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Molecular-dynamics simulations (MD) have been carried out on a soft-sphere model for binary
alloys quenched into glassy states at different quench rates. The main purpose of the present work
is to investigate slow relaxation phenomena of the quenched glassy states close to the glass transi-
tion by calculating both the static and dynamical structural changes upon aging (annealing) of them.
For this purpose the MD simulations were performed for a time interval as long as an order of
2000~, where ~ is a microscopic time scale, equivalent to an order of the Einstein period, which is
the characteristic period of oscillation of atoms. It is shown that the static properties exhibit nei-
ther significant changes during annealing of samples, nor changes for different samples. On the oth-
er hand, the dynamic properties show remarkable aging effects as well as sample-dependent behav-
ior, meaning that the quenched glassy state cannot attain to an equilibrium state for the time scale
of our simulations, due to dynamical slowing-down phenomena. The quenched sample is, however,
shown to tend to a seemingly quasiequilibrium state after a sufticient annealing. Detailed discus-
sions are made on both aging effects and sample-dependent behaviors of quenched glassy states, by
paying particular attention to the behavior of the single-atom motion, mean-square displacement,
and self-diffusion constant of the quenched glassy state. A non-Gaussian parameter is also calculat-
ed, which we propose as a good candidate to represent an order parameter of the glass transition.

I. INTRODUCTION

The dynamic properties of glassy states are currently of
great interest, since recent theoretical developments,
based on the mode-coupling techniques of the theory of
liquids, have pointed to the essentially dynamical origin
of the glass transition. ' These theories suggested that
the glass transition is signalled by the divergence of the
structural relaxation time and a resulting nonergodic be-
havior characteristic of the glassy state. Several recent
inelastic neutron-scattering measurements of the density
fluctuation spectrum in supercooled ionic' '" or po-
lymetric' ' liquids show evidence of the critical behav-
ior predicted by mode-coupling theories. The sharp tran-
sition from ergodic to nonergodic behavior of the density
autocorrelation function predicted by the simplest ver-
sion of mode-coupling theory has also been observed in
molecular-dynamics (MD) simulations of a supercooled
Lennard-Jones liquid. ' However, the sharp glass transi-
tion is smeared by activated processes which lead to re-
sidual diffusion of atoms in the glassy state and restore er-
godicity on a sufficiently long time scale. This behavior
may be accounted for by an improved version of the orig-
inal mode-coupling theory or the generalized hydro-
dynamic theory which allows for coupling to current Auc-
tuations. ' ' Evidence for jumping motions of atoms is
shown in recent MD simulations of simple binary soft-
sphere alloys. '

The main concern of the present work is further de-
tailed in investigations of such slow relaxation phenome-
na characteristic of the glass transition, focusing our at-

tention on aging (annealing under different processes)
effects and quench-rate effects. For this purpose, we
study a glassy state, close to the glass transition, of the
soft-sphere model for binary alloys using molecular-
dynamics simulations.

In our previous studies on the pure (one-component)
soft-sphere model, ' we have found that the supercooled
liquid always exhibits a tendency towards nucleation over
a sufficiently long time interval, typically around and
over an order of 10000 time steps, equivalent to an order
of 10~. Nucleation is much more easily bypassed in
quenched samples of binary soft spheres with two
different core diameters. ' ' Indeed, in laboratory ex-
periments, certain metallic alloys can be formed into
stable glassy states, while monovalent metals are more
difficult to quench into glassy states. Our simulations for
the binary soft-sphere model have shown no sign of a ten-
dency towards crystallization of the quenched samples,
thus allowing a detailed study of slow relaxations of sam-
ples near the glass transition.

Although the soft-sphere potential is not a very realis-
tic model, because it contains no attractive force, it can
be regarded as the simplest model retaining the essential
features of glass-forming binary alloys. Therefore, it is
very useful to use such a model for the study of the na-
ture of glass transition.

In the present work, we have carried out the
molecular-dynamics simulations for the binary soft-
sphere mixtures, quenched into a glassy state close to the
glass transition by using different quench processes, i.e.,
different quench rates to obtain various glass samples
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with which sample-dependent properties are studied in
detail. We consider a particular thermodynamic state
near the glass transition of binary soft-sphere glasses
[I,&=1.6, see Eq. (5)]. The simulation (annealing) for
each quenched sample was carried out over typically
2000~, where ~ is a microscopic time scale defined by

+micr, /e (see Sec. II for the definition), equivalent to
an order of the Einstein period, the characteristic period
of the oscillation of atoms.

The paper is organized as follows. The model and
simulations used in this work are briefly presented in Sec.
II. The results of the simulations are given in Sec. III on
static and dynamic properties of the glass, focusing our
attention to their relaxation characteristics as well as
sample dependent behaviors. Finally, in Sec. IV, brief
discussions are made.

II. THE MODEL AND SIMULATIONS

The binary-alloy model which has been studied in the
present, work is identical to that used in some earlier MD
works. ' We consider binary mixtUres of N1 atoms
of mass I, and diameter o. , and N2 atoms of mass m2
and diameter o.

2 in a volume V. Soft-sphere pair interac-
tion is assumed between atoms, that is,

12

where 1 ~ a, P ~ 2 are species indices, e the energy unit,
and the diameters are assumed to be additive, i.e.,

of the pure soft-sphere model (1,&=I ) is found to occur
at I =1.15.

In the present work we study a binary soft-sphere mix-
ture for the core-size ratio o.2/o. , =1.2 and for equimolar
system (x, =0.5). Using the constant-temperature MD
techniques by the Nose and Verlet algorithm, we have
carried out MD simulations with N =500 particles, the
pair potentials, Eq. (1), being cut off over distances
r/o. &=3.1, and mass ratio m2/m, =2.0. First, we
simulated an equilibrium liquid of I,&=0.8, then, using
the configuration at the final step of the run, this liquid
was quenched into I,~=1.6, close to the glass transition,
through different routes (quench rates) by changing the
parameter Q of Nose's constant-temperature MD tech-
niques, where Q is a parameter (mass) relevant to a free-
dom of an external "particle" introduced so as to keep
the temperature of the system constant. The temperature
and potential energy variations during the quench pro-
cesses in our simulations are plotted in Fig. 1. The corre-
sponding quench rates are ranged from 6T*/( b.t *

)

=0.03 to 15.47, where AT* is the decrement of the tem-
perature in the reduced units ( T*=k& T/e) and b t * the
time taken for that quench in the unit of
r(= 1/ m iver ile) It is .easily seen that these computer
quench rates are much faster than those allowed by usual
experimental conditions, say 10 K/sec
(AT*/At* —10 for argonlike liquids). The quenched
state was further simulated (annealed) for a long time in-
terval at a fixed temperature to study the aging effects of
the sample. In the next section the results of the analyses
are given in detail.

CT p
—

~
(0' + CTp) (2) III. RESULTS

The scaling property of the soft-sphere model reduces in-
dependent thermodynamic parameters into only one di-
mensionless coupling constant I, as defined in Eq. (3),
with given the core-size ratio o.2/o.

1
and the number con-

centration of species 1 x1 =N1/N instead of two in-
dependent variables, say temperature T and number den-
sity N/V, where N is the total number equal to N1+N2, '

No.
1I =

1/4

(3)

We have shown in previous papers that the conformal
solution theory (effective one-fiuid approximation) works
very well for binary soft-sphere mixtures with the
eff'ective diameter of the atoms o. , and the corresponding
effective coupling constant I,z given by the following
equations, respectively

0'~ —g g X~Xprr~p .
a P

I,s.= I (cr /cr, )

(4)

(5)

The equation of state (compressibility factor
PV/Ak&T, versus l,s) for bin'ary soft spheres has been
found to yield the curve very close to that of the pure
soft-sphere model, ' and the self-diffusion constant for
the pure and binary soft-sphere model becomes a vanish-
ingly small value around I,z= 1.56. The freezing point

A. Static properties

Table I summarizes the PV/Nkz T data obtained from
the present MD simulations. These indicate that our
simulations with different quenched samples or different
annealing processes yield nearly the same value of
PV/Nk&T within a few percent; that is, no significant
differences are observed among them.

The three partial pair distribution functions g p(r) are
shown in Fig. 2, where a and P are species indices; the
splitting of the second peak is clearly seen, which has
been discussed so far by many authors as a characteristic
of glass materials. ' ' ' The origin of this splitting
may be more reasonably understood in terms of Voronoi
or Delaunay tessellation: ' As approaching the glass
transition, icosahedral structures increase significantly,
and geometrical shapes (bond length, bond angle, etc. ) of
such characteristic clusters of atoms should be responsi-
ble to the origin of the splitting of the second peak of the
pair distribution function. However, such a picture does
not seem to be well succeeded to explain the origin, nor
whether this splitting is related to the glass transition it-
self. Only a qualitative discussion has been made so far.
Indeed, the second peak splitting of the pair distribution
function has been observed even well before the glass
transition for binary soft-sphere mixtures, ' suggesting
that such a splitting will not necessarily be related to the
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FIG. 1. Temperature and potential energy variations in molecular-dynamics (MD) simulations of quenching. The equilibrium
liquid of I,&=0.8 starts being quenched at t =0 towards I,&=1.6 {Aat portions) at different rates. (a) MD quenching for run 2 (dot-
ted curve) and runs 3 and 4 (solid curve), where the upper curves indicate the total potential energy U* in units of e and the lower
curves show the reduced temperature T*=k&T/e. (b) MD quenching for run 5. {c)MD quenching for run 6. Each solid curve is
for the reduced temperature and the dotted curve for the total potential energy U*. Each final quenched state {I,&= 1.6) was used as
the initial state of further MD simulations for annealing in the respective runs. See also Table I.

characteristic property of the transition.
As seen from g &(r) in Fig. 2 and Sz z(k*), the

number-number structure factor, in Fig. 3, it turns out
that these functions show no significant change during
annealing of the sample. This implies that main local-
structures in the glassy state are not changed significantly
upon aging of the sample. However, this does not mean

such local structures in the glassy state are absolutely
stable, such that each atom is located at its local equilib-
rium position with thermal vibrations around it. It is
shown that there exists large amplitude motions, such as
concerted jump motions, that is, several atoms move
their positions by an order of o. , for a very short time in-
terval. '

TABLE I. Conditions used in our molecular-dynamics simulations and the results for the compressibility factor PV/Nk&T and
reduced self difFusion constant D," T=ksT/e, D* =. (T*) '~' rr, 'D r, and I,s=I (a„/rri)' [see Eqs. (3)—(5)]. The time mesh of
the simulations are shown by the column h in units of ~. The column R& is the quench rate, being defined by R& =( T&* —T,* )/(ht *),
where T*, =3.300 (for liquid) and Tz =0.206(for glass). That is, the initial state of the glass sample at T2 for annealing was

prepared by quenching the liquid of run 1 at T~ over a time interval At *(= At /~). For runs 3 and 4 or runs 5 and 6, different values
of Q were used. (No, /V)=0. 8 for all runs. Runs 2 —4 are presented in Fig. 1(a), run 5 in Fig. 1(b), and run 6 in Fig. 1(c).

Run

2
3
4

6

3.300
0.206
0.206
0.206
0.206
0.206

0.8
1.6
1.6
1.6
1.6
1.6

0.0025
0.01
0.0025
0.01
0.0025
0.01

steps

4x 10"
2 x10'
6x 10'

1.6x10'
8X10

1.5 x10'

PV/Xk, T

8.477
53.312
53.034
53. 183
53.037
53.045

1.11x10-'
5.03 x 10-'
1. 10X 10
2.68x10 '
1.71 X 10
1.20x 10-'

8.45x10 '
4.78x10 '
4.48 x10-'
1.34x 10--'
9.53 X 10
4.09 X 10

3.09
15.47
15.47
0.03
0.03
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FIG. 2. Partial pair distribution functions g &(r) for run 2,
(a) in the time window between 300r and 400& and (b) in the
time window between 1800~ and 2000~. Solid curve for g„(r),
dotted curve for g»(r), and dashed curve for g»(r).

FIG. 3. The number-number structure factor S& ~(k ), as
calculated from the Fourier transform of g &(r) for run 2 in
diA'erent time windows: 300 t/~~400, 800 t/~ 1000, and
1800~ t/~~2000 from bottom to top. k* is the scaled wave
number, k =o., k.

B. Dynamical properties

In Fig. 4 are shown mean-square displacements (MSD)
averaged over atoms as a function of time, as measured
from a subsequent series of the time origin (t =0) indicat-
ed by the vertical lines. The time of abscissa begins with
the final time step of the quenched glassy sample. It is
clearly seen that the behavior of the MSD in an early
time window such as 0 t/~ 500, which we call time re-
gion I, differs from that at the later time window of
500 ~ t /r ~ 2000 (time region II). Dynamical fluctuations
in the former time region are large and showing a clear
tendency of decreasing for an increasing time, indicating
the sample to be far from an equilibrium state, while in
the latter time region they become small so as to be re-
garded as a quasi-equilibrium state. Separation of time
into such regions for each run is rather properly made by
monitoring the time variation of the MSD, as in Fig. 4,
which may depend on the quench process used (the way
of sample preparation). Figure 4 also shows that it takes
a long time, say, an order of 500~, for the quenched
glassy state to reach the time region II. Figures 5 and 6
show MSD averaged over both atoms and initial times in
two separate time regions. The MSD in the later time re-
gion (500~ t lr ~ 1500) is much smaller than that in the
earlier time region (100~ r!r~ 500), indicating
significant aging effects of the sample.

The MSD shown in Figs. 5(b) and 6(b) for the time re-
gion II indicates the following three remarkable points
(1) The slope of each curve at longer times, i.e. , the
(effective) self-diffusion constant (see the list of D* in
Table I ), differs for each run. (2) The MSD at longer
times is still curved, namely, the Einstein limit (t-linear

500 1000 1500 2000
t.y~

FIG. 4. Mean-square displacement (in units of o.
&) averaged

over atoms, as measured from a subsequent series of the time
origin (shown as vertical lines) for run 2. Most of the upper
curve is for species 1, and most of the lower curve is for species
2.
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regime) is not yet attained. Thus, the self-diffusion con-
stant in glassy states is very hard to calculate as precisely
as in fluids because of such an extremely slow relaxation.
Then it is easily overestimated due to the negative curva-
ture of the MSD in intermediate times. A similar
"subdiffusive" behavior is clearly apparent in our simula-
tions of the supercooled one-component soft-sphere
fluid' and in a recent MD study of supercooled fluids of

atoms interacting through a repulsive Yukawa poten-
tial. (3) There is no simple systematic quench-rate
dependence of the MSD or the self-diffusion constant.
This behavior may simply be apparent due to insufticient
time ranges of our simulations for the glassy state which
essentially involves slow dynamical relaxations.

Dynamical slowing down of glassy states may be un-
derstood by considering that a possible phase space ac-
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FIG. 5. Mean-square displacement (in units of o.
&) for species

1, averaged over atoms and initial times in the respective time
windows: (a) 100+ t/z~ 500 and (b) 500& t/~+ 1500. Solid
curve for run 2, dotted curve for run 3, dashed curve for run 4,
and dash-dotted curve for run 5 ~
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FIG. 6. The same as Fig. 5 but for species 2.
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cessible to a quenched glass sample may be restricted to a
certain domain of the whole phase space, like an island,
depending on given initial conditions, which is possibly
connected to other islands by a very narrow channel(s),
depending upon detailed dynamical processes of the sys-
tem under consideration. Thus, the glassy state is essen-
tially a nonequilibrium state, so that every sample,
prepared by different quench processes or different an-
nealing processes, may exhibit different results, unless ob-
servations (MD simulations) were made for an infinitely
long time. Instead, we can show quasi-equilibrium prop-
erties of each sample in mesoscopic time scales, shown
above. Thirumalai et al. have recently discussed the na-
ture of broken ergodicity in glassy states by an examina-

tion of an "energy metric" with molecular-dynamics
simulations of soft-sphere mixture (oz/o

&

= l. 1)
Figure 7 shows a so-called non-Gaussian parameter

defined by

(6)

where r, (t) is the position vector of the ith atom (species
o.) at time t, ' and ( ) indicates the average over all
atoms of the corresponding species (1 or 2) and initial
times in the time window under consideration. This
function tends towards zero after an order of ~ for equi-
librium liquids. ' ' ' ' However, as shown in Fig. 7, this
has even no sign of decaying towards zero for the glass.
This highly non-Gaussian behavior is reminiscent of
jurnp-diffusion processes occurring in superionic conduc-
tors and underlines the importance of activated process-
es near the glass transition. From such a behavior, a
non-Gaussian parameter at infinite time may be con-
sidered to be an order parameter for the glass transition,
satisfying that a (t~ ~ )=0 above the glass transition
temperature T (T) T ), while a„(t~ ~ )%0 below it
( T ( T ). The fact that the parameter deviates from zero
suggests that there shoUld exist some intrinsic nonlinear
motions unlike thermal harmonic vibrations of atoms
around a local equilibrium position. Indeed, we have
shown we11-defined jurnp motions to appear for glassy
states in our previous paper (Figs. 4 and 5 of Ref. 16).

IV. DISCUSSIONS

40 80 100

zo 40 6'0 80 100

FIG. 7. Non-Gaussian parameter a (a=1 for species 1 and
cr =2 for species 2) as a function of time for run 2 in the respec-
tive time windows: (a) 100~t/v. ~500 and (b) 500~t/~~2000.
Upper curve for species 1 and lower curve for species 2.

As the glass transition is approached, the self-diffusion
constant becomes very small, so that the relaxation ex-
tremely slows down. Recnet theories based on mode-
coupling approximations predict a critical slowing-down
phenomenon at the transition. These theories predict
that the self-diffusion constant vanishes following a
power-law formula, and the intermediate scattering func-
tion (density autocorrelation function) obeys a stretched
exponential decay formula. These predictions have also
been supported by recent studies of molecular-dynamics
simulations for pure and binary soft-sphere supercooled
Auids down to not very close to the glass-transition tem-
perature. Approaching the glass transition, such mode-
coupling predicitions appear to be incorrect, since residu-
al diff'usion of atoms (activated processes) become impor-
tant, which may result in smoothing of the transition.

In this paper we have investigated slow-relaxation phe-
nomena of rapidly quenched glassy states of binary soft-
sphere mixtures (o 2/o, = 1.2 and equimolar) prepared by
using diff'erent quench rates. Quenched glassy states were
annealed over a long period to see both static and dynam-
ic relaxations and their sample-dependent behavior. Our-
main conclusions are the following. (1) Compressibility
factor PV/Nk~T and the partial pair distribution func-
tions are stable without any significant change upon an-
nealing and among diff'erent samples. (2) Rapidly
quenched samples (glasses) are far from equilibrium states
for relatively long initial times, typically for an order of
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500~ upon annealing of them. For later times, the system
appears to be in a quasiequilibrium state. However, the
mean-square displacement even for the latter region of
times still has a small negative curvature, namely, the t-
linear formula (Einstein limit) is not yet sufficiently well
attained. (3) No simple systematic quench-rate depen-
dence of the self-diffusion constant is obtained.

The non-Gaussian parameter shows a characteristic
property such that it tends toward a nonzero value at
long times. Our recent theoretical work based on the
trapping model (jump-diff'usion model) predicts the non-
vanishing nature of the non-Gaussian parameter in glassy
states, This property of the non-Gaussian parameter
may enable us to consider that it can be used as an order
parameter of the glass transition.

The incoherent scattering function, the self part of in-

termediate scattering function, is also affected by dynami-
cal slowing-down phenomena near the glass transition
and found to yield a stretched exponential decay with an
exponent dependent on wave numbers and temperatures.
This will be considered in detail in a separate paper.
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