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Differential cross sections for electron-impact excitation of hydrogenlike ions
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A systematic study is made of differential cross sections for the electron-impact excitation of the
2s and 2p states of H-like ions. The cross section is calculated in the Coulomb-Born and the
Coulomb-Born-Oppenheimer approximations. A comparison of the resulting cross sections is made
along the isoelectronic sequence from Z = 1 to ~ (Z being the nuclear charge) to reveal the role of
the Coulomb force in the excitation processes. For the 1s-2p transition, the behavior of the ap-
parent generalized oscillator strength for the ions is found to be different from that for neutral hy-
drogen.

I. INTRODUCTION

Diff'erential cross sections (DCS) are fundamental
quantities in understanding the reaction mechanism of
electron-impact excitation of atoms and molecules. In
the case of electron-ion collisions, there have been no
thorough investigations of the DCS. It is difficult to ob-
tain experimental DCS for electron-ion collisions.
Theoretical results of DCS have been occasionally report-
ed, sometimes as a byproduct of the calculation of the in-
tegrated cross section. The present paper reports a sys-
tematic study of DCS for the electron-impact excitation
of H-like ions.

The study of electron collisions with H-like ions is of
fundamental importance since these systems are the sim-
plest examples of electron-ion collisions. For instance,
there is no ambiguity about the accuracy of the target
wave function, which is of importance in the study of
electron-ion collisions. The DCS for the excitation of
some H-like ions have previously been calculated. '

However, most of the calculations were made only for
He+. Here we present a systematic study of the DCS
along the entire isoelectronic sequence (including neutral
H). The DCS for the ls-2s, 2p excitations are calculated
for several ions of the H-like sequence using the

Coulomb-Born (CB) and the Coulomb-Born-
Oppenheimer (CBO) approximations. These methods
may not give accurate results at the energies near thresh-
old, especially for lower charged ions. They can be used,
however, to show the characteristic trends of the cross
section along the isoelectronic sequence.

There have been no reported measurements of the DCS
for any H-like ion. Considering the fundamental nature
of such collisions, it would be desirable to perform an ex-
periment to measure the DCS for H-like ions. The
present calculation could serve as a guide for the plan-
ning of such an experiment.

II. THEORY

do(et~f3)
A (a~/3)P, (cos9),

dc' 0
(2.1)

where P is the Legendre function and

Detailed formulas for the DCS for the excitation of
ions are shown in a recent paper. ' The DCS at scatter-
ing angle 8 for the excitation process a~P is given by
(atomic units being used throughout the present paper)

A(a~P)= g(2S+1)g g g g +8(l 1'1 Ij'v)T/t (a~P)T~&t, (et~13)" .
l l

8k (2L +1)(2S +1) (2.2)

Here L S (L~S~) are the orbital and spin angular momenta of the initial (final) state of the target ion, 1 (1') is the or-
bital angular momentum of the incident (scattered) electron, j is the angular momentum transferred during the col-
lision, and I.S are the total orbital and spin angular momenta of the e+ion system. The wave number of the incident
(scattered) electron is denoted by k (k&).

The coefficient B is defined in terms of the 3-j and 6-j symbols as

l l v I' I ' v l I v
B(1 1'1 1 'jv) =i ' +'

( —l l~+ (2j+ 1)(2v+ 1) 0 0 0 0 0 0 )' I' j (2.3)
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The matrix element T/I in Eq. (2.2) is given by

I L L
T)'&. (a~f3)= g( —1) (2L+1)[(2l+1)(21'+1)]' ( —1) ' &, . 'exp[i(pl +pI, )]T&~ (a~13),L l' j

(2.4)

where pI is the Coulomb phase shift [pI' = arg I ( l
+1—iqlk, ), q being the ionic charge]. In the present
Coulomb-Born (CB) and Coulomb-Born-Oppenheimer
(CBO) calculations, the transition matrix element TI&, in

Eq. (2.4) is calculated with the following formulas:

T = —2iR = —2i [R +( —1) R'] (2.&)

with

R = —2 g (1'L ~L
~ P) I lL L )Dg, (2.6)

and

R'= —2( —1) + g (L~l'L ~P~~lL L )Ep . (2.7)

III. RESULTS

A. 1s-2s

Figure 1 shows the DCS for the 1s-2s transition calcu-
lated by the Coulomb-Born method for several members
of the H-like isoelectronic sequence. To compare the

Here Dz (E&) is the direct (exchange) part of the radial
integral over the target orbitals and the Coulomb contin-
uum. Detailed expressions for D&, E&, and the matrix
element of I'& are given by Burgess et al. '

In the actual calculation of the DCS, we employ the
computer code developed by Salvini. ' The origina1 ver-
sion of this code was found to contain some errors when
applied to an electron-ion collision. (Actually the origi-
nal code of Salvini does not correctly take into account
the Coulomb phase. ) A corrected code was used for the
present calculations. The convergence of the partial
wave expansion is slower for the DCS than for the in-
tegrated cross section, particularly for the dipole-allowed
transitions. Therefore, the contributions of the higher
partial waves for the DCS calculation should be taken
into account very carefully. The radial integrals (D&) for
the monopole and dipole contributions were evaluated us-

ing the analytical method of Nakazaki. ' With that pro-
cedure, we can avoid numerical integration involving the
Coulomb function and the long-range tail of dipole in-
teraction, which becomes more tedious for higher partial
waves. The maximum total angular momentum L con-
sidered in the present calculation was 60 for the dipole
transition. The present DCS for the 1s-2s and 1s-2p tran-
sitions in He+ at twice the threshold energy agree with
those of Mitra and Sil and Deb et al. ," who evaluated
the CB matrix element without recourse to a partial wave
expansion, but using numerical integration in the evalua-
tion of each matrix element.

1

3
e
b
C
d

r

[
& s

10

0 3
O

10

10
30 60 90 120 150 180

e (deg)

FIG. 1. Differential cross sections (in a.u./sr or equivalently
in units of a o /sr, ao being the Bohr radius) for the 1s-2s excita-
tion of H-like ions of (a) Z =2 (Z being the nuclear charge), (b)
Z=3, (c) Z=6, and (d) Z= ~, calculated using the Coulomb-
Born (CB) method. For comparison, the corresponding cross
section for H, calculated with the plane-wave Born (PB)
method, is also shown (e). All the calculations were carried out
at the electron energy X=2. The cross section multiplied by Z
is plotted against the scattering angle.

cross section for different ions, a scaled DCS, Z do. /den
(Z being the nuclear charge) is plotted against the
scattering angle 0 for the same electron energy X in
threshold units. The DCS in Fig. 1 are calculated at
X=2 (i.e. , twice the threshold energy). The DCS is also
shown for the limit Z~ ~. The procedure used to ob-
tain the limiting value is the same as described by Bur-
gess et al. ' We also present in Fig. 1 the cross section
for the other limit of the isoelectronic sequence; namely
neutral hydrogen (H). The plane-wave Born (PB) approx-
imation is used to get the cross section for H.

Figure 1 shows the systematics of the DCS along the
isoelectronic sequence. The Coulomb force exerted by
the target ion affects the scattering more at large angles
than at small angles. The scaled DCS for the ions con-
verge rapidly and uniformly as Z~ ~. The scaled DCS
for Z=6, for example, is no more than 30% different
from the value at Z~ ~ ~ For all the ions along the H-
like sequence (including H itself), the PB method gives
the same DCS, provided it is scaled as Z do. /des and cal-
culated at the same energy X. The difference between the
PB curve and the other ones gives an indication of the er-
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rors introduced by using the PB approximation instead of
the CB approximation in the calculation of the DCS for
ions.

Figure 2 shows the same DCS as in Fig. 1, but for a
higher energy (X=3). As the collision energy increases,
the forward scattering is enhanced. Other features of the
DCS plotted in Fig. 2 are similar to those seen in Fig. l.

The effects of electron exchange in the 1s-2s excitation
are seen in Figs. 3 and 4, where the cross sections calcu-
lated with (i.e., CBO) and without (i.e., CB) electron ex-
change for Z =2 and Z = ~ are compared at X =2. For
Z=2, exchange has a large effect for 0) 100'. In the lim-
it Z~ ~, the exchange effect is smaller but still cannot
be ignored. It is interesting to see that the relative size of
the effect in Z~ ~ is almost the same at all scattering
angles.

B. 1s-2p
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Figures 5 and 6 show the DCS for 1s-2p transition cal-
culated by the CB method at X=2 and 3, respectively.
Figures 7 and 8 compare the CB and CBO results for the
1s-2p transition for Z =2 and ~ at X =2. Except for the
strong forward scattering, the DCS for the 1s-2p excita-
tion have characteristics similar to those for the 1s-2s ex-
citation.

One peculiar feature of the DCS for the 1s-2p transi-
tion shown in Fig. 5 is that, with increasing nuclear
charge, the peak at 0=0' flattens and the peak position
moves to a larger angle. This trend is less clear, but still
discernible, at the higher collision energy (X=3) shown
in Fig. 6. Small-angle scattering for the 1s-2p transition
is dominated by the long-range (dipole) interaction. Elec-
trons passing the target at large-impact parameters are
deflected by the Coulomb force. As the Coulomb force
increases, forward scattering becomes suppressed. This is
a very naive explanation of the peak shift in the DCS
shown in Figs. 5 and 6.

In the study of the DCS for neutral atoms or mole-
cules, comparison with the generalized oscillator strength

e (deg)

FIG. 3. Comparison of the differential cross sections for the
1s-2s excitation of He+ (Z=2) calculated with the CB and the
CBO methods at X=2.

(GOS) often serves as a useful benchmark. Here we in-
troduce an "apparent" GOS defined by'

dOF(K,E)= K [thE (Ry)] (a. u. /sr),
4k' dc'

(3.1)

where K is the momentum transfer. When the DCS cal-
culated in the PB approximation is inserted into the
right-hand side of Eq. (3.1), the quantity F(K,E) reduces
to the GOS and becomes independent of the incident en-
ergy E. From the DCS given in Figs. 5 and 6, we evalu-
ate F(K,E) for the 1s-2p transition in various ions.
Some typical values of the scaled quantity F /(hE/Z ) as
a function of (K/Z) are shown in Fig. 9. The solid line
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FIG. 2. The same as Fig. 1 ( i.e., 1s-2s excitation), but for
X=3~

FIG. 4. The same as Fig. 3 (i.e., 1s-2s excitation at X=2),
but for the ion with Z = ~.
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FIG. 5. The same as Fig. 1 (i.e., the CB calculation at X=2),
but for the 1s-2p transition.

FIG. 7. The same as Fig. 3 (i.e., Z=2 and X=2), but for the
1s-2p transition.

in Fig. 9 is the GOS for H. It also represents the GOS
for any ion of the H-like isoelectronic sequence. The
figure shows that in the small-angle region, the "ap-
parent" GOS decreases with decreasing K. This corre-
sponds to the flattening of the forward peak in the DOS
shown in Figs. 5 and 6. (The leftmost point of each data

set corresponds to 9=0'. ) The deviation of F from the
GOS curve in the small-K region becomes larger as Z in-
creases and smaller as the collision energy increases.
From this figure, it appears that the Lassettre's theorem
(F approaches the optical oscillator strength as K or
E ~0 irrespective of E)' does not hold in this case.
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FIG. 6. The same as Fig. 5 (i.e., the CB calculation for 1s-2p
excitation), but for X=3.

FIG. 8. The same as Fig. 4 (i.e., Z= ~ and X=2), but for
the 1s-2p transition.
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This phenomenon has already been noted by Mitroy' '
for electron-impact excitation of the resonant transitions
in Mg+ and Be+. In this respect, it would be of interest
to study the DCS for other isoelectronic sequences.

FIG. 9. Apparent generalized oscillator strengths (scaled by
AE/Z ) for the 1s-2p transition in H-like ions derived from the
diA'erential cross sections shown in Figs. 5 and 6. The abscissa
indicates the momentum-transfer squared (scaled by Z ). The
solid line shows the corresponding generalized oscillator
strength for H (and any H-like ion).

The differential cross sections (DCS) for the ls-2s, 2p
transitions for H-like ions have been studied systematical-
ly as a function of nuclear charge (Z ). It has been shown
how the DCS is affected by the Coulomb force, which is
an essential part of the electron-ion interaction. The cal-
culation was made with the Coulomb-Born and the
Coulomb-Born-Oppenheimer approximations. Although
the CB and the CBO methods are expected to give results
approaching those of the close-coupling method as Z or
X (electron energy in threshold units) increases, they are
sometimes inaccurate in the vicinity of the excitation
threshold, especially for ions with small nuclear charge.
When compared to the (integrated) cross section recom-
mended by Callaway (mostly based on the close-
coupling calculation), the CBO method gives a good cross
section for the Is-2p excitation in He+ (Z =2) at any en-
ergy. For the 1s-2s excitation, the CBO is very poor for
Z =2 at L =2, but gets better as Z or X increases. The
present result shown in the previous section can be used
to deduce the systematic trend of the DCS, except for the
1s-2s transition of the ions with small Z. It would be
very interesting to make a similar study of DCS with a
more elaborate calculation, and perhaps to study ions of
another isoelectronic sequence.
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