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We calculate the input-output characteristics of an optical amplifier that consists of an inverted-
population medium placed inside a high-Q Fabry-Pérot cavity. Expressions are derived for the out-
put second- and fourth-order spectral and temporal correlation functions, and more generally for
the output characteristic functional, in terms of the corresponding input quantities. The photo-
count first and second factorial moments are obtained for both homodyne and direct detection of
the amplifier input and output. The general results are applied to several cases of practical interest,
including inputs that have coherent or chaotic coherence properties. Particular attention is paid to
the effects of amplification on specific nonclassical varieties of input light. It is shown that a max-
imum of only twofold amplification is permitted if any squeezing present in the input is to survive as
squeezing in the output light. Similarly, for the preservation of photon antibunching in
amplification, we show, by consideration of a kind of free-space number-state input, that only small
gains are allowed. The amplifier model treated here provides a detailed example of the limitations
imposed by quantum mechanics on the minimum noise generated by a multimode linear amplifier.
In particular, we show that minimum noise occurs in a cavity that is asymmetric with respect to
mirror reflectivities, for which we derive the corresponding conditions. In addition, we demonstrate
the ability of the amplifier to improve upon signal-to-noise ratio, otherwise limited by low detector
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quantum efficiency.

I. INTRODUCTION

Optical amplifiers are of considerable current interest
in view of their potential importance in all-optical re-
peaters, and for predetection amplification in optical
communication systems. Theoretical treatments of the
inverted-population optical amplifier date back to the
early considerations of the feasibility of laser action.
These treatments mainly used semiclassical methods,
with the amplifier noise modeled as a stationary Gaussian
process. However, more recent interest in the possible
applications of nonclassical light has led to the develop-
ment of fully quantum-mechanical theories that are cap-
able of evaluating the effects of amplification on the desir-
able low-noise properties of nonclassical light.
Quantum-mechanical amplification theory provides very
general limits on the minimum amounts of noise that
must be added by any practical optical amplifier. These
limits have been very clearly presented by Caves,! who
also reviews earlier work on amplifier theory.

Much of the work on quantum-mechanical amplifier
theory is based on a model developed by Louisell and his
collaborators.>® They used a Heisenberg-picture ap-
proach to the linearized treatment of a single-mode
amplifier or attenuator, in which the spatial propagation
of an optical signal through the amplifying medium is re-
placed by a time-dependent growth in optical intensity.
The model contains no provision for the effects of cou-
pling the input and output fields to the amplifying medi-
um itself. These various limitations prevent any calcula-
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tion of the effects of amplification on the spectral proper-
ties and multitime correlation functions of the amplified
light beam, or of the effects of integration times on the
corresponding detected quantities. However, the simpli-
city of this model, and of equivalent theories produced by
other authors, allows a wide range of interesting proper-
ties to be calculated, including the effects of amplification
on signal-to-noise ratios, nonclassical properties such as
squeezing and antibunching, and other photon statistical
quantities.®”7 There has also been some progress in im-
proving the basic model to include input and output
fields, and converting the amplifier to steady-state opera-
tion.?

The purpose of the present paper, some of whose re-
sults have been summarized previously, is an improve-
ment in the Louisell model to allow multimode input and
output light beams. The main modification is the inser-
tion of an optical cavity to contain the inverted-
population atoms of the amplifying medium. With a cav-
ity of sufficiently high Q, it is permissible to assume that
only a single internal mode is significantly excited by an
input beam that covers a limited but continuous range of
external modes. The dynamics of the coupling between
internal and external modes is treated by methods
developed recently for cavity systems.!®!! The plane
cavity mirrors are assumed to be oriented perpendicular
to the input light beam, and the optical system is treated
as one-dimensional, with any transverse effects ignored.
The improved model thus remains reasonably simple, and
it is possible to calculate all the amplifier properties of in-

5753 ©1989 The American Physical Society



5754

terest, including spectral and temporal correlations.

We begin in Sec. II by describing the basic model. The
main characteristics of the amplifier are embodied in rela-
tionships between the input and output photon destruc-
tion operators which we derive for arbitrary input fields.
In Sec. ITI we present results for the second-order expec-
tation values of the external fields. These enable us to
derive spectral relations describing the output field in
terms of the input field, where the role of the amplifier is
apparent both in the signal gain and in the added noise.
We show that the amount of quantum noise necessarily
added by the amplifier satisfies the fundamental noise
theorem' and find the conditions under which this noise
is a minimum. In the latter half of Sec. III we apply our
results to several types of input light, including coherent,
chaotic, and quantum fields. In Sec. IV we derive results
for the fourth-order expectation values of the external
fields and evaluate the output intensity correlation for the
previously mentioned inputs. We construct the second-
order coherence of the output fields. In Sec. V we present
the integrated detection statistics of the system, perform-
ing a homodyne detection experiment and evaluating the
signal-to-noise ratios of the outputs deriving from
coherent, chaotic, and squeezed inputs. We also consider
direct detection of the outputs from coherent, chaotic,
and antibunched input fields. In Sec. VI we show how
characteristic functionals can be derived and used to ob-
tain complete statistical information for the amplifier out-
put, thus generalizing the second- and fourth-order re-
sults given in earlier sections. Finally, in Sec. VII, we
conclude with a discussion of our results.

II. THE MODEL

A. Solution of the equations of motion

We consider a system composed of an atomic amplifier
placed within a high-Q cavity. The cavity supports a sin-
gle mode of oscillation characterized by its annihilation
operator @(t) and coupled via mirrors to multimode
external fields. The cavity mode obeys the usual commu-
tation relation

[a,a’1=1, 2.1

while for the external modes we take continuous mode
fields with commutation relations

[a,(w),8 | (0)]=[8(w)a ] ()]

=8(w-—(o’)
~ (2.2)
[bin( )7b m(w ]= Ct)),b om(a) )]

=8(w—w’)

where @;,(») and @, (®) refer to fields incident on, and
emergent from, the cavity on the right, and b,,(w) and
b, (w) refer similarly to fields on the left (Fig. 1). The
cavity damping rates y,; and y, are equal to the mirror
intensity transmission coefficients multiplied by ¢ /(2L),
where L is the cavity length.
The quantum Langevin'? equation for the system is
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FIG. 1. Schematic arrangement of amplifier and detector

showing notation for input and output field operators.

da

a,A
ar [
where ﬁsys represents the Hamiltonian for the isolated
system in the cavity, and A(t) characterizes the noise.
This may be ascribed to the fields external to the cavity

1= Ly, +ry)a+k), 2.3)

sys

coupling to the cavity mode through the mirrors'®!! and
we therefore write
A =y, () +y)2b, (1) . (2.4)

If the amplifier is composed of n, two-level atoms, and if

;j (¢) is the lowering operator for the jth atom of the
ampllﬁer, then the system Hamiltonian A sys has the usual
form in the rotating-wave and electric-dipole approxima-
tions,

A =toa'a+l S fwei+ 3 #ik

j=1 j=1

-t
efa+e;alh,

(2.5)

where & ] is the atomic inversion operator, k; is the

atom-field coupling constant, w; is the transition frequen-

cy of the jth atom, and o, is the cavity mode frequency.

Substituting this into Eq. (2.3) we obtain the equation for

the evolution of the cavity mode,

da i ko —
J

="_le6_ %(‘}/14‘}’2)64"}/}/26“,

dr

+v1%,, (2.6)

To solve this equation we must first eliminate the atomic
operators using the relevant Heisenberg equation,
e ; A

7 =—iw;6 ; +ik;6%a . 2.7
We assume that the atomic level populations are exter-
nally maintained so that we may make a linearizing ap-
proximation, and replace the inversion operator by its ex-
pectation value,

37——»(3;):(

ne—ng)/na > (2-8)

where n, and n, are the numbers of atoms in the excited
and ground states, respectively.

The steady-state atomic coherences vanish,
-y — +y

The resulting linear equation may be formally solved to
give

(2.9)
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— e — —iwi(t—1tg)
G (1)=6;(1p)e
'l'mj(lVT)

+ikj(6j>fl;d7'e alr), (2.10)
where ¢t is a time in the remote past at which the system
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is already in a steady state. Defining the Fourier trans-

form of @(¢) by
alw)=2m ™2 [ dreia(s) @.11)

and using Eq. (2.10) we find from Eq. (2.6) the result for
(o),

(2m)'2 2 k;& ; (tg )eiw’t"ﬁ(w-—wj)+i7/}/2ﬁin(a))+i7/5/25in(w)
j

a(w)=
@ w—wgtil

where

F:%‘(71+72)—(ne_ng )YA ’

) (2.13)
mk “(wg)p(wy)
Ya=™ -
na
Here, k (w;) is the coupling strength regarded as a func-

tion of atomic frequency w;, and p(w;) the number densi-
ty of atoms with transition frequency equal to @;. Note
that we have assumed that both k and p are weakly
dependent on o so that the statistical distribution of the

J

Qry )23 k6 5 (tg)e 108 (w— ;) Fiy @ (@) +ilyyy,) B (o)
J

, (2.12)

f
atomic population is largely unchanged by its interaction
with the cavity mode.? In deriving Eq. (2.12), we have
made use of the Wigner-Weisskopf approximation.?

We may now use the boundary conditions at the cavity
mirrors, which take the form

a(“)):'yl_l/z[ain(w)_'—aout(a))]
=y, b, (0)+b ()], (2.14)

to recast the result (2.12) expressly in terms of the inputs
and outputs to the cavity. Thus, after eliminating the
internal mode, we find

8y ()= —08,(0)+

This is consistent with the commutators (2.2) and the
usual atomic commutators

[6?,6;]—1&;8,7, [6?,&j]=¢26f R (2.16)
within the range of validity of the linearizing approxima-
tion (2.8). Equation (2.15) describes the output field as
consisting of both reflected and amplified input contribu-
tions and an atomic part which we will identify with the
amplifier spontaneous emission. Clearly, in the absence
of any input, only this latter term contributes to any mea-
surements made on the output. The effects of the
amplifier and cavity are contained in the various detun-
ings and damping rates. This is an entirely general result

since we have yet to choose the nature of our input fields.

(2.15)

w—wyt+ill

B. Time-dependent operator relations

The input-output relation (2.15) may be used to pro-
vide all the required amplifier and output field properties.
However, it is sometimes useful to work with the
transformed version where the operators are explicitly
time dependent and defined by, for example,

Qo ()=2m) 2 [ dwe 8, (0) . (2.17)
Strictly the range of w here extends only from zero to
infinity, but an extension of the lower limit down to — o
is approximately valid if the input states have bandwidth
much smaller than w, Then the Fourier transform of
Eq. (2.15) is

- —iw(t—14)
B 12 ki@ (tg)e il t —(iwy+ )t —1) 120
Ao ()=~ (D)7 2}‘, PRy +fvwdfe [V 1@in (1) (¥ 172) b ()] . (2.18)
The time-dependent operators all satisfy commutators of the form
(@ (0,2l (t)]=8(—1"), (2.19)

where the linearizing approximation (2.8) is again employed. Equation (2.18) or its Fourier-transformed equivalent, Eq.
(2.15), contains all the information that it is necessary to know in order to investigate the properties of the system.
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III. SECOND-ORDER EXPECTATION VALUES

A. Spectral functions

It is straightforward to show from Eq. (2.15) that the
first-order correlation function of the output field for an
arbitrary input is given by

(a! (0, (0)

out
7/17/2<B i*n(m)i;in(co,)>
(0—wy—iT o' —wy+il') ’

_ 2n,7y 48(0—0")
(0—wy)?+T?

(3.1

where the input modes described by @;,(w) are taken to
be unexcited. Consider an input which is stationary in
time, with an input frequency correlation given by

(b1 ()b, (")) =27f, (0)80—0') , (3.2)

where f, (®) is the input spectral flux. [The spectral
functions f(w) represent beam fluxes in terms of photons
per unit time per unit angular frequency bandwidth, and
are therefore dimensionless quantities.] We find from Eq.
(3.1) an output correlation of the form

(a! ()8, (0))=2nrf (0)8o—w), (3.3)
where
Foul@)=G (@) fin(@)+ fen(@) . (3.4)

Here G () is the amplifier gain at frequency w, being a
maximum for a resonant input,

Glo)=—TT2 (3.5)
(0—wy)*+T?
while
RY\Yu/T
= 3.6
fch(w) (a)_wo)2+l-\2 ( )

Clearly, in the absence of any input, the output flux is
just the chaotic contribution due to spontaneous emission
within the amplifier. The total chaotic flux is defined as

J
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Qry)' 2 3 k6 e 108w —w;)—(0—wy+iT —iy (o)
J

40
o n.Y\v
fa= " Falodo=—"2 3.7
Maximum gain occurs at resonance, o =,
144
G (wy)=Gy= 1122 . (3.8)

The amplifier is assumed to be operated with a peak gain
greater than unity (G, > 1) but below the threshold for
self-sustaining laser action (I" > 0) so that the population
inversion (n, —n,) must satisfy

Ly 2=y 2P <(n,—n)y 4 <y +72) . (3.9)

For an empty cavity (y ,=0, f;=0), Eq. (3.4) be-
comes

Y1Y2
(w-w0)2+{~(yl+y2)

fout(w)z zfin(w) ’ (3.10)

which is the usual Fabry-Pérot input-output spectral rela-
tion in the single-mode approximation.'*!* Note that
Eq. (3.9) cannot be satisfied for an empty cavity.

B. Noise minimization

We will shortly apply the result (3.1) to evaluate the
correlation after processing of a number of different input
states. First, however, we consider the conditions under
which the system may best be operated to minimize the
noise flux necessarily generated by the amplifier.

Suppose again that Ein(w) represents the signal-
carrying mode and that @, (w) is the output mode of in-
terest. Then Eq. (2.15) can be written

Aou(@)=M(0)b,(0)+Flw), (3.11)
where
M(@)=i(y ¥ )"?/(0—wy+iT) (3.12)
and the noise operator is
(3.13)

Flo)= (0—awg+iT)

Making the linearizing approximation (2.8) again, it is
easily shown that

[Fl0),FY0)]=[1-6G(0)]8(w—a") ,

where G (w)=|M (®)|? in agreement with Eq. (3.5). Then
using the properties of the noise operator and the results
(2.13) and (3.6), it follows that

(FloF(0)=2nf4(0)8(0—0')
2[Glw)—18(w—w') ,

(3.14)

(3.15)

[

when the input field @;,(w) is assumed to be unexcited.
This inequality is equivalent to Caves’s fundamental
theorem! for multimode linear amplifiers, and it confirms
that our system operates within the standard limits im-
posed by quantum mechanics.

If we now substitute the explicit forms for the chaotic
flux, Eq. (3.6), and the gain, Eq. (3.5), into the inequality
(3.15), we find

2ne7/17/A >
(@—we)?+T2% ~

Y172 .
(0—wy)?+T?

1. (3.16)
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For resonant inputs o =w, (the most stringent regime of
the inequality), the theorem reduces to

P=1, (3.17)
where
2n,7,v
p=—""2 (3.18)
Y17~ T

since, from Eq. (3.8), y,¥, > I'? for amplification.
Using the expression (2.13) for I, P has a minimum
value for the choice of ¥, given by

%(‘)/2*7/1)=(ne-—ng)‘y,, . (3.19)
Thus minimum added noise is obtained with the input
mirror (the mirror through which the input enters the
cavity) more highly transmitting than the output mirror.
If we were to consider the alternative situation, where @;,
describes the input and 30\“ the relevant output, then we
would again obtain Eq. (3.19) but with the positions of v,
and y, reversed. The result (3.19) is therefore asym-
metric in the mirror transmissivities but symmetric with
respect to the whole system. This would appear contrary
to intuition derived from familiarity with Fabry-Pérot
cavities, where perfect transmission of a resonant input is
obtained with identical mirrors, and is independent of the
chosen direction of throughput. However, a Fabry-Pérot
cavity is a passive, time-reversible system. Our system in-
cludes an amplifier which is most definitely not time-
reversible: were it to be run backwards the amplifier
would not reabsorb the existing spontaneously emitted
photons, but would only produce more. ' It is clearly the
amplifier asymmetry which results in the need for mirror
asymmetry: setting y , (essentially the field-atom cou-
pling) equal to zero in Eq. (3.19), and thereby removing
the amplifier, leads to ¥, =Y,, as one would expect. The
degree of asymmetry needed is directly proportional to
the degree of population inversion in the amplifier,
(n,—ng). This is not surprising since the greater the in-
version the greater the spontaneous emission, and from
Eq. (3.6) it is precisely the spontaneous emission which is
responsible for the noise on the output (recalling that @;,
describes a vacuum field). Reducing the output mirror
transmissivity with respect to that of the input mirror ac-
cording to Eq. (3.19) thus essentially reduces the number
of noise photons in the detected output beam.

Choosing, then, an asymmetric cavity, the result for P
is

(3.20)

which is seen to be simply the population factor that ap-
pears in the theory of the discrete mode amplifier.> The
cavity amplifier decay rate given in Eq. (2.13) reduces to

r=vy, (3.21)

and the gain, from Eq. (3.8), becomes
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FIG. 2. Illustration of the inequality (3.26) for a peak gain
G,=38. The upper Lorentzian curve represents the frequency-
dependent noise from the left-hand side of Eq. (3.26), while the
lower curve represents the frequency-dependent gain minus 1
from the right-hand side of Eq. (3.26).

(3.22)

which increases with increasing inversion and coupling
strength and with decreasing output transmittance. It is
clear from the form of P in Eq. (3.20) that the inequality
(3.17) is indeed satisfied. Minimum noise (P=1) occurs
for n,=n,, n, =0, when the mirror decay rates are high-
ly asymmetric,

Y2=v1+2n,7 4 (3.23)
and the gain is
2n
G(w0)=1+—:‘;1‘— (3.24)
1

In this regime, the total chaotic flux (3.7) is related to the
peak chaotic flux and peak gain by

fli“ =7f n(wo)=HGy—1) (3.25)
and Eq. (3.16) can be written
— G
Go— 1 > 0 1. (3.26

[(@—we)/TP+1 ~ [(0—ay)/TP+1
The inequality (3.26) is illustrated in Fig. 2.

C. Temporal correlation functions

The Fourier transform of the output spectral function
(3.1) is defined by
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<aout aout(tl)>
and we define the time-dependent output ﬂux to be

Fou®=(a ] (Da,,(1) .
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em [~ dwf dw'e ot =i’ (1 ()8, ("))

I&

(3.27)

(3.28)

If we consider input fields with time-stationary statistical properties, so that Eq. (3.3) holds, then the expression for the

output temporal correlation (3.27) reduces to
<aZut( [ >_f dwelw([*t )fout
For the output flux we find

fou)= [ do foulw

which is time mdependent.

fOUt >

(3.29)

(3.30)

In general, with the output field described by Eq. (2.18), the output second-order correlation function is

—t)—T|t—1t

<alut( out(t ) fch o't

! (log—T)t —7)—(iwy+T)t'—7') , ~ ~
‘+'}’1?’2ft det dr'e iwgy t—T1 iy t'—7 (b:rn(T)b

w(™)), (3.31)

where the chaotic output flux is given by Eq. (3.7) and the modes represented by @,, are assumed to be unexcited. The

total output flux is thus

fout(t)zfch+7’1?’2f f_twd"'dT'e

which is simply the sum of the input flux after
amplification and the spontaneous-emission flux. For a
stationary input, whose correlation depends only on the
time difference 7—7', we may conveniently change the
variables to

o=7—1",
(3.33)
s=r+71"—2t,
and perform the integration over s to find
’y Y iw,o— I ~ ~
fow=Fatp [ doe B (006,00 .
(3.34)

We now apply these results in evaluating the output
correlation associated with particular inputs.

D. Results for specific inputs

1. Coherent input

A coherent input state can be defined by

|{Bin( )} =exp f dw[Bm mw)
—B:(0)b, ()] [|0)  (3.35)
and it has the properties
bin(@){Bin(@)}) =Bip(@)| {Bin(@)} ),
(3.36)

gin(t)HBm w)} Bm(t I{Bm m)}>
where B;,(®) is an arbitrary complex function of @ and
But)=2m) ™12 [ © dwe By (o) . (3.37)

We consider here only a quasi-single-mode coherent-state
input, where B, (®) is a very sharply peaked function,

“imo(‘r—‘r’)—l"(Zt—r—‘r')<

bl(mb, (), (3.32)
[

Bin(@)=27f )% ®8(0—w,) (3.38)
and

Bin(t)=fLr2e 10! 11O (3.39)

The spectral correlation function thus describes a time-
stationary input as defined by Eq. (3.2), with

finl@)=f,80—w,) (3.40)
and the total input flux is simply

(BLbn(0)=F, - (3.41)
The output spectral function (3.4) in this case is

fou(@)=G(0)f i, 8lo—w, )+ f 4 (w) (3.42)

and it shows an amplified coherent 8-function peak
superimposed on a continuous chaotic background.
Also, using

Blb, (1)) =fe " ™" (3.43)
the total output flux can be obtained from (3.34) as
V172f
foun=font—— 2 = (Gl ), (344)

(0, —wy)*+T?

with G(w) as defined in Eq. (3.5). This is precisely the
form one would expect from a true (Qquantum-mechanical)
amplifier. ' More generally, the output correlation (3.31)
is, using Eq. (3.43),

iog(t —t')—T|t —r|

(@], (08, (1) =f pe

+Gl(w.)f e

o (t—1t")

(3.45)

This is the typical result for a superposition of chaotic
and coherent light.!” The above results also hold gen-



40 THEORY OF THE INVERTED-POPULATION CAVITY AMPLIFIER

erally for any input whose frequency spread is much
smaller than T, the system bandwidth.

2. Chaotic input

Consider chaotic input light with a Lorentzian fre-
quency spread of linewidth y ., centered on a frequency
.. The spectral correlation function is given by Eq. (3.2)
with

(71: /ﬂ')fin
ml@)=—"—75"—, 3.46
d (0w, +72 .49
where f, is the total input flux. The output flux (3.4) has
i
t I\ iwg(t —t')—T|t —¢'| Y1Y2fin
<aout(t)aout(t ))_fche ° I‘(FZ_‘Y%)e
The total output flux obtained by setting ¢t =1’ is
Y172 r
=fat——m——= -
fout fch F(F+7/c) fch+ F+Yc Gofm (3.50
Thus for I' >y,
fou=fentGofin (3.51)
and for I' <<y,
L (3.52)

fout =fch+—,y-—GOfin .

c

These features reflect the well-known properties, even of
empty Fabry-Pérot cavities [y 4, =0 in Eq. (2.13)], that
the total flux of the output is governed by the smaller of
the widths ¥, of the input light and I" of the cavity itself.

3. Number-state input

Consider an input state defined by'®

l{n,to} )= ﬁ a'p,lo), (3.53)
where n takes all integer values and

A= [" doB, (@b (o)

=f:°dt B, (6 1) . (3.54)

The functions 3, are normalized according to

f_:dwlﬁ,,(w)|2=f_mwdtlﬂn(t)|2=1 (3.55)
and with the choice

B, (w)= ;(%e"”""’ (3.56)
or, equivalently,
Ba()=—i(2y) /2 '@tV Tg(t _pp 3.57)

fog(t —1')
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the usual chaotic contribution from the amplifier spon-
taneous emission together with a product of Lorentzian
distributions representing the amplified chaotic input.
The time-dependent correlation

B LW, = [ doe™ " f (), (3.47)
corresponding to the input flux (3.46) is
(B LB (1)) =fie @ Tl (3.48)

The corresponding output correlation is obtained from
Eq. (3.31). We consider for simplicity only the special
case where the input Lorentzian is centered on the cavity
frequency, o, =w,, when

—r =7l

(Te —y e Tl=rly, (3.49)

—

the state (3.53) represents an infinite chain of single-
photon pulses with equal spacing ¢,. Note that the state
|{n,ty}), as defined in Eq. (3.53), is unnormalized. The
condition yt,>>1, however, which ensures that the
pulses are well separated and have negligible time over-
lap, can be shown to reduce the normalization constant
to unity when the infinite product of Eq. (3.53) is defined
as the limit of a finite product. These conditions will be
assumed in the following. The integrated creation and
destruction operators defined by Eq. (3.54) and its Hermi-
tian conjugate satisfy the commutation relations

b, (@), 47(B,)1=8,(»),
[6,(), 4 T(B,)]1=B,(1),
and

[4B,), 4 (BN1=5,, - (3.59)

The second-order expectation values for the state
(3.53), obtained with the use of the commutators, are

(3.58)

(Blh@bu@)N= 3 BHw)B,(w) (3.60)
and T
BLOB))= 3 BLOB,() . (3.61)
Thus the time-dependg;t;:put flux is
Fin=(B (b, (1))
= S 2pe MU —nty) . (3.62)

n=-—ow
This is clearly not time stationary. The mean input flux
is given by a long-time average (denoted here by the sub-
script “av”) of Eq. (3.62) as

1 Ty 1
. = |i —_— . =, .63
(fin)av T}’lmw T fo fin(t)dt p (3.63)

0

The output spectral correlation function can be found
from Eq. (3.31) using Eq. (3.61) as
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(at (1) t(t,)>=ei¢oo(t—t’) fhe_”t_t,!"f' 277172 i (e—F(t—mo)__e~y(t—nt0))(e«1"(r’—nzo)_e—y(r'—nto))
ou ou c (F_j/)z y—_—
XO(t —nty)O(t' —nty) | . (3.64)

It is again seen that the time dependence of the second term of the output correlation (3.64) is mainly governed by the
smaller of ¥ and I', when these have very different magnitudes. The total output flux is

FouD=(a L(0)a,,())
2Y7172 & Tl —ntg) =yt

m(F—y)z =2_ (e

A long-time average, analogous to Eq. (3.63), gives the mean output flux

=fant Mol yg(r — nty) . (3.65)

Y1Y2

(fout )avzfch +m(fm )av ’ (3.66)

which may be compared to the chaotic result (3.50), and which takes similar limiting values. The reason for the strong
likeness between the results for chaotic and for number-state inputs is that both were arbitrarily chosen to have
Lorentzian spectral distributions, (3.46) and (3.60). However, sharp differences emerge when the fourth-order correla-
tion functions are studied.

IV. FOURTH-ORDER EXPECTATION VALUES

A. Intensity correlation functions
We consider the normally-ordered correlation of the output intensity, which is related to the input correlations via
Eq. (2.18) in the form
(@ ],(68 ] (08,4, (D84 (1))
:f(z:h( 1+e ~2F|t—t'|)

+7172fen

e T[T dr [U dre MmO TG (1B () e T B [(m)Bi (7))
+f_lwde_twdT,eiwo(r—f’)—*l"(b—-T—T')<B;]-n(T,)3in(T))

+f_t_ de_t' dT,e—iwo(r—r’)—I‘(Zt’—r—r’)<3i*n(T)gin(T,))
+Y%y%f_twde?wdT,fo:’wdT,,f:de”,e—mo(r+f'—f"~f")vr(2z+2r'—r—r'—r"—f")

X{b T (B L ()b, (#b,, (7)) . @.1)

We are also interested in the output degree of second-order coherence, which, for stationary light beams, is defined by

(@l (008 (08,,(08,,(0))

gou(D= (al (0)a,,(0))? ’ “.2
with a similar expression g {2’ (¢) for the input field.
B. Results for specific inputs
1. Coherent input
The input state | {B;,(w)} ) specified by Eqs. (3.36) and (3.38) has a degree of second-order coherence
gPn=1. @.3)

The output beam is also stationary, with the correlation given by Eq. (4.1) as

(@l 0! (08, (08,,(0)=F4(1+e 2T +2f  G(w,)fi[1+e  Tcos(w, —wp)t]+GAw, )f 2, . (4.4)
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We therefore find for the second-order coherence (4.2) in
the case t=0 and o, = o, the result

(2)(0) 2f%h+4fchG0fin+G(2)fi2n
Bou (fch+G0fin )2
g +2 cl G in
=1+_h__‘):.ﬁif2_ , 4.5)
(fenTGofin)

where we have used Eq. (3.44). This is the well-known re-
sult’ for the degree of second-order coherence for a
superposition of chaotic light of flux f_ and coherent
light of flux G,f;,. Clearly g{2}(0) can never be less than
1, and if the input is removed Eq. (4.5) collapses to the
chaotic value of 2, so that, in general, the amplification
process degrades the signal.
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2. Chaotic input

Considering a chaotic input field, with the Lorentzian
spectrum (3.46), we find the following correlation func-
tion:
=2y lt—r|

BIab (b, (b, (t))=Ff2(

The field is stationary in time and thus the degree of
second-order coherence is

). (4.6)

=2y 14|
’

g2(=1+e 4.7)

which is the usual form for chaotic light.!* We evaluate

the output intensity correlation considering for simplicity
only the case where the input Lorentzian is centered on
the cavity mode frequency (@, =wg), and then Eq. (4.1)
gives

. ( “Yc\tl_y e“”") )
— £2 —2ry -t ¢
<aout( ) out(t)aout(t)aout ))—fch(1+e ! )+27/17/chhfin e ' 1—\(1-\2_,},3) F(F+Yc)
=yl -
Fe " —y,e T2 1
+y3yif? g (4.8)
v T2 —y2) AT +7.)?

This result can be recast in terms of the first-order corre-
lation (3.49) as

(@ 1,008 ()84, (18,4, (0))

=[{a (008, (0)) 2+ (@ [, (1a,, (0> 49

and the output is purely chaotic. Equation (4.8) describes
the superposition of two chaotic fields, one the input and
one the amplifier noise, and Eq. (4.9) is a familiar result. '
The input and output degrees of second-order coherence

thus both take the value 2 at t=0,

g2(0)=g2(0)=2 . (4.10)

3. Number-state input

We consider again the stream of photons defined by
Egs. (3.5)—(3.57). Before processing, the field has a
second-order correlation

(Bl (bl (0)b,, ()b, (¢'))

), @11

= 3 IBPIB

where we have made use of the commutation relation
(3.58), and the prime on the summation indicates that
terms with n’=n are excluded. Using the explicit form
in Eq. (3.57) of the functions B, we find

Blb (b, (0)5,,(¢")
= 2.0’ 4y?e

—2y(t —nty+t'—n'ty)
0 “O(t —ntq)

XO(t'—n'ty) . (4.12)

This describes a highly nonstationary field, and it is con-
venient again to take a long-time average, analogous to
Eq. (3.63). For a fixed time difference t'—t, averaging
over ¢ gives

(Bl (eb ()b, (0B, (1)),

0

=(y/ty) 3 e

=2yl —tl—nt,| 4.13)

Using Eq. (3.63), the time-averaged degree of second-
order coherence of the input becomes

oo

2) —2ylltl—neyl

gin (D=y1o 3 e (4.14)
n=1
It follows from the assumption y ¢, >>1 that
g2(0)=0, 4.15)

indicating a fully antibunched field. The function (4.14)
is shown in Fig. 3, and it is zero unless the correlation lag
is close to an integer number of photon spacings.

10
2
9(.n)(t) A\ A k
1
L I ! !
1 2 3 W
tit

0
T

0

FIG. 3. The time-averaged degree of second-order coherence
(4.14) for the photon-number input state, drawn for y¢, = 10.
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Having established that the definitions (3.53)-(3.57) do
indeed describe an antibunched field, the interesting ques-
tion now is whether we can retain these quantum statisti-
cal properties after amplification. This is most likely to
be achieved when the input pulse spacing ¢, is sufficiently
large to satisfy the inequality I'z;>>1. This condition
corresponds to the situation where only one photon at a
time passes through the cavity. The amplified output in
this case should consist of separated photon pulses. The
opposite limit I't; <<1 corresponds to many photons
simultaneously within the amplifier cavity, so that one
might expect the output to consist of photons with a

J

(@ 1,118 L0840 (D84 (1))
=f2h( 1 +e-2r|t—t'|)
2YY 172 st
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rather random temporal relationship. Since we are in-
terested in the conditions under which we can retain an
antibunched output, we assume henceforth that 'z, >>1,
together with the previous assumption that yz,>> 1.

In addition to the quantum effects of the antibunched
input, which tend to reduce the coherence below unity,
there is also competition with the added noise photons,
which tend to randomize the field and move the coher-
ence towards the chaotic value of 2. There will be some
maximum gain beyond which the associated added noise
will dominate the output. To investigate this, we first cal-
culate the output correlation from (4.1), finding

+(F )chh 2 [(e~l‘(t—nto)_e—y(t—nto))(e-[‘(t’-n10)_e—y(t’—nto))2e~r|,_,l|e(t_nto)e(t,_nto)
—7/ n=—oco
+(e_n'_m°)—e_y”_m"))ze(t —-nto)+(e_m,ﬁm")—e_W'_mo))ze(t’—nto)]
2 o Tt — oy — Py —n’ iy —
(lz/y}yfz S (e N0 T Ty TR T T 0 g pp )0t —n'ty) . (4.16)
-v n',n=—o
As with the input, we assume the time difference ¢’ —¢ to be fixed, and average over ¢, finding
<a Iut(t')a Iut(t)aout(‘t)aout(t’ ) )av
_ , 2y17> r —2T}e' —1 —(y+D)|e'—1|
=f2 (14 20—y 7172 : Y e e '
fch( e ) F(F_+_,y)fch(fm)av 1+'}’—F r y
277/172 2 (fin )a - —2U|l" =t —nt,| e‘””"“”“"‘o' 2e—(y+l‘)|{1'vt|~ntol
+ Ad — 4.17
r—y r+y ”§] 4T (3T +vy) 4y(3y+T) (3r+y)3y+T) ( )
I
This is more complicated than the equivalent result for ) 2(Go—1)+8G,(Gy—1)/[(T+y)t,]
the input, Eq. (4.13). However, we may immediately  &ou(0)= (4.20)

establish a few points. Firstly, if there is no input signal,
then, remembering the definition (4.2) of g2, (¢) and that
the mean output flux is given by Eq. (3.66), we find the
usual chaotic result for the cavity spontaneous-emission
field,

gn=1+e 2T (f,),,=0. (4.18)

More generally, in the presence of the number-state in-
put, the degree of second-order coherence is obtained
from Eq. (4.2) with insertion of the complete expression
(4.17). It is illuminating to consider just the particular
case of t=0, when we find

2f &+ 47172/ T+ en(fin)ay
{fon T [¥172/T(C+Y)](fin )av}2
This can be rewritten to obtain the output coherence for

the case of minimum noise on the signal. Using Eqgs.
(3.21), (3.22), (3.25), and (3.63) gives

gl20)= (4.19)

{Go— 142G /[(T+y)t)}?

This is identical to a previous result’ describing a single-
mode field, provided that we identify our mean photon
number 7 as

2
Apg=-—7/—""". (4.21)
O (T+y)e,
This mean photon number is very small, since yfy, and
I't, have both been assumed to be much larger than uni-

ty. It is not difficult to show from Eq. (4.20) that
g2l 0)<1 if Go<1+(2'2—1)7, . (4.22)

Thus only very modest amplifier gains are permitted if
the input antibunching is to be preserved at the output.

V. INTEGRATED DETECTION STATISTICS

Before considering what information about the outputs
can be gained from homodyne and direct detection mea-
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surements of them, we first review briefly some of the re-
sults from detection theory that we will need.

A. Homodyne detection

We consider balanced homodyne detection in which
the amplifier output is detected after superposition with a
local oscillator beam at a 50/50 beamsplitter. The mea-
sured quantity is the difference between the photocounts
registered by two detectors placed in the beamsplitter
outputs.?’ The local oscillator is a “single-mode” coher-
ence light source described in accordance with Eq. (3.39)
by a time-dependent function

BuLO=11

The local oscillator flux is assumed to be very much
larger than that of the amplifier output (f, >> f ) and
detected quantities are evaluated to the dominant non-
vanishing order in f; .

The homodyne detection characteristics are compactly
expressed in terms of expectation values of a quadrature
operator defined to be

—lopttip,

(5.1

Xouwlxp, )= 1la out( )eAmLthXL%—aom( )e ""L’_"XL] X
(5.2)
where
XL=@L+t3m (5.3)
The homodyne signal may then be written as
St =201 [ dt( Rou 1s1)) (5.4)

where the detectors of quantum efficiency 7 are activated
over the period O to 7.

The noise in the homodyne detection is obtained from
the analogous second-order calculation for the case
where the detected light is a superposition of the
amplifier output and the local oscillator beam. The terms
linear in f; are

Ny, =00 = Tf, 47T [ AX (X P) . (5.5)

where the quadrature operator variance is defined by

<[AXout(XL)]2>
1 pT T,, ,
= [ dr [ dr (R0 Rouxat)y - (5.6)

and we have employed the operator notation

(A4,B)=(ABY—(A4)(B). (5.7)

For measurements on the input field the expressions for
homodyne noise and signal have “out” replaced by “in
They can in principle be evaluated for the different types
of input light. We shall be concerned with time-
stationary light where a change of variables analogous to
Eqg. (3.33) enables one of the integrations in Eq. (5.6) to be
performed, with the result
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<[AXout(XL )]2>

1 T
=—ff“Tdt(T—t)(fout()(L,t),?out()(L,O)) . (5.8
If the correlation function in the integrand is a symmetri-
cal function of ¢, the result reduces to

<[Axom<xL)]"->=f_TTdt<)?om(xL,t>,,?om(xL,0)> ,
(5.9)

and whether or not this condition is satisfied, an integra-
tion time T much longer than the coherence time of the
amplifier output reduces the quadrature variance to

<[A‘Xvout(XL)]2>=j‘j0 dt(’?out(XL’t)’iout(XL’O)> .
(5.10)

This result can be evaluated to give a more explicit re-
lation between the output and input variances. Thus the
output quadrature operator (5.2) can be related to its in-
put counterpart defined in terms of b ! (t) and b, (1) with
the use of Eq. (2.18). The resulting integrations can be
performed, and when the local oscillator and cavity are of
the same frequency (w; =wg), and the @;, modes are
unexcited, then

fch
r

<[AXout(XL)]2>_%: +GO{<[AXm(XL)]2)

_%} ,
(5.11)

where ([AX;,(x,)]*) is the input quadrature variance
analogous to that in Eq. (5.10). The corresponding rela-
tion between input and output homodyne noises, for
®; =w,, can be obtained from Eq. (5.5). In the limit of
long integration times this is

4772 Tfoch
r

Ny =T/ L= +Go(Ny_ —nTfy) . (5.12)

We now apply these results to specific inputs.

1. Coherent input

As before in Eqgs. (3.36) and (3.39), we assume a quasi-
single-mode coherent input and we take the mode fre-
quency to be the local oscillator frequency, w, =w;.
Consider first the homodyne detection of the input before
ampliﬁcation From Eq. (5.4), with “out” replaced by
“in,” we find the input signal to be

SH =29Tf}*f}*sinle—@,) ,

which is that obtained by Collett, Loudon, and Gar-
diner.?® The input quadrature variance, defined similarly
to that for the output in Eq. (5.6), is

<[AXin(XL )]2):% ’

the standard result for a coherent input, and the noise,
from Eq. (5.5), is

Ny, =nTfL

(5.13)

(5.14)

(5.15)
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We therefore find the signal-to-noise ratio of the incom-
ing field to be?

SZ

N (5.16)

=4nTf, sin(p—@, ) .

in

Now consider homodyne detection of the output field.
In the @,, modes are unexcited then from Eq. (2.18) the
operator describing the output has the expectation value

(Bou)=(y7)" 2 [* dre (Bnlr))
(5.17)

—(iwy+ Tt —

Using Egs. (3.36) and (3.39) for the coherent input, we
find
(Y Y in)l/2
(@) =7

— e—iwct+i¢
[T—ilw, —wy)]

(5.18)

One effect of the amplifier-cavity system is clearly to in-
troduce a phase shift ¢ 4, defined by

1 ¥4
[T—i(w,

= . (5.19)

—wp)] [+ (0, —wy)?]'"?

|

<[A*Xout(XL )]2> :%_‘_fch

e "T{(w, —wy)sin[ (0w, —wy)T]—T cos[(w, —wy)T]} +T
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We can write then for Eq. (5.18),
—io ttiptip ,

(8,,(1))=[G(w,)f 1% (5.20)
Using Eq. (5.4), the output signal thus becomes

Su,, =2T[fL.G (0 )fin]*sinle+ —@, ), (5.21)
where Eqgs. (5.2) and (5.3) have also been used. Compar-

ing this to the input signal, given in Eq. (5.13), we see
that the effects of amplification are the multiplication of
the input by the square root of the gain, and phase shift
inptop+e,.

The noise on the output is found from the results (5.5)
and (5.2), and we may use the time-stationary form (5.8)
in this case. The quadrature operator has the second-
order expectation value, from Egs. (2.18), (2.19), and
(5.2),
<‘fout(XL’t)?jout(XL’o)>

=1fpe TWeos(w, —wo)t +18(1) ,  (5.22)

which is a symmetrical function of ¢ so that we can use
Eq. (5.9), and find

(0, —wy)?+T?

(5.23)

We note that the input and output variances, (5.14) and (5.23), respectively, correctly satisfy Eq. (5.11) in the limit

I'T >>1, for o, =w,. The output noise is now

e TT{(w, —wg)sin[(w, —wy) T]—T cos[(w, —wo)T]} +T

NHom =nTfL +4772Tfoch

If the local oscillator and cavity are resonant, w. =, the
result reduces to

(1—e™TT)

NHoutzanL +4n2Tfoch—_]:— > (5.25)

which is the input noise plus the additional noise due to
the amplifier. [Removing the amplifier, f, =0, recovers
the result (5.15) describing the input.] Taking only the
resonant case, we find the signal-to-noise ratio of the out-
put to be given by Eqgs. (5.21) and (5.25) as

_ 4Tf,Gosin(p+@ ,— @)
H oy 1+27][27chh(a)0)](1—e_rT)

S2
N

) (5.26)

where f (wg) is defined in Eq. (3.6). In the limit of long
integration times this result agrees with the known
form?® of the signal-to-noise ratio for homodyne detec-
tion of a superposition of chaotic and coherent light, with
the quantity 27 f (w,) being the resonant chaotic flux in
quanta per unit time per unit frequency bandwidth.

If the phase angle ¢, is adjusted to maximize the sig-

(0, —wy)*+T?

(5.24)

f

nals, the ratio of the signal-to-noise ratios of input and
output (that is, before and after amplification), is
(SZ/N)HOUI GO

R = = .
(S*/N)y 1+29[27f (@) N(1—e~TT)

(5.27)

Substituting from Eq. (3.25) the value of f(w,) for the
optimized asymmetric cavity, the maximum value of R is

R = So
M 2p(Gy—1)(1—e " TT) T

(5.28)

With a perfect detector (n=1), long integration time
(T >>1), and a high-gain amplifier (G,>>1), we find
that the maximum enhancement is equal to 4, i.e., signal
enhancement is impossible. This is similar to the
discrete-mode amplifier result,” and is not surprising
since a very narrow-band input has been assumed here.
More generally, however, it is seen from Eq. (5.28) that

signal enhancement is possible (R > 1) when
29(1—e TH<1, (5.29)

a result independent of the amplifier gain G,. Thus, for a
perfect detector amplified homodyne detection appears to
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offer an improvement for T<0.7F'~!. This condition re-
quires that the detection bandwidth be greater than the
amplifier bandwidth. Equivalently, the detector integra-
tion time is roughly less than the amplifier storage time,
and, as discussed in Ref. 8, this is an improvement attain-
able without amplification, simply by counting over a
longer time 7. In practice, therefore, this is not a useful
limit.

For inefficient detectors (1 < 1), and with long integra-
tion times, the situation is somewhat different. Figure 4
shows the dependence of signal-to-noise ratio upon detec-
tor efficiency 7 for the input (that is, homodyne detection
without amplification) and the output separately, accord-
ing to Egs. (5.16) and (5.26), with phase angles adjusted to
optimize signal-to-noise ratio. It is seen that a signal-to-
noise ratio improvement is possible when the detector
efficiency is less than 1, a result which holds regardless of
the amplifier gain G,. In particular, for very low
efficiency detectors (7 <<1), the enhancement R offered
by amplification can approach a value equal to the gain
G,. It is clear, however, that, whether or not the signal is
amplified, the best signal-to-noise ratio is obtained from
the detector of highest quantum efficiency available.

2. Chaotic input

For a chaotic input both incoming and outgoing sig-
nals vanish,

(5.30)

We assume in calculating the noise that the central fre-
quency of the chaotic input w_, the cavity mode frequen-
Cy wg, and the local oscillator frequency w; are all equal.
Using Eq. (3.48) for the input correlation then gives

(RinXroth Rinx,0) =1 fine T4 15(n) (5.31)

1—e IT Y1Y 2 in

Ny =nTf,+49'T
Hy,~— M fotan’Tf T T(F—y2)

fch

Simplifying these results for the limit of long integration
times (y,T,I"T >>1) produces

NHinzanL+4n2Tfoin/7/c , (5.35)
f G in
Ny, =0TfL +4n’Tf, %h+—°f— , (5.36)

which conforms to the general relation (5.12).

3. Squeezed input

As a final example of the application of homodyne
detection techniques to assessing the output from our
amplifier system, we consider a squeezed input. The in-
coming beam is said to be squeezed if there are phase an-
gles y; for which?!
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FIG. 4. Dependence of signal-to-noise ratios on detector
efficiency 7 for homodyne detection of coherent input light be-
fore and after amplification, with G, =10 and a long integration
time.

so that the quadrature variance from Eq. (5.9) is

2y 1 (1—e 7<T)
([AX;,(x)] >—T+fin-—y— (5.32)
The input noise can now be obtained from Eq. (5.5),
— 2 (1—e '¢ T)
Ny =nTfL+4n Tfoin—y— , (5.33)

c

which is of identical form with Eq. (5.25) describing the
output noise when the input is coherent. Here the chaot-
ic input takes the place of the amplifier-added noise. The
output noise for a chaotic input can be calculated, using
the correlation function (3.49), to be

reTy y—lf(lwe*”) (5.34)
[
([AX;, (X)) <4 (5.37)

Similarly, the light remains squeezed after processing if

([AX o (X )P) <L (5.38)

Using the relation (5.11) these conditions may be recast
as the requirement that

Tf en(@o)+Go{ {[AX (X )]?) — 1} <0 (5.39)

For the noise flux f (w,) taking the minimum value in
Eq. (3.25) this requires that the resonant gain G, have an
upper bound,
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2
G, < ) (5.40)
07 1+4([AX,, (X))

This is equivalent to the discrete-mode result, and shows
the same maximum gain of 2 (Refs. 4 and 5) for a heavily
squeezed input with negligible quadrature variance.

B. Direct detection

For a photodetector of quantum efficiency 7 that re-
ceives the output from the amplifier during the period 0
to T, the mean photocount is®°
J

m(T)[m(T)—1]) =
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7 [ dtf dr' (@ {118 [ (00800 (D80 (1))

18

<m<T)>0m=nf0Tdt<aZ,m<z)a
= [ ldt foult

For light of nonstationary statistical properties it is con-
venient to randomize the counting period start time with
respect to any periodicity in the light beam. For light
with time-stationary properties, we have, from Egs.
(3.28)-(3.30),

<m(T)>out:77Tfout .

out (1))

(5.41)

(5.42)

The photocount second-factorial moment is?°

(5.43)

The normalized second-factorial moment of the photocount distribution provides a measure of the degree of second-
order coherence of the amphﬁer output field. We accordingly define this to be

{(m(T)[m(T)—1])
(2) — out
gp ()= (5.44)
Doul ( m ( T) gut
The photocount variance is given by Egs. (5.41) and (5.43) as
([Am (D)) gu=(1—1){m (T)) out+772f dzf di'{al (a . (0,al (a1, (5.45)
[
using the shorthand notation defined in Eq. (5.7). The  The input signal-to-noise ratio is therefore
departure of the detected photocount statistics from Pois- "
son form is measured by the Mandel parameter* SW ., =nTf, . (5.51)
_ <[Am(T)]2)out_<m(T)>out 46 "
QDOM( n= (m(T) >Om (5.46) If we consider now the processed field, direct detection

Expressions analogous to all of the above can be defined
for the input light, in the absence of the amplifier and
cavity, when the modes b .(w) interact directly with the
detector: corresponding quantities are denoted by the
subscript “in

C. Specific inputs

1. Coherent input

If the input field is coherent in the sense defined by
Egs. (3.35) and (3.36) then its mean photocount, given by
Eq. (5.41), is taken to be the direct detection signal

Sp = (m(T)),=nTf,, - (5.47)
The second-factorial moment (5.43) is

(m(D)[m(T)—11),,=7°T?*f% (5.48)

so that we find, from Eq. (5.44), a second-order coherence

g5 (D=1, (5.49)

characteristic of Poissonian photocount statistics. The
direct detection noise is defined to be

Np, ={[am (T)P),=0Tfi, - (5.50)

of the amplifier output yields a mean photocount
< m(T) >0ut=7’Tfout :nT(fch +GOfin)

for a resonant input. The output signal for direct detec-
tion is defined to be the additional photocount produced
by the input,

(5.52)

50, =1TGofin - (5.53)
This is simply the gain times the input signal (5.47). The
output second-factorial moment is found from Eq. (5.43)
with the second-order correlation (4.4), and it is

(m(D[m(T)—11),,
—(m T)>out
fch
+n? [faFQTT)+4G,f,,F(TT)],
(5.54)
where the function F(x) is defined by
F(x)=(e *—1+x)/x , (5.55)

having the limiting values
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F(x)=1ix for x <1, (5.56)

F(x)=~1 for x>>1. (5.57)

As we would expect, the degree of second-order coher-
ence (5.44) of the output is greater than unity, tending to-

J
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wards 2 as the amplifier noise dominates the signal. The
Q parameter (5.46) is thus larger than zero, showing that
the processed field is bunched, with super-Poissonian
statistics associated with the chaotic component in the
amplifier output.

The signal-to-noise ratio is given by

S "7G (5.58)
N |p,, St Gofint N fen/DIf nF 2L T)+4Gof, F(LT)] )
We find the enhancement factor R, the ratio of output to input signal-to-noise ratios, from Egs. (5.51) and (5.58),
(/N Giin
R,= == . (5.59)
b (S2/N)p St Gofintn(fen /DS enF 2T T)+4GofinF(I'T)]
[
A similar factor has been discussed in detail elsewhere.® (m(D[m(T)—11); =nf2 T2+ lF(Zy | .
We note here only its behavior in the case of an intense n " Ye ¢
coherent input, where G,f;, >>f.,. When the cavity
asymmetry is optimized according to the discussion in (5.63)
Sec. III, so that the additive noise component f, takes 3. gives
the value (I' /2)(Gy— 1), as specified in Eq. (3.25), the ra-
tio Ry, reduces to g (D=1+ lTF(zyCT) (5.64)
GO m c
Rp= 1+29(Go— DF(TT) (5.60)  and the Q parameter (5.46),
Signal enhancement (R, > 1) will then be possible if Qp (T)= —nle(Zyc T . (5.65)
mn ’y

2F(TT)<1 . (5.61)

Note the similarity of Egs. (5.60) and (5.61) to Eqgs. (5.28)
and (5.29). Since the functions (1—e " T7) and F(I'T)
have a similar behavior over the range of positive T, the
remarks made about signal enhancement upon amplified
homodyne detection also hold for amplified direct detec-
tion in the high input intensity limit. In particular,
amplification may aid direct detection when only a detec-
tor of low quantum efficiency is available.

2. Chaotic input

In direct detection, unlike the homodyne result (5.30),

a chaotic input gives rise to a nonzero signal,
Sp, ={m(T) Yir=1Tfin (5.62)

from Eq. (5.41). The second-factorial moment of the
photocount is obtained from Egs. (4.6) and (5.43) as

[

Given the limiting value (5.56) of F(2y,.T), g'?(T) is ap-
proximately equal to 2 for small y.T. The input signal-
to-noise ratio is

- anin
p,. 1+n(fin /Yy )FQ2y.T) ~

in

S2
N

(5.66)

We turn now to the output. The mean photocount for
the processed signal is

<m(T))out=17Tfout ’

with f,,, given in Eq. (3.50). The additional photocount
produced by the input thus gives the output signal
fin?172

SDoutznTF(r\"*"yc)

(5.67)

(5.68)

which, as with the coherent result (5.53), is essentially the
gain times the input signal. The output second-factorial
moment, from Egs. (5.43) and (4.8), can be written as

2 2
(m(T)[m (T —1 = ™2 + 1T __nra¥re
m (T)[m ( M owe={m (1)) 2, + T |fen P(rz-yg)f‘" F(2T'T)
47727/17’2T Y1Y2Ye
(D+y )(T2—y2) fch_p(pz_yg)fin SiF((T+y)T)
2,.,2.,2
171v:T
Suri— 2 WE 2D (5.69)
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This expression simplifies in the limit of a short integration time, ¥ T and I'T << 1, where the limit (5.56) applies, and

Eq. (5.69) reduces to
(m(D[m(T)—1]) o =2{m (T))2,, .

(5.70)

The measured degree of second-order coherence defined in Eq. (5.44) is therefore

gl‘,{jm =2, y. I, TT<<1

(5.71)

which may be compared with Eq. (4.10). At the opposite limit, for a long integration time, where Eq. (5.57) applies, Eq.

(5.69) reduces to

2 2
T Y172 14 Y172
(m(D[m(T)—1]) o= {m (T) ﬁm"‘}ﬂ;z fch+mfin +?E St Ichm )
y.L,TT>1. (572)
3. Number-state input S_Z _ 77T2 5.7
If we consider the antibunched field described earlier N |p, (=) Tto+nA(ty—A) )

by Egs. (3.53)-(3.57), then Eq. (5.41) gives the mean
detected count to be

T

[<m(T))in]av:nT(fin)av:nt_ ’ (5.73)
0

where we have used Eq. (3.63) for the input flux.
The second-factorial moment of the input is obtained
using Eq. (4.12) as

[{m(D[m(D—1]), 1.

=g | L L1+ (=2 |21 79
o | o o | %o
where we have defined
T=Nty+A, 05A<t,, (5.75)

that is, the length of time for which the detector is
switched on is decomposed into an integral number N of
periods of length ¢, and a small quantity A. Observe that
there is zero correlation in the photon stream unless
T > t,.

The measured second-order coherence of the input
field is then found from Eq. (5.44) to be

(T/to)(T /1) —11+[1—(A/ty) (A /tg)
(T /ty)?

¢ (T)=

(5.76)

which is clearly always less than unity and is zero if
T =A (i.e., N=0). This function is drawn in Fig. 5 and
describes a field with sub-Poissonian statistics. The direct
detection noise is

NDin={<[A'n(T)]2>in}av

=n(1—nNT /ty)+7* [1—(A/ty)(A/ty) , (5.77)

which vanishes for a perfectly efficient detector when the
integration time T is an integral number of periods ¢,.
The corresponding signal-to-noise ratio is

We now turn to the output field. Direct detection of
the amplifier output (3.65) yields a mean photocount

NY1Y2
[{m(T)) oulev=nfcn T + m(fi" )T (5.79)
for a resonant input. The output signal is then
_ Y172
Sp,, nT—F(F-H/) (fin)av (5.80)

or, for a cavity bandwidth much greater than the input
signal bandwidth (I" >>y),

SDOU‘:UTGO(fin )av (5.81)

[cf. Eq. (5.35)]. The output second-factorial moment is,
using Eq. (5.43) with the correlation (4.16),

1.0
(2)

in

0.5f

1
0 2 4 6 Tlt
o
FIG. 5. Solid curve: direct-detection degree of second-order
coherence of the photon-number input light. Dashed curve:
the function 1—(¢,/7T) to which the degree of coherence tends
for large T'/t,.
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{({m(Dm (D) =11 )= f4T?+ f%(T /T)F(2I't)
27172 &g_ T2
(C+y) t,
Y172 T
n(r+y) to
where F(x) is defined in Egs. (5.55)—(5.57). The direct

detection degree of second-order coherence for the
amplifier output defined in Eq. (5.44) is obtained by divid-
ing this last expression by the square of Eq. (5.79). It is
easily shown that this output coherence is equal to the in-
put coherence (5.76) if f, is set equal to zero, but the
unavoidable presence of this chaotic amplifier emission
increases the output fluctuations above their input value.

The noise introduced by the detection process is mini-
mized by the choice of a very short integration time T
such that (I'+y)T << 1, when T can be set equal to A. It
follows from Egs. (5.44), (5.79), and (5.82), with use of the
limit (5.56), that in this case

g5, (T)=ggu(0), (T+y)T<<1, (5.83)
where the form of the degree of second-order coherence
g2 (0) is given in Eq. (4.19). The discussion that follows
the latter equation thus applies to the direct detection
photocount statistics, and, in particular, the maximum
amplifier gain for which these statistics show antibunch-
ing is given by Eq. (4.22).

VI. DENSITY-MATRIX EVOLUTION
AND INPUT-OUTPUT CHARACTERISTIC FUNCTIONS

The treatment of the system thus far has involved the
Heisenberg-picture evolution of input, output, and inter-
nal operators. An alternative and concise description of
the system evolution is provided by knowledge of the
Schrodinger-picture evolution of the appropriate density
matrix. We shall now demonstrate that this knowledge is
available in the form of certain moment-generating func-
tions and functionals, the determination of which is a
prerequisite to the computation of distributions of cavity
photons, detected output photoelectrons, and other field-
related quantities.

The cavity field density operator p(¢) is related to the
appropriate Glauber-Sudarshan P distribution P(a,a*;t)
according to??

p= [ d*aP(a,a*;nla)al, (6.1)

where |a) is an eigenstate of @(0), with eigenvalue a. In
turn, the Fourier transform of P(a,a*;t) is given by
xn(6,E%50),

N(é‘,é*;t)=

which is the normal-order characteristic function, defined
by

[ d*aP(a,a*;nese" %, (6.2)
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T 2r A
T— T+ F((T+9)T) rF@ern
__IHI_A A ] 5.82)
ty | Lo
—
xn(E 5 0="C(exp[£a T(t)]exp[ —E*a(1)]) , (6.3)

and thus xy(§,5*;t) gives a complete dynamical descrip-
tion of the cavity mode. This, in turn, is related to the
Weyl function y (&, 5*;1),

w &% n="{exp[ta T()—c*a(n]) , (6.4)
via the relation
Xw(&,E*0=exp(— 112 n(E,6%50) (6.5)

which is a consequence of the Baker-Campbell-Hausdorff
(BCH) formula.?

We may now evaluate Y, using a method similar to
that of Louisell.> The Fourier transform of Eq. (2.12), re-
lating the input and internal fields, is
—liwg+ )t =T)n

am=yi” [’ _dr bin(7)
+7’%/2f dTe—(iw0+F)(t~f)ain(T)
_ —iw (t—1t,)
k& 7 (tge 0
+ id 6.6
2. w;—wy+il (6.6

Substituting Eq. (6.6) into Eq. (6.4), and exploiting the
commutativity of the operators b,,, @,,, and & ; j » we ob-
tain

w 85D =X5% (6 (DX (Ea(D)S(6,6%0) (6.7)

where X% {£(7)} is the Weyl functional of the field b, (7),

defined by

f_°° dr&(n)b ] (r)
-—f d7'§" 'r)b a(7) ]> , (6.8)

X’£V{§(T>}=<exx>

and

E(r)=Cy1?O(t —m)expl(iwy—T)(t —7)] ,
Ep(m)=Cy3%0(t —T)exp(iwe— )t —7)],

(6.9)
(6.10)

and S(&,5*;t) is given by

+ imj(tvto)

exp .
< ? wj_a)o_lr

S(E,E%0= —H.c. > 6.11)

(where H.c. denotes the Hermitian conjugate). Since the
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atoms are considered as independent, we may write S in
the form

tk;o e T
S (exp e i 8 ]) .
(6.12)
Use of the identity
exp(xaT—yﬁ )
= cos(xy) 2+ i%i%yl’%z(xa t—y6 ) (6.13)

and the diagonal nature of each atomic density operator
[Eq. (2.9)],

(¢7)=0 (6.14)
gives
S(&,6%t)= ] cos 61k, (6.15)
T [(w;—wo?+T21"2 |7

Equation (6.15) may be approximated for small k; by the
replacement

ek,

[(wj_m0)2+F2]1/2

cos

|§1%k}

1
-, (6.16)
2 (wj—m0)2+F2

~exp

so that, in the continuum approximation, the resulting
summation over atomic terms may be replaced by an in-
tegral, giving

do;p(w;)k*(w;)

© w-—w 2412

S et ~exp |—LlEl2 [

>

(6.17)

where p(®) is the density of states employed earlier. Per-
forming the integral under the conditions assumed in Sec.
II, and using Eq. (2.13), we obtain

|
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S, c*t)=exp | —L|EPP—=— |, (6.18)

which represents a Gaussian noise contribution to the
internal field statistics. In Appendix A it is shown that
the resulting equation connecting the characteristic func-
tion of the internal field to the characteristic functionals
of the external fields is

n,y
_‘th____i XS’V

Xw(6 65D =exp -

{Eo (T XN {Ea()) -

(6.19)

Equation (6.19) permits either of the input fields a,,,bin
to be in its vacuum state, upon setting the appropriate
normal-order functional to unity. Note that in the ab-
sence of an input, the internal field characteristic function
is a simple Gaussian, and represents a thermal field of
mean photon number

— n.Y a4
—F .

If, instead, the inputs are coherent states |{a;,(7)}) and
[{Bin(7T)} ), specified by the deterministic functions a;,(7)

n (6.20)

and f3,,(7), Eq. (6.19) provides
* _ 27%er 4 e?’A
N(&, 65t =exp | —[E1P———+Lf (=L f (1)
(6.21)
where
=" dre” T T B U+ e (]
(6.22)

Using similar methods we may eliminate the internal
field to express the characteristic functionals of the out-
put fields in terms of those of the input. Thus, it is shown
in Appendix B that

a a. b. Yinev © o
X8} =X € Xar (8o exp | = [ 7 dny [T dnt()Cn — b)) (6.23)
where
En=—Er)+y, [ Tdr g+t (6.24)
Ex(T) =y y)" 2 [ “de g+ T (6.25)
and
C(r)=exp(—iwyr—T|7|) . (6.26)

Equation (6. 23) enables us to derive input-output relations for any normal-order moment by functionally
differentiating X K {£} with respect to () and £*(¢) the appropriate number of times. For example, let us assume that

the field @, is in its vacuum state ( )(;}“

{£,}=1). Then the first-order output coherence function is given by
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3} )

8 L8 (1)) = = (1)
( out Doy (2 ) o&(1) 8&*(¢t')

v (¢}

¢=¢*=o0

THEORY OF THE INVERTED-POPULATION CAVITY AMPLIFIER 5771

(6.27)

Performing the required differentiation in Eq. (6.23), and using the following identities,

3

ilwy+il)(t —1)

—Sg(t)&,(r):(ylyz)”ze(t—r)e (6.28)
and
2 w w 8&, (1) 8&7(t,) 8%
— ey =[" [ drar, a4 gi : Y16 (6.29)
BE(1BE* (1) cwd BE(D) L (1)) BE,(11)0E, (1)
gives
(@ Lot =y [* [ dt,dtz(l?i*n(t,)Em(tz))e"(%“r)“"’)e[(""’”ir)“,&tz)e(t’—tz)+%C“_t,) ,
(6.30)

which is identical to Eq. (3.31).

Higher-order differentiation provides corresponding
higher-order time-dependent moments. Thus x%{¢} and
x4 (€} contain a complete dynamical description of the
system. The output integrated photoelectron distribu-
tions, for which we have computed only the first and
second moments in Sec. V, require a knowledge of all
higher-order output field moments, and can be calculated
directly from % {&}. The calculation and study of these
distributions will not be given here.

VII. DISCUSSION AND CONCLUSIONS

We have presented a comprehensive account of the
properties of an optical amplifier that consists of an
inverted-population atomic medium placed inside a
high-Q cavity. The conditions on the system are assumed
to be such that only a single mode is significantly excited
in the interior of the cavity, but the input and output
fields are free-space continuous-mode excitations. In con-
trast to previous work on amplifiers with single-mode in-
put and output fields, the theory presented here allows
the effects of amplification on spectral and temporal
correlation functions to be calculated. The amplifier is
assumed throughout to be operated in its linear regime,
with any response of the atomic level populations to fluc-
tuations in the optical intensity ignored.

Caves! has evaluated the limits imposed by quantum

~theory on the amounts of noise that must be added to the
signal in the linear amplification process, and his results
for single-mode systems have been extensively illustrated
by calculations on specific amplifier models. The
continuous-mode theory described in the present paper
provides an illustration of Caves’s more general limits for
the multimode linear amplifier. A noteworthy feature of
the cavity amplifier, discussed in Sec. III, is the require-
ment that the cavity should be asymmetric in order to
achieve the minimum noise limit, with the mirror on its
output side more highly reflecting than that on its input
side. Although the details are different, this requirement
is reminiscent of the need for an unsymmetrical cavity in

f

the parametric generation of lowest-noise squeezed
light. 1©

Most practical applications of optical amplification use
approximately coherent or chaotic input light, and we
have given results for the effects of amplification on the
optical spectra and on the first- and second-order coher-
ence of these types of light. We have treated both direct
and homodyne detection, and have evaluated the relevant
signal-to-noise ratios before and after amplification. The
possibilities for improving signal-to-noise ratios by
amplification of a coherent signal have been investigated.

Nonclassical light beams may in the future be used to
carry optical signals, and it is interesting to evaluate the
effects of amplification on their low-noise properties.
Thus squeezed light can produce less noise than coherent
light in a homodyne detector for suitable choices of phase
angles, and there has been much speculation on the
promise of such light for use in optical communications.
Unfortunately, the kind of amplifier treated here tends to
destroy the desirable squeezed characteristics of the input
light, and we have shown quite generally in Sec. V that
even with the most favorable values of the parameters,
the output light preserves some squeezing only for gains
up to a maximum of 2. Analogous low-noise properties
can be achieved in direct detection when the signal light
is antibunched. It is more difficult to treat the
amplification of antibunched light with the same degree
of generality as that of squeezed light, and we have re-
stricted attention to the particular case of the ‘“number-
state” input introduced in Sec. III. This state represents
an infinite chain of equally spaced pulses, a ‘“photon
machine-gun,” and it is in many respects the free-space
traveling-wave analog of the closed-cavity single-mode
state in which a definite number of photons is excited.
We have shown indeed in Sec. IV that the maximum gain
for which some of the input antibunching is preserved in
the output has the same small value for the amplifier
treated here as has been found in previous calculations
for single-mode systems. The improved theory of the
present paper does not therefore generate any greater op-
timism for the application of inverted-population
amplifiers to the processing of signals on nonclassical
light beams.
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The system considered here, with the amplifying medi-
um confined in a cavity of sufficiently high Q to involve
only a single internal mode, is simple enough to enable all
the interesting output properties to be evaluated analyti-
cally. Thus even the integrated photodetection statistics
can be calculated straightforwardly and a basic under-
standing can be gained of the physical natures of the
noise limitations in amplification and detection. Howev-
er, the presence of the high-Q cavity would be a draw-
back in many practical applications, where the optical
trapping effect of the cavity would produce an unaccept-
able temporal smearing of the signal. Thus, for example,
in high-bit-rate optical communications, it is the practice
to coat amplifying media with antireflection films and
reduce any cavity effects as much as possible. In future
work, therefore, we look to the derivation of a similarly
comprehensive theory for a traveling-wave amplifying
medium with negligible boundary reflectivities.
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F—l

_%lgll/Z

Xn(6, 6% ) =exp exp

Using Egs. (6.9) and (6.10) for §, and &,, we may evaluate
the second factor of Eq. (A4),

exp [—gf_“’wdf[|g,,<r>12+lga(r)lz]]

(AS)

1
=exp | =5l 3(ritya)

Equation (6.19) is obtained by substituting Eq. (A5) into
Eq. (A4), and using Eq. (2.13) for I".

APPENDIX B

In this appendix we outline the derivation of Egs.
(6.23)—(6.26), relating the output characteristic functional
XN} to those of the input fields.

The Weyl function for the output field @_,,(¢) is defined
by

-

[ dremal(n—He. ]> . Bl

Substituting for @,,,(¢) from Eq. (2.18), andAexploiting the
commutativity of the fields @;,(?), aj+, and b, (¢) gives

X LS =X L E X (&, }S{E) (B2)
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APPENDIX A

In this appendix we derive the relation between the
characteristic functionals of the input fields 6in(t),5in(t),
and the characteristic function of the internal field @(¢).

Beginning with Eq. (6.7), relating to the associated
Weyl functions and functionals, the BCH equation22 is in-
voked to transform to the associated normal-order
characteristic function or functional

XW(g’é—*)=e—(l/2)]§|2XN(g,§#) ,
X6} =exp [ —1 [ 7 drleol? [k s}, (A2

(A1)

where

xmgun=<exp

7 gwalwat |

Xexp | = [ 7 g*(01a,,(n)dt

> . @AY

Note that the BCH equation requires the validity of the
requisite canonical commutators, which are valid here for
a(t) in the linearizing approximation used throughout
this paper, and which is implicit in the field-averaging
procedure. Thus, from Eq. (6.7), we obtain

(A4)

—

where )(‘:4’}‘ and )(l;{/" are Weyl functionals for the input
fields @,,(¢) and b,,(¢), and &,(t) and £,(z) are the func-
tions defined in Egs. (6.24) and (6.25). S{{} is the func-
tional

+ iw}-(l—to)

k.G e
172 ® J”J
J

sig)=(exp

—H.c.

> . (B3)

We now transform §(#) into the Fourier domain in Eq.
(B3), i.e.,

Ew)=2m) 2 [ 7 drt g(nei, (B4)

and employ operator methods similar to those in Egs.
(6.11)—(6.15) to obtain

Qmry ')k,
S{&}= IJ cos (BS)
{é} l;I [(wj_w0)2+r2]1/2
For small k; we make the approximation
2m|E(w;) %k 3y,
S{¢}= -y —" =1 (B6)
e R

In the continuum limit, the summation is performed as
for Eq. (3.31) to give
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S8} =exp |~y iplogh )T [ de, [ degle,)6%(ye 0TI (B7)
With the use of Eq. (2.13), this becomes
n, © ©
Sigy=exp | =drwvap [ dn [T dngt)Cn =) | (B8)
where
C(r)=exp(—iwyr—T]7|) . (B9)

The transformation of Weyl functionals to normal-order characteristic functionals is again performed using the BCH
theorem, which applies for x$p* and Y3 provided that both @;, and b, are retained in the computation to maintain uni-

tarity. Thus
X (6 =exp | =1 [ 7 atlgl® i)
Applying this to all functionals in Eq. (B2) gives
X (6 =X € XA (65} S (6]
where

Figy=—1[" arlle,(0P+1g, (01~ 1g0] .

The integration in Eq. (B12) is carried out after using Eqgs. (6.24) and (6.25) for £, and £,, and eventually gives

1’1+

F{f}=—3in T

S{cleFlél=exp

L[ 7 dey [7 dnggtaye

With the definition of " in Eq. (2.13), we may then show that
YieVu po @
—+f_wdt‘ f_ _d1,8*(1,)C (1,

which, in Eq. (B11), completes the derivation of Eq. (6.23).

(B10)

(B11)

(B12)

—t). (B13)
_tl)g(tz) ’ (B14)
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