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For the classical point electron with Zitterbewegung (hence spin) we derive, after regularization,
the radiation reaction force and covariant equations for the dynamical variables (x,, m,, v,, and

S

Fifty years ago, Dirac! gave the final covariant form of
the equation of the classical relativistic electron including
the radiation reaction force culminating the long history
of the classical radiation theory that began with Lorentz.?
This equation we now call the Lorentz-Dirac (LD) equa-
tion. It is a nonlinear equation for the position x (7) of a
spinless electron, and reads in units ¢ =1

o Y 2res- 2
mX, =eF, %"+ te’[X, +(¥)°x,], (1)

where m is a renormalized mass, dots are with respect to
the proper time 7, and F,,,, is the external electromagnetic
field. It forms the basis of all radiation problems in clas-
sical electrodynamics. Proper boundary conditions must
be used, e.g., the vanishing of acceleration at t = — «, to
eliminate the runaway solutions and ‘“‘preacceleration.”
Otherwise, it is a fully consistent equation that works
very well. The purpose of this work is to generalize Eq.
(1) to a spinning electron in a way that comes very close
to the quantum Dirac equation, and includes all the radi-
ative effects.

The description of the electron spin in classical electro-
dynamics also has a very long history. Generally, the
spinning electron is treated as a relativistic dipole®~® by
adding to the Hamiltonian a term of the form S#VF“V,
which is analogous to the passage from the Schrodinger
(or Klein-Gordon) equation to the Pauli equation. How-
ever, the spin in the first-order Dirac equation is quite
different and intricate. Here we shall use a more recent
first-order classical spin theory which models the Dirac
electron remarkably well and where the coupling to the
electromagnetic field is via A4, as in the Dirac equation,
and not via F,,,. In particular, the point charge performs
classically a Zitterbewegung as its natural motion, and
there is already the notion of the antiparticles on the clas-
sical level.® When this theory is quantized (by canonical
quantization,” by Schrodinger quantization,’® or by
path-integral quantization'!), we obtain precisely the
Dirac equation. In the present work we determine the ra-
diation reaction term to this equation from the self-field
of the electron.

The action integral W is best formulated in terms of
the two sets of canonically conjugate variables, the pair
(x,,p,) and another pair of spin variables (z,z), where
z(7) is a classical c-number four-component spinor vari-
able, with Z=z "% It is given, now including the self-
field, by

v )» Which reduce to the Lorentz-Dirac equation in the spinless limit.

W= [ drliAzi+p,(x *—Zyk2)
+e(A+ A Nzyrz] . )

The only fundamental constants here are A, a constant of
the dimension of 4, and e, the coupling constant to A4,,.
There is no mass constraint; the mass will come in as an
integration constant, the value of the constant of motion
.

The equations of motion resulting from (2) are (in units
A=c=1)

X 'U’:f‘y“z R

pr=edrzy 2,

(3)

i=—iyMp,—ed,)z,
?Zz‘y“(p# —ed,),
where 4, = A" + A4 fflf everywhere.
The self-field is determined by the current of the parti-
cle and is given by

A (x)=e [drD(x —x(TNZ(F)y,z(7) . @)

There are at least two main methods of regularization of
the self-field. One, originally given by Dirac,' uses the
finite part of the Green’s function L(D™ +D?®); the oth-
er uses simply the retarded Green’s function and analytic
continuation.'? There are also two methods at arriving at
the Eq. (1). One via the energy-momentum tensor,' the
other via the equations of motion.!> We have applied
both methods and obtained the same result, of course.
Here we describe what we think to be the simplest ap-
proach using retarded potentials and the analytic con-
tinuation of the equations of motion.

The Hamiltonian form of the theory can also be formu-
lated, in terms of the new set of real dynamical variables
Xy Pu»> Yy and S, (position, momentum, velocity, and
spin variables), instead of the complex variables Z and z,
defined as follows:

U“:E’}/"Z s
Tt=pt—eAt (3)

Str=— if[v“n/“]z :
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From now on we shall work with the real dynamical vari-
ables x,x,X, ... . Note that velocity and momenta are
independent dynamical variables, which is also a charac-
teristic of the Dirac equation.

The equations of motion take the simpler form

FH=yb
H= —-4Sﬁ“’7ru y
(6)
it =eF*v,, ,

S =phg¥—v 't .

We also note that, in contrast to spinless particles,
v,v k41, due to Zitterbewegung, the helical motion of the
charge around the center of mass. In fact (v2—1) mea-
sures the deviation from the spinless particle and is a
measure for spin, hence related to the variables S#*. The
self-field enters only in the equation for 7.

The method of deriving the radiation reaction consists
in writing the retarded field at X =x(7+u) due to the
charge located at x =x (7) and then go to the limit « —O0.
The retarded field is given by’

o2
T r+u)=eFE  (x (t+u)), (t+u)+
dmequx *
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FE(X =x(t+u);x =x(1))

ret

—— {[(X —x)'5% " — (X —x)"% ¥]R

an oR
—(Q —% X —x)% " —(X —x)"%"]} ,
(7)
where
R=(X—x)x% Q0=(X—x)%, .
We now expand
x, (rtu)=x,tux, +1u’%, +Llu¥%,+ -,
x“(T+u)=X#+u5€”+%u2:i'u+ cee
X rtu)=x,‘tux,+ -, (8)

R=ux*+Llu% -5 +Lux-x+---
Q =ux X +1ux 2+ Ludx %+ - - -

Inserting these expressions into (7) and then into (6), ex-
panding also v, (7+u) on the right-hand side, we have

(A M V=X UK PR, ]

o (X % 2= Px- xH———xz(x“x KX M)+ L (x“xz—x“)'c-')‘c')+0(u) . 9)

8meyx ¢ 2%

Here the third term is independent of u; the second term,
going like 1/u, is the mass renormalization term which
we shall transform to time (r+u), bring it to the left-
hand side, and take the limit. The result is

Ten=eFEGX,
2
T L LTy
ek 3
+25—x(x Bx % —% X H)
4 x?
(10)
Introducing the projection tensor
v,v,
§“V=gw——’;2 , (11)

which projects every four vector 4* into a vector perpen-
dicular to v¥, our final equation (10) can also be written
as (a=e?/4rme,)

v )
eFy +agh |22 -2 ——Y 1 (12)

ren ext

In the limit v2>— 1, hence v -0 —0, 7 *—mx *, we recover

[

the Lorentz-Dirac equation (1) for spinless particles. We
emphasize that because of spin, v2%1, velocity and ac-
celeration are not orthogonal, and 7* and v* are linearly

independent. All these are due to Zitterbewengung,
hence due to spin. But we have the new orthogonality
v,mH=0 (13)

showing that the new kinetic acceleration 7 # is orthogo-
nal to velocity. We shall now discuss the mass renormal-
ization procedure in more detail, and give other forms of
our final equation.

The component of 7*# normal to v* is, according to
(11) =g, =m*—vH(F/v?), so that = 7{/
v?), where # =v%7r,=v %y is the “Hamiltonian” of the
dynamical system (6) We can also write, using S*¥ in (6),

u v, S
U;7‘[_+_a )

1.)2 UZ

=

(14)

The renormalization term in (9) brought to the left-hand
side, can be written as

_ 1l a o) —ppr=_L @ 4
2 ot 7 [vHv-o)—v k] 20 02 dr

vH
(UZ)I/Z :

(15)
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We shall now show that this term renormalizes the in-
variant Hamiltonian # only, whose value is the mass m.
For this purpose we decompose 7 #, using (14), as follows:

d _d 1 2172
";(ﬁ“)—g; (02)]/2(0) il
_ 1 d | vH
- )2 dr | ()12
1 d [v%S™* | ()
W72 dr | )2 | 2 7. (16)

The only constant appears in the first term of (16), which
is precisely of the form (15), hence we can define

#H 7{+%, a7

ren = 2
which then defines 7%, and we obtain Eq. (12).

Finally, we rewrite Eq. (12) in order to compare it with
the Bhabba-Corben equation.® Using (14) in (12) we have

d d v, vaS"“
L= gy
dT dr 1)2 v2
v |20, 9 (wodD,
=eF{iv, +agt St (18)

In the Bhabba-Corben equations, v? is taken to be unity;
hence v-0=0 and the term with coefficient § is missing,
and U#S‘W:O. Both of these relations do not hold here;
the BC equation is an approximation to ours. The new
v-v and the spin equations can also be written as

h= g B __guv V7 &
Vbt = (v2)172 (p2)i722av
(19)
. Vg - v, .
Srrmpptgavy L Gux
v v

Finally, we emphasize briefly the significance of the new
formalism for spin and of the result obtained in this pa-
per.

It may appear strange to use complex spinors z and
Dirac matrices in a classical theory. The reason for this
is to have a geometric symplectic theory of spin on the one
hand, and to have the correct configuration and phase
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space for spin, which is different from that of a spinning
top, as mentioned above. The physical observables are,
of course, all real. One can see this either by considering
the real and imaginary parts of z as dynamical variables
(which satisfy oscillator equations), or by passing to the
new set of dynamical variables v and S satisfying Egs. (6).
This system shows that velocity and momenta are in-
dependent dynamical variables. This crucial point, which
also characterizes the quantum Dirac particle, is lost if
one models spin as a top or as a dipole moment.

The simplest and most elegant covariant symplectic ac-
tion principle, Eq (2), is formulated in terms of an invari-
ant time 7. Although for a spinless point particle, T can
be identified with the proper time of the charge, this
turns out to be not the case for a spinning particle. But 7
can be related to the proper time of an appropriately
defined ‘‘center of mass,” rather a center of mass can be
so introduced that 7 is the proper time of this fictious
center of mass with coordinates X, such that
dX*/dT=p"*/m; hence X* moves like a relativistic parti-
cle of mass m. The charge performs a helical motion
around it (Zitterbewegung); hence its velocity v2#1. As
to the dimensions, we have put ¢ =1 and A=1; hence we
have the same units as quantum theory with ¢ =#=1; y*
are dimensionless numbers, so are z and Z; Zy#z has the
same dimension as X =dx*/d .

Our main result is Eq. (12) [or (18)]. We believe that it
is the first relativistic symplectic formulation of both
coordinates and spin and the first significant generaliza-
tion of the Lorentz-Dirac equation since 1938. In the
second term of (12) we have the LD term %(ii”/vz)g e
but also the new term —2[(v-0)o*/v*]. Another
difference from the LD equation is that on the left-hand
side we have 7" instead of mx #. The Bhabba-Corben
equation® is not derived from an action principle, but
from considerations of energy conservation of a magnetic
dipole moment, and the new term —2[(v-0)d */v*] is
missing. They have assumed a mass point with charge g,
and dipole moment g and put v*=1, §,,S#'=0, and
S,,,0"=0 from the beginning.
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