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We compute the generating function for the photon-number distribution for single-mode fields
described by a Gaussian Wigner distribution considered previously by Agarwal and Adam [Phys.
Rev. A 38, 750 (1988)] and obtain simpler formulas for the photon-number distribution than those
given by them. We also give analytical results for the factorial cumulants of the photon-number dis-

tribution and consider some limiting cases.

I. INTRODUCTION

In a series of papers Agarwal'! and Agarwal and
Adam?? have shown that a very large class of systems in
nonlinear optics can be described in terms of a density
matrix that corresponds to a Gaussian Wigner function
and have studied in detail, the properties thereof both
analytically as well as numerically.

The purpose of this Brief Report is twofold.

(i) We show that the density matrix investigated by
Agarwal and Adam® can be obtained by applying a uni-
tary transformation on the density matrix for a harmonic
oscillator, the unitary transformation being the product
of a displacement and a squeeze operator.** This per-
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mits easy identification of the limiting cases.

(i) We show that the analytical expressions for the
photon-number distribution given by Agarwal and
Adam? can be considerably simplified by considering the
generating function for the photon-number distribution
rather than the photon-number distribution itself. This
not only yields simpler expressions for the photon-
number distribution but also permits us to obtain analyti-
cal expressions for all the factorial cumulants as well.

II. GAUSSIAN WIGNER FUNCTION
AND CORRESPONDING DENSITY OPERATOR

The Gaussian Wigner function
Agarwal and Adam® is given by

investigated by

+7lz —z4]?
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where the parameters zy, u, and 7 are related to the
lower-order moments of the annihilation and creation
operators a and a *.

(a)=z,, (a?)=-—2u*+|z},

(2.2)
((a"?)y= —2u+(z

02 (aay=r—1+]z)2.

The positive definiteness of the density matrix corre-
sponding to (2.1) puts certain restrictions on u and 7.
These restrictions can be taken into account through the
following parameterization of u and 7:

U= —Q- (sinhx)e "%, (2.2a)
T= —g—coshx , (2.2b)
with
0=>1. (2.2¢)
The density matrix corresponding to (2.1) is
[ eZqS_ 1) ]* 172
Xexp{ —2e %cosh™ !(coth¢)
X[ula —zo+u*(a’—z2 )2
+rat—z¢ Na —zy)+7/21}, 2.3)
40
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[
where

e?=4(r*—4|ul?>)=0Q*. (2.4)

The form of p in (2.3) suggests that it can be expressed in
terms of the density matrix p, for the harmonic oscillator
at finite temperature in the following manner:

p=D(z4)S(—a)p,ST(—a)D(z,) , 2.5)
where*?

D(zy)=explzpa' —z%a) , (2.6a)

S(a)=exp[%a(aT)2—%a*a2] , (2.6b)

and
1/2

Po= 2mm§- exp[—Bla’a+1)] . (2.6¢)

Indeed, if we write

then (2.3) and (2.5) may easily shown to be identical when
the following identifications are made:

x =2r (2.7a)
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e¢=Q=coth§ . (2.7b)

This completes the decomposition of the density ma-
trix p corresponding to the Wigner distribution of (2.1) in
terms of the density matrix p, for a harmonic oscillator at
finite temperature, the displacement operator D (z,) and
the squeeze operator S(a). The form (2.5) renders trans-
parent the various limiting cases of (2.3).

III. GENERATING FUNCTION
FOR THE PHOTON-NUMBER DISTRIBUTION
FOR THE FIELD CHARACTERIZED BY (2.1)

We compute the generating function G(A)

o

G(M= 3 A"P(n),

n=0

(3.1)

for the photon-number distribution P(n) corresponding
to the field characterized by (2.1) or (2.3) in two different
ways by choosing to work with (a) the Wigner function
given by (2.1) and (b) the form of the density operator
(2.3) as given in (2.5).

(a) Given the Wigner function ®(z,z*), the corre-
sponding P(n) can be calculated using the well-known
formula

P(n)= [d% ®(z,2*)2(—1)'L,(4|z]*)exp(—2z?) ,

(3.2)

where L,’s are the Laguerre polynomials.® For the gen-
erating function G (A) we then have

— _1_ 2 _ 2 *
G(M=2 |7 Jdzexp(—arlzH@(z,z*), (3.3
where
_1(-=2)
M= (3.4)

Since the Wigner function (2.1) under consideration is a
Gaussian, the integral in (3.3) may easily be carried out.
The result is given in Agarwal and Adam.® Expressing
their result for (3.3) in terms of A we get
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where
Dz )__L
olZo)= —
oViviv_
—2ri (vy—dwv_—2rt (v_—1Lv,
Xexp
viv_
(3.6)
and
(x,2)= ———exp | 2= 3.7
g Vi—z P z—1 |’ )
with
eix
vi=1+ 20 (3.8)
2
eixri
C.= 0 , (3.9)
The quantities 7. are given by
_ 6
r =rycos ¢0—5 , (3.10a)
_ . (%
r_=rq sm¢0—5 , (3.10b)

where ry, and ¢, are, respectively, the amplitude and
phase of z,

% (3.11)

The expression (3.6) for ®y(z,) when reexpressed in terms
of u, 7, and z, becomes

1
[(r+1)>—4|ul?]
pzd+pt(zg 2+ (r+1)z0 12
(t+ 112 —4|ul?

i
zo=rpe

Dy(zy)=

Xexp | —

(3.12)

G (M) =dyz,)g C—+, - I—L The function g(x,z) is readily recognized to be the gen-
vilvy—1) vy erating function for the associated Laguerre polynomials
C- 1 (x,2)= . np =125
P PR ’ ' g(x,z > z"L,VA(x) . (3.13)
86— v_ l 33 =0
| From (3.5) and (3.13) we readily obtain
n
P(n):L oG
n! | dA" [i-o
3" C, C_ 1
= (zg) ,—A | l——— y A | 1——
1 $o(zo lam Elv v, —1) [ vi 1BV =0 M T -
n an*k (7+ 1 ak C_ 1
= (zo) ["] ,—A | 1—— — ,—A[1——
180200 2 L] | w3 v = vi | |]iso| 3258 [vov oD Ve | [ a=0
n—k k
n 1 1 _ C C_
=(—1)" 1——— 1—— | L' L' : :
,Eo vy ] ( _ " vilv,—1) |7k v_(v_—1) 3-14)
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The formula (3.14) is considerably simpler than that
given in Ref. 3 in that it involves a single summation.

(b) We now briefly outline the derivation of the formula
(3.5) starting from the expression (2.5) for the density ma-
trix corresponding to the Wigner function (2.1).

The generating function

GA)= 3 (nlpln)r", (3.15)
n=0
on using the resolution of the identity in terms of
coherent states may be rewritten as

G (=5 [d*xd*(3 (n/x)(aln)A")xlpls)

=L [ ax s explis® —IxIP=8PIR (x*,8)

(3.16)
where

R (x*,8)=(xlpl8)exp[Llx|>+L|8/%] . (3.17)
Using’

ideSexp[,uS*—ISIZ]R(7/*,8)=R(7/*,u) . (.19

we get

G(=1 [ayexpl— 1122 N xlplAx) . G.19)
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Since p, is given by (2.6c) we have

(yI1S(—a)peST(—a)ls)
=(1—e )T [mlIST(—a)8)(yIS(—a)lm)

X (e Py . (3.21)
Using the results of Ref. 4, we find that
b m/2 5
t_— = ()= 172 | 9_ 9O
(m|S'(—a)|8)=(m!'a) , e

Xexp

1
bt
— 1182+ 8 22
18] 205’, (3.22)

where H,, are the Hermite polynomials and

a =coshr , (3.23a)

= —e'Y%inhr . (3.23b)
Using (3.22) in (3.21) and carrying out the summation
over m using the formula

The next step is the calculate {x|p|Ax). Since p may be i L—lvt'"Hm(zl)Hm(zz)exp(—%z%—-%z%)
decomposed as in (2.5) we have m=o 2™ m!
(xlplax) = (xID (20)S (—a)poST(—a)D T(zg) I Ax) 22,23t (23+23)
X = 575 €XP T > (1+¢2) |,
=exp[ —1(1—A)(xz& =x*z0)] (1—12) (1—12)  2(1—1?)
XAx—2zo|S(—a)pST(—a)lAxy—z,) . (3.24)
(3.20) we obtain
J
b* 18 1 b 1 (y*)?
S(— f(—a)8) =exp | —L1[8]2+ =82+ — ——+ = |y [P+ - (y* )2+~ L
(yI1S(—a)peS'(—a)l8) =exp L8] " 3 38 |7 Za(y ) 2 205
1 2 28y *t 1] 8 a1 (y*)? )
X —= [ 2 [+ —= | a+ ,
(1—:2)1/26“){ 1= | |2a6m12 2 |2ab |72 e [T
(3.25)
[
where m >
L (n™)y= 3 n(n=1)---(n—m)P(n)
. bb* —B n=0
t= 2 e 7. (3.26) "G (1)
== 4.1)
Putting y=x—2z, and d=Ax—z, in (3.25) and using oA A=1

(3.20) we obtain {x|p/Ax ). The expression for {x|p|Ax)
thus obtained has a Gaussian form in y. Substituting it
in (3.19) and carrying out the Gaussian integral we obtain
(3.5).

IV. FACTORIAL CUMULANTS OF P(n)

G (A) defined in (3.1) or (3.15) generates factorial mo-
ments of P(n)

Since G (A) is given explicitly by (3.5)-(3.7), we may com-
pute these analytically if desired.
Of greater interest are the factorial cumulants’ (FC)

_ 3"InG(A)

(nm)]:c_ > (4.2)

for which we obtain
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1—v " mC
(n"™)ee=(m =10 | 50— %+<1—v+)(2+v+—1)]
fom—n | 22=|"
2v_—1
x | L me— . 4.3)

2 + (1—v_)2v_—1)

These are of interest in discussing sub-Poissonian statis-
tics.

V. LIMITING CASES

We discuss two limiting cases.
(i) x =0. In this case the density operator (2.5) be-
comes
p=D (zo)poD '(z) (5.1)
and describes a mixture of a coherent and an incoherent
field. Further, in this case, we have

2
.
vi=v_=v; C,+C_= -QO— =C, Q=2r, (52
and the expression for G (A) becomes
1 —lzol? 1
GO | D ]1+k(1—1/v)
C AM1—1/v)
5.3
XX LT T A1/ | ©-3)

which is easily seen to be the generating function for
Laguerre polynomials,

o 1 C
= o —_— 1, 5.4
G(}\,) q’o(Zo)ngo)\ {V 1 n ’V(V—l) ( )
from which we readily obtain, after reexpressing v in
terms of
(1—3)" 20| ENE
(n)= (T+%)n+lexp - Y L,|— 21 (5.5)
The corresponding factorial cumulants are given by
mlz,|?
(™) pe=(m —1r—1)" |1+ — (5.6)
2

(ii) z5=0. In this case the density matrix reduces to

p=S(—a)pyST(—a). (5.7)
The corresponding G (1) becomes
1 1
G(A)= :
[T+ 22 —=4[u?]? [1+M1—1/v,)]'
! (5.8)

[1+A(1—1/v_)]'"?
which is easily seen to be related to the generating func-
tion for Legendre polynomials,
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1 1
G(A)= , (5.9
[(r+ 172 —4[p?]'? (1—21z +¢2)!2 )
where
1 172
=2 Q2+1 2Q coshx (5.10a)
Q°+1+2Q coshx
(Q*—1)
z= s 5.10b
[(Q*+1)°—4Q%cosh’*x]'"2 (5100
and hence gives
n/2
_ 2 Q%+1—2Q coshx
Pln)=—3 172 2
(Q*+1+42Q coshx)!”? | Q2+ 1+2Q coshx
2_
n 2 2Q ; 21172 (5.11)
[(Q*+1)2—4Q?%cosh®x ]/
For Q =1, this gives the known result®
P(2n+1)=0, (5.12a)
2n
—1n
pom="D0 1 onX| . (120
2"n! x 2
cosh;
The factorial cumulants in this case are given by
m m
- 1112, —x_1 Q 1
Mpe=(m —1)N— | |[Ze F—— Xor— 2
<n FC (m ) 2 ) e 2 + ) e 2 .
(5.13)

For Q =1, this expression becomes

(m —1)! [sinh> | cosh |2 l, m even
2 2
(™) pc= (5.14a)
m
(m—1) sinh% sinh | 2% ’, m odd .
(5.14b)
CONCLUSIONS

We have computed the generating function for the
photon-number distribution corresponding to a density
matrix with a Gaussian Wigner function of a fairly gen-
eral structure, considered by Agarwal and Adam.? We
have shown that the density operator can be decomposed
into a form which makes the various limiting cases rather
transparent and have presented the formulas of Agarwal
and Adam for the photon-number distribution in a
simpler form. We also present analytical expressions for
the factorial cumulants which are easily obtained from
the knowledge of the generating function.
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