)

(14)

+[—3y +k ( —6y —y 'ro+y ro-)+k (
—3 —3yro+y ro)]sin(kro) I /[yk ro(k +y2) ],

(15)

where the normalization factor Ã, is given by

N
&
=2yx exp(2x)/(x +2) . (16)

B3=—2x(3x+6) '(x +3x+3)
X(x +5x +15x +30x+30) . (19)

Near threshold, as k ~0, R, has a constant term and
a term quadratic in k, whereas Rd is negligible because
its lowest-order term is quartic in k. The threshold be-
havior of o. is therefore

cr ~(S~a/9)(mes/Ay )[Bi(k/y )+By(k ly ) ],
(17)

where 8& and 83 are given by

B
&

= 2x (x +3x + 3 ) /(x + 2)
and

Photodetachment from a d orbital

The total cross section o. is given by

cr =(Sir/5)c2(m cok /A)(2R d l3+Rfd ), (20)

where R d and Rfd represent the radial integrals in the
matrix elements giving p-wave and f wave detach-ment,
respectively. After a considerable amount of algebra, R d
and Rfd can be expressed as

The B,k term in Eq. (17) is the Wigner term and the
B3k term is the leading correction.

and

15(1+yro )

k'y'r, k'y'r,

15(1+kro )

, ,'+k'y'ro ky(k +y )

(3k +2y )(k + 3y )

k2y2(k 2~y2)2Rfd N2y exp( —yro) sin(kro)

I"
O

k(k'+y')
—cos(kro )

N2y exP( —
yro ) . 3(k'+ y') 3k'+6k'y'+ y' ro

y +k k y ro k y (k +y )

3r'+k'—cos(kro ) +
ky(k +y )

(21)

(22)

The normalization constantiV2 is

N2 =exp(x)[(2yx )l(x'+6x +12x+6x)]'~ (23)

where

C3=(x /3+2x +5x +5x) (25)

cT~(16ircc/15)(mes/A)N, exp( —2x)y ro

X[C3(k/y) +C~(k/y)'], (24)

As k~0, the leading term in Rfd is cubic in k, giving a
contribution —k to o., which is negligible. The resulting
expression for the total cross section is

C~ =(2x /3+4x +10x +10x)
X( —x /30 —4x /15 —7x /6 —3x /2 —7x —7x) .

(26)

The C3k term in Eq. (24) is the Wigner term and the
C5k term is the leading correction.
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RESULTS

Analytical expressions were derived above for the
Wigner term and the leading correction within the ZCC
approximation. The expressions were coded in
FORTRAN-77 and evaluated on a SUN 3/160 worksta-
tion. Three expressions are compared: The Wigner term
alone, the Wigner term with the leading correction, and
the exact ZCC expression. Figures 1(a)—1(c) show the re-
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FIG. 2. Coefficients of the Wigner term and leading correc-
tion, for photodetachment from an s orbital, as function of
x—:yro. See Eqs. (10) and (11).
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suits for photodetachment from an s, p, and d orbital, re-
spectively. For simplicity the atom has an electron
affinity E of 1.0 eV and a core radius ro of 1.0 A. The
consequences of varying ro and E are discussed below.

Figure 1 demonstrates several things: First, the ZCC
approximation obeys the Wigner law at threshold: The
curves converge at threshold. Second, there are
significant deviations from the Wigner law within 50—100
meV of threshold. Third, the inclusion of the leading
correction results in an important improvement in the
range and accuracy of the Wigner law. Fourth, the accu-
racy of the Wigner law may be estimated by using the
size of the leading correction: because the leading correc-
tion slightly overcompensates, the leading correction is
an upper bound for the accuracy of the Wigner term.

The parameter x:—yro is a natural scaling parameter
for the problem. Figures 2 —4 display the coefficients as a
function of x. The threshold coefficients may be derived
for any atomic ion using these curves.
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FICx. 1. Calculated photodetachment cross section for photo-
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detachment. The core radius is 1.0 A and the electron affinity is
1.0 eV. ZCC is the zero-core-contribution approximation, W is
the Wigner term, and the WL is the sum of the Wigner term
and the leading correction. (a) shows detachment from an s or-
bital, (b) from a p orbital, and (c) from a d orbital.
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cr(k)~k '+'I 1 —4a k in(kao)/[ao(2l +3)(21+l)(21 —1)]+O(k )I .

In the curly brackets [ I, the first term signifies the
Wigner term. The middle term, proportional to k ink,
arises from the r potential, and ao is the Bohr radius.
(In Ref. 17, the polarization term appeared with the in-
correct sign. The correct sign is used here. ) The last
term O(k ) is present for short-range potentials as well.
The coefficient of the last term was not derived.

In the ZCC approximation, the potential is assumed to
vanish outside r = ro. Thus O'Malley's polarization term
results from the inclusion of the r " potential, which is
neglected in the ZCC approximation. In the limit of
small polarizability of the neutral, a ~0, O'Malley's re-
sult passes over into our result.

As a practical matter, because ink varies so slowly, the
two terms, k ink and k, have almost the same k depen-
dence. It is very unlikely that experimental measure-
ments will span a wide enough dynamic range of k with a
large enough signal-to-noise ratio to distinguish reliably
between the two k dependences. Therefore, a consistent
treatment that goes beyond the Wigner term must in-
clude both the polarization term and the leading correc-
tion term.

Limitations of the model

If the neutral has a nonvanishing electric quadrupole
moment, there will be an additional term in the threshold
law, also derived by O' Malley. The numerical coefficient

multiplying the quadrupole term is small enough that it
may often be neglected, which we do here.

An apparent exception to the Wigner law was
discovered theoretically by Engelking' to explain anom-
alous threshold behavior discovered experimentally' by
Lineberger and co-workers in OH; namely, a cross sec-
tion that obeys a power law o. —k", with x (1. In OH
the departing electron leaves behind a polar molecule
with internal angular momentum along the dipole axis.
Under these circumstances, there is an anisotropic poten-
tial between the departing electron and the rotating di-
pole, V(r)=p. r/2r . Since this potential has the same
inverse square dependence as the centrifugal barrier, the
two terms will have the same relative size at all distances
r. Engelking realized that the assumptions underlying
the Wigner law are violated in this case, because the cen-
trifugal potential is not the dominant potential at large r.
The Wigner law therefore does not hold. What is needed
instead is a close-coupling calculation. Such a calculation

has been carried out for OH by Engelking and Her-
rick. ' ' In the present paper, it is assumed that it is the
Wigner law that applies, and not the "Engelking excep-
tion. "

CONCLUSIONS

Simple expressions have been derived which can be
used to estimate the range and accuracy of the Wigner
law. These expressions may be valuable for extrapolation
of experimental data in order to extract electron affinities.
The typical procedure is to assume a Wigner power law.
As Mead and Lineberger remark, one justifiable pro-
cedure involves fitting some theoretical form (i.e. , the
Wigner law) to data sets of successively smaller energy
range. Sufficiently close to threshold, the constants ob-
tained should be invariant to the range of the data. The
expressions here can be used to improve the extrapolation
procedure. Because Eqs. (8) and (12) involve the electron
affinity, an iterative technique is indicated, converging
when a self-consistent solution is obtained. The process
would undoubtedly converge rapidly, because relatively
small corrections to the electron affinity are involved.
Threshold photodetachment is, of course, not the only
way to obtain electron affinities: Photoelectron spec-
trometry has produced the majority of measured electron
affinities. However, threshold photodetachment is the
most precise technique: The standard calibrating ion for
photoelectron spectrometry is 0, and the latest deter-
mination of its electron affinity by Neumark et al. used
later threshold photodetachment.

For simplicity, this paper has concentrated on atomic
systems. However, as discussed above, the ZCC model
has already been applied the molecular systems, and
many researchers have applied the Wigner threshold
law to molecules. The formalism can therefore be ex-
tended to molecular systems as well.
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